
T
 H
 

0
)
 
3
 

n
 

r
t
 

-r
 

n
i 

CD
 

r
t 

r
t
 n

 
CD

 i
?
 

ci
- 
x
 

C
D

.
 

n
 r

n 

r
t 

-n
 

0
 

1 C
l 

n
i 

- 
0
 

C
D

 
T
 - 

H
' 
x
 

CD
 

- 
< 

LO
 

CD
 

- Ã
‘ 

r
i

.
 

_- m 
3
 0
 

-h
 

O
 
u
 

I-
' 

Ln
 

l- O
 
O
 

E
 
u
 

H
-
 

3
 
0
 

(W
 
10
 

w
 

X
I 
a
 

c
 

Y
 
u
 

u
 

Y
 

0
 

0
 

en
 

L-
J.

 

n
 

CD
 

u
i 

n
 

r
t 

r
t 

(0
 

0
) c
 

r
t
 

3
-
 

Y
 

en
 

O
 

-b
 

1-1
- 

-r
 

H
-
 

en
 

Tl
 

0
) 

X
I 

(0
 

Y
 

1
Ã
‘
Ã
 

-
-

D
 

Ã
‘

^
 

Y
 

+
m

m
0

 
-0

 
-0

 
= 

0
0

 
'C

D
'T

 
en

 
Ã

•
 

CD
 

5
 
* 

,--,C
L 

u
 

w
 

O
 

r-
e

n
 

Y
C

D
*

 
0
 

-
0

-
 

3
 

n
i 

n
im

r
o

 
Y

 
0

 
n

*
 c
 
3
 

Y
C

D
 

ln
-
0
 

r+
 

-
2
 

0
 
T
 

" 
o
s
0
 

-
0

 
a
 

3
Y

 
c
i- 

0
-

 
3

0
)

 
0
 

3
0
 

"
3

n
r

o
3

-
 

c
i
-
3
 r
t
P

.
-
h

 
(0

 
Dl
 
T
3
 n

i 
X

U
O

n
i

0
 

rtI-
'nI
-'ri-
 

.
t
u
a
i
 

0
 

n
 >

1 



J.M. BOUROCHE, G. SAPORTA, M. TENENHAUS 

A  v a r i a b l e  1s n u m e r i c a l  i f  i t  t a k e s  i t s  v a l u e s  i n  E.  

Moreover  F .  W .  Young [19] def i n e s  t h e  c o n c e p t  o f  " u n d e r l y i n g  ( o r  g e n e r a t i n g ]  
p r o c e s s "  which can  b e  e i t h e r  d i s c r e t e  o r  c o n t i n u o u s .  

So we have s i x  t y p e s  o f  measurements  : f o r  i n s t a n c e  a  v a r i a b l e  w i l l  be  
c o n t i n u o u s - o r d i n a l  i f  t h e  o r d e r e d  s e t  o f  i t s  c a t e g o r i e s  r e p r e s e n t s  a  
c o n t i n u o u s  u n d e r l y i n g  p r o c e s s .  

I n  a  f i r s t  s t a g e , w e  have t o  d e t e r m i n e  e x a c t l y  t h e  n a t u r e  o f  e a c h  v a r i a b l e .  
Even i f  a  v a r i a b l e  g e n e r a l l y  b e l o n g s  t o  o n l y  o n e  c l a s s ,  i t  may be  i n t e r e s t i n g  
t o  rnodify a r b i t r a r i l y  i t s  n a t u r e .  

F o r  i n s t a n c e  we may c o n s i d e r  a  d i s c r e t e  o r d i n a l  v a r i a b l e  a s  e i t h e r  d i s c r e t e  
nominal  (we n e g l e c t  t h e  o r d i n a l  s t r u c t u r e l  o r  c o n t i n u o u s  o r d i n a l  o r  d i s c r e t e -  
o r d i n a l .  

1 .2 .  P rob l ems .  

T h e r e  a r e  two k i n d s  o f  p rob l ems .  E i t h e r  we have f e w  i n f o r m a t i o n  a b o u t  t h e  
s e t  o f  d a t a  and  we a r e  l o o k i n g  f o r  a  d e s c r i p t i o n ,  o r  we need a  p r e d i c t i o n  o f  one  
( o r  more] s p e c i f i e d  v a r i a b l e  t h r o u g h  t h e  o t h e r s .  

I n  t h e  f i r s t  c a s e  we s h a l l  u s e  f a c t o r  a n a l y s i s  o r  c l u s t e r i n g  t e c h n i q u e s ,  
i n  t h e  s econd  c a s e  methods  d e r i v e d  f rom l e a s t  s q u a r e s a n d  c a n o n i c a l  a n a l y s i s .  

2.- METHODS 

Accord ing  t o  t h e  n a t u r e  o f  v a r i a b l e s  and  t o  t h e  p rob l em,  d i f f e r e n t  rnethods a r e  
a v a i l a b l e .  B e f o r e  q u o t i n g a  f ew  o f  them i n 5  2.2.,  we p r e s e n t  b r i e f l y  t h e  
p r i n c i p l e  o f O p t i m a l  s c a l i n g .  . 

2.1 .  Q u a n t i f i c a t i o n  o f  q u a l i t a t i v e  d a t a .  

Roughly  s p e a k i n g ,  t h e  q u e s t i o n  i s  t o  a l l o t  a  n u m e r i c a l  v a l u e  t o  e a c h  
c a t e g o r y  o f  a  d i s c r e t e  nominal  o r  o r d i n a l  v a r i a b l e .  I f  t h e  v a r i a b l e  1s o r d i n a l  
we r e q u i r e  t h a t  t h e  o r d e r  o f  t h e  n u m e r i c a l  v a l u e s  r e p r e s e n t  t h e  o r d e r  o f  t h e  
c a t e g o r i e s .  

L e t  E be  t h e  s e t  o f  i n d i v i d u a l s ,  X a  nominal  v a r i a b l e .  X  i s  a  
mapping f r o m  E  t o  X , s e t  o f  c a t e g o r i e s .  L e t  6  be  a  mapping f r o m  3C 
t o  R .  The v a r i a b l e  Ã ¯ n  1s t h e n  n u m e r i c a l  : it  i s  a  q u a n t i f i c a t i o n  ( e c a l i n g l  
o f  X.  As t h e r e  i s  a n  i n f i n i t e  nurnber o f  s c a l i n g s ,  t h e  c h o i c e  o f  a n  o p t i m a l  s c a -  
l i n g  i s  a c t u a l l y  f u n c t i o n  o f  a  c r i t e r i o n  r e l a t e d  t o  t h e  method ( c f .  5 31. 

I f  t h e  v a r i a b l e  X i s  c o n t i n u o u s  nominal  o r  c o n t i n u o u s  o r d i n a l ,  a n  I n t e r v a l  
o f  E c o r r e s p o n d s  t o  a  c a t e g o r y  of X and  t h e  s c a l e d  o b s e r v a t i o n s  a r e  
r e q u i r e d  t o  f a 1 1  i n  t h e  i n t e r v a l  b u t  have n o t  n e c e s s a r i l y  t o  b e  e q u a l .  IF X  i s  
o r d i n a l ,  we r e q u i r e  t h a t  t h e  o r d e r  o f  i n t e r v a l s  c o r r e s p o n d s  t o  t h e  o r d e r  o f  
c a t e g o r i e s ,  [ c f .  F.W. Young [19] 1. 

2.2. Cho ice  of rnethods. 

WB s h o r t l y  q u o t e  some methods  a n d  t h e i r  a u t h o r s .  Fo r  f u r t h e r  d e t a i l s  s e s  
t h e  r e f e r e n c e  l is t  o r  t h e  f i n a l  C.0.R.E.F r e p o r t .  

2.2.1.  D e s c r i p t i v e  me thods .  

We d e a l  o n l y  w i t h  methods  o f  p r i n c i p a l  component a n a l y s i s  t y p e .  

a l .  A i l  v a r i a b l e s  a r e  nomina l .  
S e e  Bock [ 3 ] ,  Bouroche,  S a p o r t a ,  Tenenhaus  [4] , L e b a r t  [IO] , N i s h i s a t o  [13]. 
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h l .  Nominal and  n u m e r i c a l  v a r i a b l e s  
a e e  Tenenhaus  [l8] and  5 3 .  

1 
c ) .  O r d i n a l  v a r i a b l e s  

s e s  Kruska l  and  Shepa rd  [SI. 
d l .  Mix o f  o r d i n a l - ,  nomina l ,  n u m e r i c a l  v a r i a b l e s  

@ e e  Young, d e  Leeuw, Takane [20], d e  Leeuw [II]. 

2 .2 .2 .  P r e d i c t i v e  me thods .  

The method p roposed  by Young, d e  Leeuw and  Takane  [2 l ] i s  t h e  o n l y  
o n e  a v a i l a b l e  f o r  t h e  g e n e r a l  c a s e .  L e t  u s  p o i n t  o u t  two p a r t i c u l a r  c a s e s  : 

a l .  One nomina l  dependen t  v a r i a b l e ,  a i l  p r e d i c t o r s  nomina l  : C a r r o l l  Es], 
Masson [l2], S a p o r t a  [l5]. 

b l  . One o r d i n a l  d 'ependent v a r i a b l e ,  a i l  p r e d i c t o r s  nominal  : K r u s k a l  [a]. 
L e t  u s  emphas i ze  on t h e  g r e a t  f l e x i b i l i t y  o f  t h e  Young, d e  Leeuw a n d  

Takane [2l] a p p r o a c h  : t h e i r  MORALS/CORALS a l g o r i t h m  a l l o w s  t h e  t r e a t m e n t  o f  any  
rnix of v a r i a b l e s  i n  t e r m s  o f  r e g r e s s i o n  a n a l y s i s  o r  c a n 0 n i c a l a n a 1 ~ s i . s .  

More modes t l y ,  we s h a l l  now presen ' t  two methods  based  upon o p t i m a l  s c a l i n g  
o f  nominal  d a t a  : a  p r e d i c t i v q  rnethod [OISQUAL) and  a  d e s c r i p t i v e  o n e  
[PRENOUAL l  . 
3.- TWO NEW METHOOS. 

3.1.  DISQUAL : a  method and  a  program f o r  s t e p w i s e  d i s c r i m i n a n t  a n a l y s i s  
o f  nominal  v a r i a b l e s  71 . 

p  nominal  v a r i a b l e s  w i t h  m I , 5 ,  ... rn c a t e g o r i e s  a r e  measu red  on  I I  
P  

i n d i v i d u a l s  and  we a t t e r n p t  t o  p r e d i c t  t h e c a t e g o r i e s o f a n  o u t s i d e  nominal  v a r i a b l e  
w i t h  o n l y  k  o f  t h e s e  p  p r e d i c t o r s  ( k  < p l .  

The medhod c d n s i s t s  o f  two r e l a t i v e l y  s e p a r a t e  p a r t s  : on t h e  o n e  hand t h e  
s e l e c t i o n  o f  t h e  p r e d i c t o r s ,  on  t h e  o t h e r  hand t h e  d i s c r i m i n a t i o n  pe r fo rmed  
by means o f  t h e  s e l e c t e d  p r e d i c t o r s .  

3  - 1  - 1 .  S t e p w i s e  s e l e c t i o n  ~ i t h  Escouf  i e r ' s  o p e r a t o r s .  

Acco rd ing  t o  E s c o u f l & r  [6] and  P a g Ã ¨  [14] we a s s o c i a t e  t o  e a c h  o f  t h e  p+1 
nominal  v a r i a b l e s  t h e  o r t h o g o n a l  p r o j e c t o r  Pi on  t h e  s u b s p a c e  o f  

H" o f  zero-mean v a r i a b l e s  spanned by t h e  i n d i c a t o r  v a r i a b l e s  o f  i t s  c a t e g o r i e s  
T h i s  i s  t h e  s u b s p a c e  o f  zero-mean d i s c r e t e  n u m e r i c a l  v a r i a b l e s  o b t a i n e d  by 
s c a l i n g  t h e  nominal  v a r i a b l e .  

~ r o j e c t o r i  b e l o n g  t,o t h e  s u b s e t  o f  t h e  v e u u o r  s p a c e  o f  s y r n e t r i c a l  o p e r a t o r s  
i n  which we d e f i n e  a n  i n n e r  p r o d u c t  and  a  norm by 

<. 
I n  t h e  c a s e  o f  nominal  v a r i a b l e s  we know t h a t  T r a c e  P .  P  = a' where  @2 

1s t h e  K-Pearson measu re  o f  dependance  between v a r i a b l e s  ' 1 and  j 
( c a n o n i c a l  o r  c o r r e s p o n d a n c e  a n a l y s i s  o f  two- nomina l  v a r i a b l e s l .  

2  F u r t h e r m o r e  T r a c e  Pi = T r a c e  P, = m i ,  and  t h e  c o s i n e  o f  t h e  a n g l e  

between two o p e r a t o r s  a s s o c i a t e d  t o  t w o  nominal  v a r i a b l e s  1s n o t h i n g  e l s e  t ha f i  
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t h e  Tschuprow c o e f f i c i e n t  

wh ich  is t h u s  e q u i v a l e n t  t o  a  c o r r e l a t i o n  c o e f f i c i e n t  be tween nomina l  v a r i a b l e s  
i f  we i d e n t i f y  a  v a r i a b l e  t o  i ts  a s a o c i a t e d  p r o j e c t o r .  

Acco rd ing  t o  t h e  u s u a l  geome t ry  o f  c o r r e l a t i o n ,  We may t h e n  d e f i n e  t h e  p a r t i a l  
Tschuprow c o e f f i c i e n t  be tween nominal  v a r i a b l e s .  F o r  t h r e e  v a r i a b l e s  i , j , k  
WB have 

'ij - ' ik T j k  
' i j / k  and  s o  on.  

Then s t e p w i s e  s e l e c t i o n  method i s  ! 

- The f i r s t  p r e d i c t o r  i s  t h e  o n e  wh ich  max imizes  Tschuprow ' s  c o e f f i c i e n t  w i t h  
t h e  d e p e n d e n t  v a r i a b l e  

- The second  p r e d i c t o r  i s  t h e  o n e  wh ich  m a x i m i z e s t h e  p a r t i a l  T s c h u p r o w . c o e f f i c i e n t  
w i t h  t h e  dependan t  v a r i a b l e ,  g i v e n  t h e  f i r Q t  p r e d i c t o r .  

3 .1 .2 .  D i s c r i m i n a n t  a n a l y s i s .  

k  p r e d i c t o r s  b e i n g  s e l e c t e d  we have now a n  a r r a y o f  d a t a  o f  t h e  f o l l o w i n g  
k i n d  : 

1 ~ 1 1 ~  [ X  1 1 x 1  

l 

where  Xi ( and  Al a r e  n  n mi m a t r i c e s  where  t h e  co lumns  a r e  t h e  i n d i c a t o r s  

of t h e  c a t e g o r i e s .  The r a n k  o f  X  = [XI I X  . . . . I X  1  i s  i n f e r i o r  o r  e q u a l  $0 
k  

k  

C T m i - k l .  
i = 1  

s i n c e  t h e  sum o f  t h e  columreof  e a c h  Xi i s  t h e  v e c t o r  1. 

An o r d i n a r y  d i s c r i m i n a n t  a n a l y s i s  b e i n g  i m p o s s i b l e  h e r e ,  b e c a u s e  X ' X  1s 
n o t  r e g u l a r ,  we s u b s t i t u t e  t o  X  a  n e p  m a t r i x  o f  n e a r l y  e q u i v a l e n t  n u m e r i c a l  
v a r i a b l e s  : t h e s e  new v - i r i a b l e s  a r e  t h e  G u t t m a n ' p r i n c i p a l  components  o f  s c a l e  
o f  t h e  k  nominal  v a r i a b l e s  (which a r e  a l s o  t h e  components  o f  C a r r o l l ' s  
g e n E I Y t l i z ~ d  f a n o n i c a l  a n a l y s l s  [4] o r  o f  c o r r e s p o n d e n c e  a n a l y s i s  o f  XI. 

Amang t h e  E m  -k p r i n c i p a l  components ,  we r e t a i n  o n l y  t h o s e  which 
i = 1  

i 

have  a  s u f f i c i e n t  d i s c r i m i n a t i n g  power. 

A  d i s c r i m i n a n t  f a c t o r  a n a l y s i s  pe r fo rmed  on t h e  s e l e c t e d  components  g i v e s  
t h e  d i s c r i m i n a t i n g  s c o r e s  o f  t h e  nominal  v a r i a b l e s  which we d i r e c t l y  u s e  f o r  
t h e  c l a s s i f i c a t i o n  t e c h n i q u e  i f  t h e  d e p e n d e n t  v a r i a b l e  la b i n a r y  
( F i s h e r ' - s  f u n c t i o n l  i o t h e r w i s e  we u s e  a  c l a s s i c a l  procadure b a s s d  on  t h e  d i s t a n c e s  
t o  t h e  c e n t r o i d s .  

3 .2 .  PRINQUAL : a  method and  a  program o f  p r i n c i p a l  component a n a l y s i s  o f  a  
s e t  o f  nominal  and n u m e r i c a l  v a r i a b l e s  f181. 

g Me a r e  l o a k i n g  f o r  a s c a l i n g  of  t h e  nominal  v a r i a b l e s  i n  o r d e r  t o  g e t  t h e  
b e s t  p r i n c i p a l  component a n a l y s i s  w i t h  f a c t o r s  i n  t h e  s e n s e  o f  a  maximum 
e x p l a i n e d  v a r i a n c e .  

3 .2 .1 .  Method 

L e t  E b e  t h e  s e t  of  i n d i v i d u a l s ,  D,,,D 2 , . . .  Dk nominal  v a r i a b l e s ,  

Xl,X2,.,.XS. n u m e r i c a l  v a r i a b l e s .  L e t  6ioDi be  t h e  s c a l e d  v a r 5 a b l e s .  We knaw 

t h a t  t h e  f i r s t  m p r i n c i p a l  components  o f  6ioDi (supposee! known) and  
i 

r e a l i z e  
k m 2 

S. m 
Max 2  E Z c o r  (5ioDi, Z . 1  + ": c o r  ( X i  Z . 1  

Z  Z  . . .Z i = 1  j = 1  J i = 1  j = 1  J 

where  t h e  Z  a r e  u n c o r r e l a t e c l .  
j 

Thus t h e  p r i n c i p l e  o f  t h e  method c o n s i s t s  i n  o b t a i n i n g  t h e  o p t i m a l  s c a l i n g  
6. by maximizing t h e  p r e v i o u s  e x p r e s s i o n  b o t h  on S, and  2 

j ' 

3 .2 .2 .  A lgo r i t hm.  

The a l g o r i t h m  1s i t e r a t i v e  and maximizes  t h e  c r i t e r i o n  a l t e r n a t i v e l y  on t h e  
6i and  on t h e  Z 

j ' 

The i n i t i a l  s o l u t i o n  z ! '  i s  o p t i m a l l y  chosen  by u s i n g  g e n e r a l i z e d  cano -  
J 

n i c a l  a n a l y s i s  [la]. 
At s t e p  t we g e t  t h e  61t1 by 

Le t  Ã ‹ [ t  be t h e  v a l u e  o f  t h i s  maximum. 

We have now t h e  Z l t l  by 

L e t  y ( t 1  be  t h e  v a l u e  o f  t h i s  maximum. 

I t  1s p o s s i b l e  t o  show t h a t  : 

Thus t h e  a l g o r i t h m  c o n v e r g e s  and 

L e t  
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with  <5ioDi and Z of zero-mean and u n i t - v a r i a n c e .  
j  

3.3 .  P r i n c i p a l  component a n a l y s i s  of t h e  < ~ Y , , D ~  X i  

The Z# a r e  t h e  f i r s t  m p r i n c i p a l  components. 
j  

L 
The p a r t  of exp la ined  v a r i a n c e  i s  - 

k+A . 
We may r e p r e s e n t  o b s e r v a t i o n s  and v a r i a b l e s  a s  usua l  i n  p r i n c i p a l  conponent 

a n a l y s i s .  

The c a t e g o r i e s  a r e  r e p r e s e n t e d  i n  R'" a s  f o l l o w s  

To t h e  c a t e g o r y  k  of v a r i a b l e  0. we a s s o c i a t e  t h e  v e c t o r  : 
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