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1 flULTIUIWNSIONAL OATA ANALYSIS 
AN0 QUANTIFICATION OF CATEGORICAL VARIABLES 

Gl l b e r t  SAPORTA 

IUT de P a r i s  
143 Avenue de Versa i l l es ,  75016 P a r i s  

Quan t i f i c a t i on  1s a powerful t o o l  f o r  dea l ing  
with q u a l i t a t i v e  var iab les  i n  da ta  ana ly s i s  : 
it l a  both an e f f i c i e n t  way f o r  desc ' r ipt ion 
and p r ed i c t i on  with nominal d a t a  and a concep- 
tua1  franework f o r  p resen t ing  many techniques. 
This  paper  at tempts t a  be a survey of t h i s  
top ic .  

1. USE AND OEFINITION*OF.QUANTIFICATIOH 

By *quant i f ica t ionm Ã t h e  worda "sca l ingm o r  "scoring" a r e  a i s o  
o f t e n  usedl w e  m a n  a transformation of ana o r  s eva t a l  ca tegor i -  
c a l  va r i ab l e s  i n t o  numarical ones, Bafore descr ib ing  t he  way t a  
achleve a quan t i f i c a t i on  (and t h e  problema i t  involvesi  i t  l a  
necessary t o  argue about t he  r a t i ona l e  o f  t h i s  approach. 

1) Quan t i f i c a t i on  : a davice o r  a fundamantal rothoci ? 

a )  Numerical mathods f o r  da ta  which a r e  not  numarical. 

The main consequence of quantifying q u a l i t a t i v e  var iab les  1s 
t o  al low the  use of usual  s t a t l s t i c a l  techniques such as p r i n -  
c i p a l  coirponents ana ly s l s ,  muit iple  regress ion  or  d i sc r iminant  
a n a l y s l s  f o r  ins tance .  by coming down to  the  usual s i t u a t i o n  
o f  numerical va r i ab l e s .  

That convenience waa during a long tifna t he  oniy j u s t i f i c a t i o n  
of  the  q u a n t i f i c a t i o n  techniques, what may seem a somwhat 
poor argument from a t heo re t i c a l  po in t  of view ; i s n ' t  i t  by 
lack of  imagination o r  l az iness  t h a t  one does not develop 
mathods which would be f i t t e d  t o  t he  q u a l i t a t i v e  na ture  of 
data  ? 

Let us not ice here t h a t  t h e  quan t i f i c a t i on  1s a way of proces- 
s i ng  var iab les  of d i f  f e r en t  kinds (nuinarical and c a t e g o r i c a l )  
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by g i v i n g  t h e  same p o r t  t o  e a c h  v a r i a b l e .  L e t  u s  s u p p o s e  t h a t  
we have a  first set of m numerical  v a r i a b l e s  x , . . . xn and  a 
second set of f  q u a l i t a t i v e  v a r i a b l e s  x i ,  x . ...... x and 
t h a t  MB want t o  make a  d e s c r i p t i v e  d a t a  a n a f y s i s  o f  a i l  
t h e  im+p) v a r i a b l e s  by maans o f  a  conponen t - l ike  a n a l y s i s  ? 
There  a r e  a c t u a l l y  f o u r  p o s s i b i l i t i e s ,  t h e  f i r s t  two g i v i n g  
non symmst r i ca l  p a r t s  t o  t h e  two sets : 

- Perform a  p r i n c i p a l  component a n a l y s i s  w i t h  t h e  x j=1,2 , . .m 
and use  t h e  Xk a s  a d d i t i o n a l  v a r i a b l e s  by r e p r e s e h i n g  
t h e  c a t e g o r i e s  o f  each  x by t h e  a v e r a g e s  o f  t h e  i n d i v i d u a l s  
which b e l o n g s  t o  them . &e have h e r e  a  r e p r e s e n t a t i o n  o f  
t h e  xL i n  t h e  space  o f  t h e  i n d i v i d u a l s .  

- Per fo rm a  m u l t i p l e  co r re spondence  a n a l y s i s  o f  t h e  x k  and 
use  t h e  x a s  a d d i t i o n a l  v a r i a b l e s  by computing t h e  c o r r e -  
l a t i o n  c o e f f i c i e n t  o f  t h e  x w i t h  t h e  p r i n c i p a l  components.  

.l The r e p r e s e n t a t i o n  o f  the x is h e r e  i n  t h e  s p a c e  o f  
. v a r i a b l e s .  J 

- S p l i t  i n t o  c a t e g o r i e s  t h e  n u m r i c a l  v a r i a b l e s  and perforrn 
a  m u l t i p l e  correspondence a n a l y s i s  w i t h  fm+p) q u a l i t a t i v e  
v a r i a b l e s .  

- Q u a n t i f y  t h e  X i n t o  xx and perform a  p r i n c i p a l  conponen t s  
a n a l y s i s  w i t h  h * p )  n u h a r i c a l  v a r i a b l e s .  

T h i s  l a s t  p o s s i b l l i t y  is  what we proposed above i t h e  t h i r d  
one  seema d i f f e r e n t  b u t  we w i l l  s a e  t h a t  1t is a l s o  a  q u a n t i -  
f i c a t i o n  t echn ique .  

b l  R u l t l v a r i a t e  a n a l y a i s  a s  q u a n t i f i c a t i o n  t e c h n i q u e s .  

A c t u a l l y  many c l a s s i c a l  methods which are d e a l i n g  w i t h  c a t e -  
g o r i c a l  v a r i a b l e s  may b e  c o n s i d e r e d  a s  q u a n t i f i c a t i o n  t e c h n i -  
ClUeS. 

F o r  i n s t a n c e  a n a l y s i s  o f  v a r i a n c e  o r  c o v a r i a n c e  are perforrn- 
i n g  q u a n t i f i c a t i o n  o f  t h e  nominal " f a c t o r s  o f  v a r i a b l l i t y "  
when e s t i i w t i n g  t h e  e f f e c t s  upon t h e  dependent  v a r i a b l e  ( i n  
t h e  c a s e  o f  t h e  n o - i n t e r a c t i o n  modal).  Canon ica l  d i s c r i m i n a n t  
a n a l y s i a  1s merely a  r e g r e s s i o n  of t h e  q u a n t i f i e d  group-  
v a r i a b l e  upon a  s e t  o f  p r e d i c t o r s  w i t h  a n  "opt imal"  q u a n t i f i -  
c a t i o n  i .es g i v i n g  t h e  l a r g e s t  d e t e r m i n a t i o n  c o e f f i c i e n t  
among al1 p o s s i b l e  q u a n t i f i c a t i o n s  (599 f o r  i n s t a n c e  Mc Donald 
and C a i l l i e z - P a g e s ) .  

Ã 

Furthermore  any  mul t id iniensional  s c a l i n g  method f o r  q u a l i t a -  
t i v e  v a r i a b l e s  (such a s  co r re spondance  a n a l y a i s )  which g i v e s  

c n o r d t n a t e s  f o r  t h e  c a t e g o r i e s  of a  set o f  q u a l i t a t i v e  v a r i a -  
b l e s  i s  i n  f a c t  a m u l t i d i m n s i o n a l  q u a n t i f i c a t i o n  t e c h n i q u e  : 
t h e  c o o r d i n a t e s  a l o n g  a n  a x i s  are n u m r i c a l  v a l u e s  ( s c o r e s )  
t o  b e  a s s i g n e d  t o  a  q u a l i t a t i v e  v a r i a b l e .  

c )  An approx ima t ion  o f  n o n - t i n e a r  a n a l y s i s .  

Mul t id imens iona l  d a t a  a n a l y s i s  1s i m s t l y  a set o f  m t h o d s  
u s i n g  l i n e a r  a l g e b r a  a n d  t h e  vec to r - space  s t r u c t u r e  of  t h e  
s e t s  of  v a r i a b l e s  and i n d i v i d u a l s  : t h e s e  methods can on ly  
p l a c e  i n  prominent  p o s i t i o n  l i n e a r  r e l a t i o n s h i p s  betwean 
v a r i a b l e s  what 1s w e l l  f i t t e d  t o  t h e  c a s e  o f  mul t inorrnal  
d i s t r i b u t i o n  which 1s e x c e p t i o n a l  i n  most a p p l i c a t i o n s .  

I n  m a t  c a s e s ,  t h e  s t u d y  of  l i n e a r  r e l a t i o n s h i p s  1s no t  
s u f f i c i e n t  and a  n o n - l i n e a r  a n a l y s i s  1s a c t u a l l y  n e c e s s a r y .  

The q u a n t i f i c a t i o n  o f  q u a l i t a t i v e  v a r i a b l e s  p r o v i d e s  an  appro- 
x ima t ion  o f  non l i n e a r  a n a l y s i s  : l e t  u s  t r a n s f o r m  a  numerical  
v a r i a b l e  x  i n t o  a  q u a l i t a t i v e  one X by s imply  s p l i t t i n g  i n t o  
c l a s s e 1  t h e  set o f  its v a l u e s  and then-  l e t  us q u a n t i f y  X 
i n t o  x  . 
The set o f  a l 1  p o s s i b l e  q u a n t i f i c a t i o n s  of  X i s  a n  epproxima- 
t i o n .  by p i e c e w i s e  c o n s t a n t  f u n c t i o n s ,  of  t h e  set  of a l 1  
f u n c t i o n s  o f  x  f  ( X I .  

As t h e  s t u d y  o f  l i n e a r  r e l a t i o n s h i p s  between any f u n c t i o n s  
f i x )  and g f y )  o f  two v a r i a b l e s  x  and y  1s n o t h i n g  e l s e  t h a n  
t h e  s t u d y  o f  n o n - l i n e a r  r e l a t i o n s h i p s  between x and y. we 
t h e r e f o r e  g e t  a  t o o l  f o r  non l i n e a r  m u l t i v a r i a t e  a n a l y s i s  
(Masson).  I n  t a c t  i t  1s p o s s i b l e  t o  d e f i n e  l e s s  s i m p l e  
t r a n s f o r m a t i o n  of v a r i a b l e s  t o  g e t  non- l Ã ® n e a r  t y  , such  a s  
t r a n s f o r m a t i o n  by s p l i n e - f u n c t i o n s  of  h i g h e r  o r d e r  ( s p l i t t i n g  
and  q u a n t i f y i n g  i s  e q u i v a l e n t  t o  s p l i n e s  of d e g r e e  z e r o )  
(Van R i j c k e v o r s e l  and De Leeuw. Lafaye d e  Michaux),  b u t  i t  
$9 e l i g h t l y  more c o n p l i c a t e d  ( s p l i n e  f u n c t i o n s  a r e  a  k i n d  of  
r e g u l a r  f u n c t i o n s ,  v e r y  p o p u l a r  i n  t h e  f i e l d  of I n t e r p o l a -  
t i o n ) .  

A s  Oauxois and Pousse  q u o t e d  i t ,  t h e s e  t e c h n i q u e s  a r e  n o t  
p u r e l y  n o n - l i n e a r  b u t  o n l y  e e m i - l i n e a r  i n  t h e  f o l l o w i n g  x 
s e n s e  : i f  WB u s e  t r a n s f o r m e d  v a r i a b l e s  x i n s t e a d  of  raw 
v i a b l e  x  i n  a  mul t id imenaionaJ  a n a l y s j s  w e  w i l l  d e a l  
w i t h  l i n e a r c o i r t i i n a t i o n s  o f  t h e  x b u t  no t  w i t h  any func-  
t i o n s  o f  t h e  x  j 

5  * 
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21 now t o  q u a n t i f y  ? 

I f  we accept  q u a n t i f i c a t i o n  a s  a  j u s t i f i a b l e  p r a c t i c e  we have 
however t o  make c l e a r  some p o i n t s  such a s  ; airoog a l 1  poss i -  
b l e  q u a n t i f i c a t i o n s  o f  a  var iab le  how much must we choose and 
according t o  which c r i t e r i a  7 

a l  Q u a n t i f i c a t i o n  and type of var iab les  

When a  q u a l i t a t i v e  v a r i a b l e  X 1s pure ly  nominal (without  any 
s t r u c t u r e  upon ttie s e t  of i ts  c a t e g u r i e s )  a  q u a n t i f i c a t i o n  is 
a  t ransformation of X i n t o  a  d i s c r e t e  numarical v a r i a b l e  : 
WB w i l l  a s s i g n  t h e  saine nuinerical value,  say ai ,  t o  a l 1  i n d i -  
viduals  belonging t o  t h e  i t h  category of X. 

I f  the v a r i a b l e  M 1s o r d i n a l  ( t h e r e  is  a  t o t a l  n a t u r a l  o r d e r  
f o r  its c a t e g o r i e s  such a s  l e v e l  of educat ion f o r  i n s t a n c e ) .  
people o f t e n  suggest  t o  use only q u a n t i f i c a t i o n s  r e s p e c t i n g  
t h e  order  o f  t h e  c a t e g o r i e s  : t h e  numerical values t o  be  
assigned t o  t h e  m ordered  ca tegor ies  of X must be such a s  
a  < a 2  2 ... 2 a,,,. S o m  au thors  tNish i sa to  i w i n l y )  cons ider  

1 - t h e  more genara l  s i t u a t i o n  o f  a  p a r t i a l  o r d e r  of  t h e  ca te -  
g o r i e s ,  

Q u a n t i f i c a t i o n  under o r d e r  r e s t r i c t i o n s  l e a d s  t o  a  more 
s o p h i s t i c a t e d  theory t h a n  quant i f i c i i t ion  without  c o n s t r a i n t s ,  
using convex cones i n s t e a d  of vector  subspaces i s e e  Barlow 
and a l .  o r  Tenenhausl and t o  more d i f f i c u l t  computations. But 
we get  e s s e n t i a l l y  a one-dimensional q u a n t i f i c a t i o n  a s  wa 
w i l l  s e8  below. 

Apart from t h e s e  d i f f i c u l t i e s  w e  may wonder i f  it 1s a c t u a l l y  
necessary t o  respec t  o r d e r  c o n s t r a i n t s  : f o r  i n s t a n c e  i n  a 
p r e d i c t i o n  problam where an explanatory v a r i a b l e  1s o r d i n a l  
and the  v a r i a b l e  t o  be  pred ic ted  is numarica1,quantification 
with o r d e r  r e s t r i c t i o n s  comas down t o  p o s t u l a t s  t h e  e x i s t e n c e  
o f  a m n o t o n i c  r a l a t i o n s h i p .  00 we have t o  in t roduce  such 
a n  a  p r i o r i  before  having a tud ied  the  r e l a t i o n s h i p  ? It may 
be nnre i n t e r e s t i n g  t o  rnahe an a n a l y s i s  without  o r d e r  r e s t r i c -  
t i o n s  and s e s  a f te rwards  I f  WB g e t  a  q u a n t i f i c a t i o n  which 
respec t s  t h e  o r d i n a l  n a t u r e  of  t h e  c a t e g o r i e s .  I f  no t ,  i t  
w l l l  be a  proof of a  non monotonie r e l a t i o n s h i p  provided t h e r e  
1s no sanpl ing  e r r o r s .  Of course i f  we have s t r o n g  reasona 
f o r  a  m n o t o n i c  r e l a t i o n s h i p  WB need t o  use t h i s  information.  

Conversely If i t  i s  t h e  dependent v a r i a b l e  which 1s o r d i n a l  
WB must r e s p e c t  i t s  n a t u r e ,  a s  i n  t h e  s i t u a t i o n  where we hava 
t o  descr ibe  t h e  r e l a t i o n s h i p s  between s e v e r a l  o r d i n a l  v a r i a b l e s .  

In  m s t  cases  t h e  q u a n t i f i c a t i o n  of a  q u a l i t a t i v e  v a r i a b l e  
involves  t h e  a s s i g n m n t  of a  s i n g l e  numarical value t o  each 
category.  F.W. Young and h i 8  team have a t t r a c t e d  n o t i c e  t o  
the  d l f f e r e n c e  betweon t h e  underlying process  and t h e  m a s u r e -  
ment l e v e l  : f o r  ins tance  a  phenomenon may be cont inuous 
(wave-length f o r  co lour  percep t ion)  and t h e  observa t ion  
d i s c r e t e  ( c o l o u r i .  So why q u a n t i f y  a category by a  s i n g l e  
value 7 A more general  q u a n t i f i c a t i o n  implies  t h a t  a  category 
may be represen ted  by an i n t e r v a l  o f  values,  t h e  d i f f e r e n t  
i n t e r v a l s  being a  p a r t i t i o n  of an i n t e r v a l  of R. 

For o r d i n a l  measurements a s a o c i a t e d  t o  cont inuous process  
t t iere  is, i n  a d d i t i o n  a  c o n s t r a i n t  t o  o n t e r  f o r  t h e  i n t e r v a l s .  

We may n o t i c e  t h a t  we a r e  loohing i n  f a c t  f o r  a  q u a n t i f i c a -  
t i o n  of  observa t ions  more than of c a t e g o r i e s .  Apart of t h e  
techniques proposed by Young, iJe Leeuw and Tahane. q u a n t i f i -  
c a t i o n  with i n t e r v a l s  1s not  widely used and we w i l l  not  
r e f e r  t o  i t  I n  t h e  remaining of t h i s  papes. 

bl  Hathematical formulat ion of q u a n t i f i c a t i o n .  

L e t  X be a  q u a l i t a t i v e  v a r i a b l e  with rn c a t e g o r i e s  and E t h e  
s e t  of i ts c a t e g o r i e s  . 

1 

I f  Q l a  t h e  usual  universe,  X 1s a  mapping of  R onto E. 
A q u a n t i f i c a t i o n  of M 1s def ined  by a  mapping a  o f  E ont0  R; 
t h e  q u a n t i f i e d  v a r i a b l e  being a O X : 

The v a r i a b l e  aoX tahes  only a t  most m values a... a.,. .. a  
correaponding t o  t h e  m c a t e g o r i e s  of  K .  m 

I f  we i n t r o d u c e  th8  m fol lowing i n d i c a t o r  var iab le6  of  t h e  
c a t e g o r i e s  11 j = 1.2, . . . , m such t h a t  : s 

1 i f  X ( l i t "  ' j 
"@) "b i f  not s f o r  w e Q 

WB have t h e  elemantary bu t  c a p i t a l  r e s u l t  ; t h e  q u a n t i f i e d  



v a r i a b l e  aoK 1s nothing e l s e  than t h e  l i n e a r  conibination o f  
t h e  i n d i c a t o r  v a r i a b l e s  defined by t h e  s c o r e s  a, : 

l h e r e f o r e  t h e  q u a n t i f i c a t i o n  o f  v a r i a b l e s  belongs t o  t h e  
f i e l d  of  l i n e a r  m l t i d i m n s i o n a l  a n a l y s i s .  

I f  t h e r e  t a  no r e s t r i c t i o n  upon t h e  scores  a  ipure ly  nominal 
v a r i a b l e s )  t h e  s e t  of numerical v a r i a b l e s  wliich a r e  EJ q u a n t i -  
f i c a t i o n  o f  X is a  c losed  subse t  of  d i m n s i o n  m of  L [il), 
t h e  vec tor  subspace spanned by t h e  II .Io 

1 

I f  X is an o r d i n a l  v a r i a b l e  with t h e  n a t u r a i  o r d e r  upon i ts  
c a t e g o r i e s  a  q u a n t i f i c a t i o n  of X must v e r i f y  a l  < a2  <.. < a .  

l 
This  s e t  o f  c o n s t r a i n t a  may be w r i t t e n  a s  fol lows with t h e  
non nega t ive  numbers bon b,. .., 'm 

* { 
a l  = b l  - bo 

a2 = bl  + bz - b,, 

a m =  b l  + b^ + * .  + b,,- b0 

1 T h e  q u a n t i f i e d  v a r i a b l e  a  . X 1s t h e n  equal t o  : 
1 

w 

where z - ". "l, and lin = -1. 
j 121 

The II a r e  t h e  " i n d i c a t o r  v a r i a b l e s "  of t h e  o r d e r  (Bouroctie. + 

o u p o n t - ~ a t e l m n d ,  Tenenhaus) i n  t h e  sense  where : 

6" 
0 i f  ~ ( n i  < j 

II. (&il 4 j = 1 ,  2 ,  .., m. 
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Fhe s e t  of a i l  p o s s i b l e  q u a n t i f i c a t i o n s  of  X w i t h  t h e  nrder  
r e s t r i c t i o n  i s t h u s  t h e  p o l y e d r i c  convex cone 
t h e  v a r i a b l e s  11 

j 

I f  t h e  v a r i a b l e  X has he& observed upon n  i n d i v i d u a l s  we 
have t h e  fol lowing matr ix r e p r e s e n t a t i o n  of  t h e  d a t a  and o f  
t h e  q u a n t i f i c a t i o n  : 

f o r  a pure ly  nominal v a r i a b l e  X may be represen ted  a s  t h e  
mat r ix  w i t h  n  rows and rn columns of  t h e  i n d i c a t o r  v a r i a b l e s .  

/O100 1 

x 
A numerical v a r i a b l e  2 obtained by a q u a n t i f i c a -  

x 
is expressed by 5 - X 3 where 5 r) is t h e  v e c t o r  of  

a  m 
t h e  s c o r e s  of t h e  c a t e g o r i e s  

The s e t  o f  a i l  q u a n t i f i e d  v a r i a b l e s  1s W ,  t h e  subspace of (Rn 
of dimension m def ined  by : 

For  an o r d i n a l  v a r i a b l e  X w i t h  3 c a t e g o r i e s  we have f o r  
i n s t a n c e  f o r  t h e  fo l lowing  f i v e i n d i v i d u a l s  and al S a  S a, 

X The s e t  of  a l 1  p o s s i b l e  2 is  t h e  cone $ def ined  by 

x x -  
( -  i~ 15 - X b  b  2 0 )  

j 



Frequently one has t o  d e a l  only with zero-mean v a r i a b l e s  : i f  
1 1s the constant  v a r i a b l e  which conponents a r e  a i l  equ 1 t o  - x 1. t h e  c e t  of a i l  p o s s i b l e  _^ reduce t o  W n 2 o r  2 n 2 f 
where _[ la t h e  veu tor  subspace orthogonal f o r  1 ( i . e .  made 
o f  zero-mean v a r i a b l e s ) .  

For nominal v a r i a b l e s  t h e  aquivalence between a  q u a n t i f i c a -  
t i o n  and a  l i n e a r  combination of i n d i c a t o r  v a r i a b l e s  shows 
t h a t  the  s tudy of r e l a t i o n s h i p s  between a  s e t  o f  q u a n t i f i e d  
v a r i a b k ~  cones down t o  canonica l  a n a l y s i s  p r o b l e m  f o r  i t  
1s noChing e l s e  than t h e  s tudy of l i n e a r  r e l a t i o n s  betwaen 
s e t s  of numerical v a r i a b l e s  ( t a k i n g  on ly  values 0 o r  II. 

cl Uni o r  mult idimensional  q u a n t i f i c a t i o n  ? 

A s  t h e  s e t  of  a l 1  p o s s i b l e  q u a n t i f i c a t i o n s  of a q u a l i t a t i v e  
v a r i a b l e  1s not  of  dimension one. i t  nay be necessary t o  use 
s e v e r a l  q u a n t i f i c a t i o n s  I n  o r d a r  t o  d e s c r i b e  a  s i n g l e  q u a l i -  
t a t i v e  var iab le .  Thus i t  1s not obvious t h a t  a  nominal var ia -  
b l e  may be reduced t o  a  s i n g l e  dimension J correspondence 
a n a l y s i s  o f  contingency t a b l e s  is an example o f  such a  
s i t u a t i o n  : we g e t  two sequences of  q u a n t i f i c a t i o n s  f o r  
t ak ing  i n t o  account t h e  clependency between t h e  two c ross -  
c l a s s i  Fied v a r i a b l e s .  

I n  m n y  cases ,  however, t h e  c o i q ~ l e x i t y  of  a  mul t id inens iona l  
q u a n t i f i c a t i o n  may be cons idered  as a drawback and t h e  
p r a c t i t i o n e r  would l i k e  t o  s a t i s f y  himself wi th  a  s i n g l e  
q u a n t i f i c a t i o n  but  t h i s  l e a d s  t o  soins d i f f i c u l t i e s ,  a s  we 
w l l l  s e s  below. except  f o r  two s i t u a t i o n s .  The f i r s t  one 1s 
t h a t  of p r e d i c t i o n  problems where t h e r e  1s only  one b e s t  
p o s s i b l e  q u a n t i f i c a t i o n  and t h e  second one l a  t h a t  o f  o r d i n a l  
v a r i a b l e s  i n  d e s c r i p t i v e  s t u d i e s  : niultidinienslonal quant i -  
f i c a t i o n s  a r e  genera l ly  ab ta ined  by search  o f  or thogonal  
b a s i s  (uncor re la ted  v a r i a b l e s ) .  But. i f  we have a  t o t a l  o r d e r  
upon t h e  c e t e g o r i e s  of  X, t h e  admissible  q u a n t i f i c a t i o n s  o f  
zero m a n  belong t o  t h e  cone en 1 ! when a v a r i a b l e  x belongs 
t o  t h i s  cone. t h e  v a r i a b l e s  which a r e  or thogonal  t o  x do not  
belong t o  t h e  cons and do n o t  f i l 1  t h e  o r d e r  r e s t r i c t i o n s .  

d l  "Optimaln q u a n t i f i c a t i o n .  

l n  o r d e r  t o  q u a n t i f y  q u a l i t a t i v e  v a r i a b l e s  WB t h u s  have t o  
r e s p e c t  t h e  na ture  of t h e  v a r i a b l e s  bu t  t h e r e  remains an 

P i n f i n i t e  nuntier of  p o s s i b l e  q u a n t i f i c a t i o n s  : q u a n t i f i c a t i o n  
1s in~aningfu l  only i f  WB have a  p m c h  aim which c o n s i s t a  
e e n e r a l l y  i n  t h e  maximieation of s o m  c r i t e r i u m  o f  f i t .  For 
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i n s t a n c e  i f  we d e a l  only with two nominal v a r i a b l e s ,  i t  eeems 
n a t u r a l  t h a t  t h e  two q u a n t i f i a d  v a r i a b l e s  should be maximally 
c o r r e l a t e d  what al lows the b e s t  p r e d i c t i o n  of  one by tha  o t h e r  
i n  t h e  l e a s t - s q u a r e  sense. 

I n  t h e  s a m  way i f  we have t o  p r e d i c t  one v a r i a b l e  [ q u a l i t a -  
t i v e  tir n o t l  by s e v e r a l  v a r i a b l e s  which may al80 be q u a l i t a -  
t i v e  o r  no t ,  t h e r e  is a n a t u r a l  c r i t e r i u m  of  q u a n t i f i c a t i o n :  
t h e  maximisation of  t h e  square  c o r r e l a t i o n  between t h e  depen- 
dent  ( p o s s i b l y  q u a n t i f i e d l  and a  l i n e a r  combination of t h e  
( p o s s i b l y  q u a n t i f i e d )  explanatory ones. 

But i f  we have t o  quant i fy  s imultaneoualy mora than two 
nominal v a r i d b l e ~  without an e x t e r n a l  dependent v a r i a b l e .  
t h e r e  1s no unique c r i t e r i u m  and t h e r e  w i l l  be many "optimal" 

1 q a n t i i c a t i o a  we w i l l  s e e  i n  t h e  nex t  p a r t .  

1 II.SIf'lULTANEDlJS QUANTIFICATION OF SEVERAL OUALITATIVE VARIABLES 
1 

1 11 The c a s e  o f  two v a r i a b l e s  

Analyzing contingency t a b l e s  by m a n %  of  a  quan . t l f i ca t ion  of 
t h e  m r g i n s  1s very c l a s s i c a l  and leads  t o  an unique s o l u -  
t i o n ,  whatever l a  the  c r i t e r i u m ,  t h a t  one g i v e s  by correspon- 
dence a n a l y s i s  o r  by canonical  a n a l y s i s .  

Without d i s c u s s i n g  about r a t h e r  u n i n t e r e s t i n g  ques t ions  o f  
a n t e r i o r i t y .  i t  seems i n s t r u c t i v e  t o  remind b r i e f l y  cf t h e  

1 d i f f e r e n t  p o i n t s  o f  view appeared along t h e  years .  
l 
l 

For more d e t a i l s  t h e  reader  may r e f e r  t o  p u b l i c a t i o n s  of  
tienzecri o r  De Leeuw. 

1 

1 In 1935 i i i r s c h f e l d ,  remarklng t b a t  t h e  a n a l y s i s  of t h e  c o r r e -  
l a t i o n  between two v a r i ~ b l e a  g ives  t h e  b e s t  r e s u l t s  i f  t h e  ' two U n e s  of  regrass ion  a r e  l i n e a r ,  s e t t l e s  and s o l v e s  t h e  

1 fo l lowing problem ; 

' *Given a diacontinuous d i s t r i b u t i o n ,  l e  i t  always p o s s i b l e  
t o  i n t r o d u c e  new values f o r  t h e  v a r i a t e s  such a s  bo th  

l 
r e g r e s s i o n s  a r e  l i n e a r  ?" 

He then  provea t h a t  f o r  an a r r a y  of s i z e  (m.pJ, t h e r e  e x i s t a  
min ( ( p - l l  8 tm-11) orthogonal s o l u t i o n s  and g ives  t h e  equa- 
l l t y  between t h e  Pearson's 0 and t h e  sum of squares  of 
c o r r a l ~ t i o n  between t h e  p a i r s  of q u a n t i f i e d  v a r i a b l e s .  
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This r e s u l t  remained apparen t ly  ignored during more than 
twenty years  u n t i l  t h e  work of Lancaster  tlQ50) who g e n e r a l i -  
zed i t  t o  c o n t i n m u s  v a r i a b l e s  and made t h e  s y n t h e s i s  o f  t h e  
papers o f  F i s h e r  (19401 naung t19411 and Williams (18521. 

F i sher  in t roduced  t h e  q u 8 n t i f i c a t I o n  i n  o r d e r  t o  apply h i s  
l i n e a r  d i sc r iminant  func t ion  when t h e  p r e d i c t o r  is i t s e l f  
n o d n a l  and s e t t l e d  t h e  equivalence with H o t e l l i n g ' s  canoni- 
c a l  a n a l y s i s .  H i s  a lgor i thm t o  ge t  t h e  sinntltaneous q u a n t i -  
f i c a t i o n  i s  i n t e r e s t i n g  by i t s  c loseness  t o  H i r s c h f e l d ' s  
problem and t o  t h e  a l t e r n a t e  l e a s t  squares  m t h o d  of  Young, 
De Leeuw and Tahane : i n  a  f i r s t  s t e p  we g ive  an a r b i t r a r y  
q u a n t i f i c a t i o n  ta one var iab le ,  then t h e  second v a r i a b l e  i s  
q u a n t i f i e d  accord ing  t a  t h e  means of t h e  f l r s t  i n  each of i t s  
ca tegor ies .  The f i r s t  v a r i a b l e  i s  now q u a n t i f i e d  aga in  
according t o  t h i s  p r i n c i p l e  of " r e c i p m c a l  averaging" ( H i l l ) ,  
&par t  from a  f a c t o r  of n o m l i z a t i o n  t o  avoid degenerate  
s o l u t i o n ,  and BO on u n t i l  convergence [due t o  t h e  f a c t  t h a t  
a t  t h e  optimum t h e  two q u a n t i f i e d  v a r i a b l e s  have both l i n e a r  
regress ione)  . 
Formally t h e  s o l u t i o n  1s given by t h e  canonical  a n a l y s i s  of 
the  two s e t s  of  i n d i c a t o r  v a r i a b l e s  X and X2 : t h e  q u a n t i f i e d  

1 v a r i a b l e s  a r e  t h e  canonica l  v a r i a b l e s  and t h e  opt imal  s c o r e s  
a r e  giveh by t h e  e igenvec tors  of t h e  products  of  t h e  two 
a r r a y s  of  c o n d i t i o n a l  f requencias .  

2)  The c a s e  o f  p  noMnal  v a r i a b l e s  

The s imultaneous q u a n t i f i c a t i o n  of  mre than  two nominal 
var iab lee  have a s  many s o l u t i o n s  a s  c r i t e r i a ,  on t h e  c o n t r a r y  
of the  c a s e  where p-2 uhere  a l 1  c r i t e r i a  were equ iva len t .  
This is due t o  t h e  f a c t  t h a t  t h e m  doms not e x l s t  a  s i n g l e  
m a s u r e  of  c o r r e l a t i o n  between more than two v a r i a b l e s .  

b e v e r  t h e r e  a r e  two main hinds of quant i fy ing  p  v a r i a b l e s ,  
leading both t o  r e l a t i v e  s i w l e  c o w u t a t i o m .  The f i r s t  comes 
down t o  an e igenvec tor  problem and providee m u l t i d i m n s i o n a l  
q u a n t i f i c a t i o n e  of the  v a r i a b l e s ,  t h e  second looking f o r  a  
s i n g l e  q u a n t i f i c a t i o n  of each v a r i a b l e  such a s  we g e t  a n  
optimal r e p r e s e n t a t i o n  of t h e  s e t  of i n d i v i d u a l s  upon a  
subspace o f  f i x e d  dimension. 

We w i l l  need t h e  fol lowing matr ices  8 

X = (XI 1 X 1 ... X d i s j u n c t i v e  m r a y  with n  rws and 
E mi c o l u m i  of  t h e  i n f h c a t o r  v a r i a b l e s  of  t h e  c a t e g o r i e s  of 
a l 1  t h e  K i +  

v a r i a b l e s .  

The 90-ca l led  

1 a r r a y  of s i z e  ( n , p )  of t h e  q u a n t i f i e d  - * *  

C12 ,. c 
CZ2 . . ci; 

where Cid i s  t h e  contlngency 

PP 
i 

t a b l e  between U and Kj I 1 . e .  C = x s  x i J  1 J '  
Ei i s  a  square-syrwnetrical mat r ix  of s i z e  Zmi. 

O is t h e  diagonal  mat r ix  w i t h  t h e  same diagonal  terms a s  6. 

a )  From Guttman t o  Benzecri  : o r  t h e  long s t o r y  of mul t ip le  
correspondence a n a l y s i s  . 

F o l l w i n g  L.L. Gut tmn,  var ious  au thors  (Hors t ,  Lord, Eoch, 
Nish i sa to ,  de L e e w  have introduced t h e  problem accor-  
d i n g  t o  t h e  fo l lowing  formula t ion  : "Find t h e  q u a n t i f i c a t i o n  
of  K.,. X2, *.. K such a s  t h e  m a s u r e s  of t h e  p  q u a n t l f i e d  
v a r i a b l e s  x x  ,, x2, . . x be  a s  homogeneous a s  r ~ o s s i b l e  f o r  
any i n d i v i d u a l  and a s  sc&?tered  a s  p o s s i b l e  betw6w-1 i n d l v i -  
dua l se .  This  is  a  very c l e a r  c r i t e r i u m  from t h e  va las sic al 
p o i n t  of view of f a c t o r  a n a l y s i s  which c o w s  down t o  an o p t i -  
mal a n a l y s i s  of var iance  : we have t o  maximlze t h e  d i spers ion  
of t h e  m a n %  gf each row of  xX i n  r e l a t i o n  t o  t h 0  t o t a l  
var iance  of X . 

R 
I f  t h e  x a r e  of zero m a n ,  we have : 

j 

A s  3; s X, E ~ *  i f  is t h e  supervec tor  o f  a l 1  s c o r e s  2 

we m y  w r i t e  aga in  t h i s  a n a l y s i s  of var iance equa t lon  
l n  mat r ix  n o t a t i o n s ,  t h e  l e f t h a n d  s l d e  i s  e q u a l  t a  ='Dg 



asBa 
t i o n  of n2 = 

The so lu t i on  1s given by t he  eigenvector  a r e l a t e d  t o  t he  
f i r s t  non extraneous eigenvalue A of _^ a%, 

0 

This 1s the  saine &en-equation a s  t h a t  of correspondence 
ana ly s i s  of X and t h a t  of  Ca r ro l l ' s  genera l ized  canonical  
ana ly s i s  of t h e  p s e t s  of i nd i ca to r  va r i ab l e s  i s e e  Bouroche- 
Saporta-Tenenhaus). Furthermore. a s  Gultrnan quoted i t ,  t h g  
va r i ab l e  xn i s  even t h e  f i r s t  p r inc ipa l  conponent of  t he  x 
hence t h e  name of  "p r i nc ipa l  component of  s caÃ®e"  In o the r  
words ne have a q u a n t i f i c a t i o n  x of each X such a s t h e  
f i r s t  e igenvalue ot' t h e  co r r e l a t i on  matr ix of t h e  x 1s maxi- 
mal. (For an h i s t o r i c a l  survey and o ther  c r i t e r i a  leading 
t o  t he  s a m  r e s u l t  s e e  Tanenhaus 1981) .  

1 
To the  o the r  eigenvalues of  - 0~ correspond d i f f e r e n t  p r in-  
c i p a l  cornponents eaqh one co%%!spoiiding t o  a d i f f e r a n t  quan- 
t i f i c a t i o n  of  t h e  X a ; s o  we get  a c tua l l y  a multidimenslonal 
quan t i f i c a t i on  of t he  nominal var iab les ,  bu t  t h e  quan t i f i c a -  
t i o n s  of  various ordersof  a var iab le  a r e  non uncor re la ted  i 

we have only t he  fol lowing mean and weak orti-iogonallty pro-  
p e r t i e s  between q u a n t i f i c a t i o n  of o rde r  k an3 1 : 

cov ( X S  
j 

There a r e  many cornputer programs performing t h a t  kind of  
quan t i f i c a t i on ,  t h e  be s t  hnown being fiULTfl by Lebart-florineau- 
fnbard, HOMALS by Oe Leeuw and Van Rijckevorsel  and Cf'SCAL 
by Nistiisato. 

b )  Obtaining a s i n g l e  quan t i f i c a t i on .  

The problem he re  may be considered a s  a modif icat ion of t h e  
"p r i nc ipa l  component of  s ca l e "  property of  t h e  above mthod:  

we look f o r  a quan t i f i c a t i on  of  t h e  va r i ab l e s  such a s  we get  
the  b e s t  p r i n c i p a l  component ana ly s i s  of t h e  quan t i f i ed  va r i a -  
b l e s  i . e .  t h a t  t he  sum of t h e  var iances  of t he  f i r s t  h pr in-  
c i ~ a l  c o ~ o n e n t s  be maximisad. 

I f  k a 1 we ob t a in  again t he  so lu t i on  of  mu l t i p l e  correspon- 
dence ana ly s l a  i . e .  t h e  p r i nc ipa l  tjomqnent o f  s c a l a  asso- 
c i a t e d  t o  t h e  f i r s t  eigenvalue of  - D B. I f  k > 1. The 
problem m y  be fonnalised s i w l y  i n  geometr ical  tems : w e  
t r y  t o  f o r ce  t h e  set of i nd iv idua l s  t o  be i n  a h-dimensional 
s ubspace . 
As we have no longer  an eigenvector  problem i f  h > 1. t h e  
s o l u t i o n  1s obtained by i t e r a t i v e  algori thma.  The t h r ee  be s t  
hnown c o w u t a r  programs use a l t e r n a t i n g  l e a s t  squares methods 
and a r e  chronologica l ly  PRINCIPALS (Young. De Leeuw, Takane), , 

PRINOUAL [Tenenhaus), PRINCALS (De Leeuw. Van Ri jckevorse l ) .  
1 

PRINOUAL processes  only nominal va r i ab l e s  while  t he  two o tha r s  
(PRINCALS supersedes PRINCIPALSI accept  o rd ina l  va r i ab l e s  
and miasing d a t a  ( f o r  PRINCALSI. 

C o ~ a r e d  t o  t h e  f i r s t  method of  q u a n t i f i c a t i o n  CGuttman- 
Hayashi-Bsnzacri. .)  t h i s  approach has  t h e  fol lowlng advan- 
tages  : 

. t h e  con f igu ra t i on  of t he  i nd iv idua l s  upon t h e  h-dimensional 
subspaca 1s optimal i n  t he  m a n l n g  of  explained variance 
while  t he  p r i n c i p a l  components of s c a l e  do not f u l f i l l  
t h i s  condi t ion .  The f i r s t  conponent of  a c a l e  ls t h e  f i r a t  
p r i n c i p a l  component of t h e  quant i  f i e d  var iab les .  bu t  t h e  
fol lowing components a r e  not p r i n c i p a l  coinponant8 f o r  t h e  
same quan t i f i c a t i on .  

. It  1s pos s ib l e  t o  compute c o r r e l a t i o n  c o e f f i c i e n t  between 
q u a n t i f i e d  va r i ab l e s  and p r i nc ipa l  conponents f o r  ins tance .  
f o r  w e  have tiare represen ta t ion  of t h e  variables i t s e l f  
and not  only of t h e  ca tegor ies .  

. The method 1s well f i t  t o  o rd ina l  va r i ab l e s  f o r ,  as we have 
a l ready  seen ,  a s i n g l e  q u a n t i f i c a t i o n  1s nacessary.  Conver- 
s a l y  t h e r a  a r e  some drawbacks : 

. T h e  most i n p o r t e n t  being i n  Our sense  t h a t  t h e  quan t i f i c a -  
t i o n  changea wi th  t he  nuiitier of  de s i r ed  p r i n c i p a l  components 
and t h a t  t h e  conf igura t ion  of i nd iv idua l s  is not t he  sanie 
while  i n  t h e  f i r s t  inethod t h e  coord ina tes  of t h e  i n d i v i -  
dua ls  a long  t h e  f i r s t  h p r i n c i p a l  a x i s  remain una l te rad  
when WB need f u r t h e r  axis .  
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. I f  k I n c r e a s e s ,  t h e  s o l u t i o n  becpmes unde temined  f o r  k - p 

. I f  t h e r e  a r e  two v a r i a b l e s  t h e  second method does no t  coma 
clown t o  canonical  a n a l y s i a  a s  i t  would have been d e s i r a b l e .  

3) Fur ther  cons idera t ions  

a )  Extension t o  an i n f i n i t e  nuwber of  v a r i a b l e s  

The f i r s t  method of q u a n t i f i c a t i o n  has  been genera l ized  
(Saporta-Oevil le  1979) to nominal s t o c h a s t i c  p rocesses  i . 9 .  

i n  t h e  s i t u a t i o n  where one knows t h e  e v o l u t i o n  of a  c a t e g o r i -  
c a l  var iab le  ( f o r  i n s t a n c e  h i e r a r c h i c a l  s t a t u a  o r  p lace  of 
l i v i n g )  through t h e  t im between two i n s t a n t s  0  and T .  
The method cornes down b a s i c a l l y  t o  a  q u a n t i f i c a t i o n  o f  t h e  
nominal p rocess  Kt  i n t o  a  numerical one X such as t h e  
Karhunen-Loeve deconposi t ion (P.C.A. of  p rocesses )  o f  t h e  
s tandard ized  process  Xt/ht g ives  a  maximal f i r s t  e igenva lue  

f o r  t h e  covar iance  opera tor .  

b)  Mixture of  nominal and numerical v a r i a b l e s .  

I t  i s  very e a s y  t o  g e n e r a l i z e  P.C.A. t o  t h a t  s i t u a t i o n  by 
quant i fy ing  t h e  nominal var iab les .  

Suppose t h a t  WB have a  s e t  of numerical m i a b l e s  y, ...yq 
and p nominal v a r i a b l e s  X , X,. ... X . To o b t a i n  t h e  
b e s t  P.C.A. of al1 v a r i a b l a s i n  t h e  seRae o f  t h e  f i r s t  m t h o d  
of  q u a n t i f i c a t i o n  (XI maximal) we j u s t  have t o  perform a 
P.C.A. "pan t h e  a r ray  : [ Y  1 XI 1 Xz 1 .. . 1 Xp) 

Again i n  t h e  f i r s t  method of  q u a n t i f i c a t i o n  t h e  fo l lowing  f 
conponents w l l l  be a s s o c i a t e d  t o  o t h e r  q u a n t i f i c a t i o n s  of 
t h e  X which may be u n i n t e r e s t i n g .  PRINCIPALS. PRINOUAL and 
PRINC?PALS g i v e  s i n g l e  q u a n t i f i c a t i o n  and accep t  numerical 
var iab les .  

111. QUANTIFICATION WITH OEPENDENT VARIABLES (Optimal s c a l i n g  
f o r  p r e d i c t i o n )  

The problem 1s now t o  q u a n t i f y  q u a l i t a t i v e  v a r i a b l e s  I n  o rder  
t o  p r e d i c t  an e x t e r n a l  v a r i a b l e  o r  c r i t e r i u m  which may i t s e l f  
be nominal o r  o r d i n a l .  : 

Let X a . X be  t h e  exp lana tory  v a r i a b l e s  and Y t h e  crite!iu2 t h e  fgeReral problem is  t h u s  t o  o b t a i n  a  q u a n t i f i -  
c a t i o n  x x ,  . x and y such t h a t  t h e  square  m u l t i p l e  
c o r r e l a t  on etween y and t h e  x be maximised. 

J 
Di f fe rences  between a lgor i thms  a r e  due e s s e n t i a l l y  t o  t h e  
nuwber and t h e  n a t u r e  of v a r i a b l e s .  

Me w l l l  b r i e f l y  g ive  a  few i n d i c a t i o n s  aboht t h e  main s i t u a -  
! t i o n s  . 

11 Numerical c r i t e r h m  : m & r e s s i o n  with q u a l i t a t i v e  p r e d t c t o r s  

I f  a l 1  t h e  exp lana tory  v a r i a b l e s  a r e  nominal WB have here  a  
p a r t i c u l a r  case  of t h e  l i n e a r  modal which can be descr ibed  
a s  t h e  e s t i m a t i o n  of  e f f e c t s  i n  an a n a l y s i s  of  var iance  with , p f a c t o r s  of  v a r i a b i l i t y  wlthout  i n t e r a c t i o n .  

l 
Nathematical ly  t h i s  cornes down t o  t h e  w l t i p l e  r e g r e s s i o n  of 
t h e  dependent v a r i a b l e  y over  t h e  s e t  af i n d i c a t o r  v a r i a b l e s  
of al1 t h e  c a t e g o r i e s  of  t h e  X S. 

A s  t h e  sm o f  i n d i c a t o r  v a r i a b l e s  of t h e  c a t e g o r i e s  of each 
X i s  e q u a l  t o  1. t h e  problem 1s not of f u l l  rank and there  
i s  an i n f i n i t e  nuinber of  e q u i v a l a n t  q u a n t i f i c a t i o n s  l ead ing  
t o  t h e  s a m  p r e d i c t i o n .  

To g e t  a  s o l u t i o n  WB need l i n e a r  c o n s t r a i n t s  : t h e  mst usual 

1 be ing  t h a t  t h e  q u a n t i f i e d  v a r i a b l e s  should be of zero-man.  
l lt is  worth no t ing  here  t h a t  s o l u t i o n  with zero-mean quant i-  

f i c a t i o n  may be obtained by r e g r e s s i n g  y on t0  a i l  t h e  
1 ( E m  - p l  p r i n c i p a l  components of  t h e  m u l t i p l e  correspondence 

a n a i y s i s  o f  t h e  K a s .  An approximate s o l u t i o n  1s then givan 
by t h e  regress ion  of y o n t 0  t h e  f i r s t  k  p r i n c i p a l  components 
( o r  o n t o  t h e  k components b e s t  c o r r e l a t e d  with y ) .  

I f  one o r  s e v e r a l  exp lana tory  v a r i a b l e s  a r e  o r d i n a l  WB get  
a  problem of monotonie r e g r e s s i o n  t o  ob ta in  q u a n t i f i c a t i o n s  
r e s p e c t i n g  t h e  order .  
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For a  s i ng l e  o rd ina l  X,  t h e  Kruskal 's a lgor i thm 1s well hnown. 
For s eve ra l  var iab les  conputer  progranis AOOALS and MORALS 
(Young. De Leeuw. Tahanel provide goad so lu t i ons  using an 
a l t e r n a t i n g  l e a s t  squares  algori thm  quantification, regres-  
sion. new ~ u a n t i f i c a t i o n  and so  on) .  

21 Homirml c r i te r ium,  d i sc r imina t ion  with q u a l i t a t i v e  p r ed i c to r s  

This s i t u a t i o n  1s very c o m n  i n  iiiany app l i c a t i ons  such a s  
c r ed i t - s co r ing  o r  r i sk - eva lua t i on  where n e  have t o  p r ed i c t  
the belonging of an ind iv idua l  t o  some group [good o r  bad 
behaviour f o r  i n s t ance l  with q u a l i t a t i v e  va r i ab l e s .  

Lihe i n  regrassion.  we cannot use without cau t ion  the c l a s s i -  
c a l  procedures of d i sc r iminant  ana ly s i s  with i n d l c a t o r  var ia -  
b les  f o r  they a r e  l l n e a r l y  dependent and one usua l ly  need 
const r a i n t s  of zero-man ~ u a n t i  f i c a t i on .  

Let us remark t h a t  a s  e a r l y  a s  i n  1952. Hayashi programmed 
a nethod f o r  nominal d i sc r imina t ion  with t h a t  c o n s t r a i n t .  

It is pos s ib l e  t o  use MORALS and ADOALS f o r  both accept  a  
nominal c r i te r ium.  

Another computer program OISQUAL (Saporta  19771 perfonns a 
quasi-optimal q u a n t i f i c a t i o n  of purely nominal var iab les .  
Its p r i n c i p l e  coris is ts  i n  s e l e c t i n g  a  3ubset o f  p r i nc ipa l  
components of the correspondence ana lys i s  of t h e  X's ( i n  
o the r  words a  nul t idintensional  quan t i f i c a t i on  of t he  X's) 
and then i n  a  l i n e a r  d i sc r iminant  ana ly s i s  upon t h a t  nunieri- 
c a l  components. Each l i n e a r  discr iminant  f unc t i on  1s a 
l i n e a r  combination of t h e  multidimensional q u a n t i f i c a t i o n s  
of X's and gives t hus  an unique quan t i f i c a t i on  (d i sc r iminant  
scores )  of t h e  X ' s .  

The reader  w i l l  f i nd  i n  appendix an example of app l i c a t i on  
of DISOUAL. 

3) Ordinal c r i t e r i um 

I n  t h a t  s i t u a t i o n  t h e  quan t i f i c a t i on  of  t h e  c r i t e r i u m  must 
s a t i s f y  t he  o rde r  cons t r a in t s .  

The case  of nominal p r ed i c to r a  was f i r a t  solved by Kruahal 
with h i s  algori thm c a l l e d  flONANDVA. 

Conputer prograins ADOALS and OORALS a r a  a l s o  w e l l  f i t t e d  t a  
t h i s  kind of  probiem and accept  p r ed i c to r s  of o rd ina l  hind. 
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An exanple of d i sc r imina t ion  with nominal p r a d i c t o r s  by DISOUAL : 
r i s h  es t imat ion  of acc ident  f o r  young d r i ve r a  

5814 cus to ro r s  of l e a s  thon 25 years  o r  having t h e i r  d r iv ing  
l icence  from l a a s  than  2 yaars  have been s e l e c t e d  from the  f i l e s  
of an important insurance  Company. 

3649 were good d r i v e r s .  i .e. without acc ident  dur ing  the  past  
th ree  years .  

2325 were bad d r i ve r a ,  i . e .  responsible of t h r ee  o r  more acci-  
dents  during t h e  same t h r ee  years  o r  of more t h a n  two t h e  f i r s t  

The t r u e  propor t ion  of bad dr ivera  was 4%, bu t  i n  order  t o  get 
good e s t ima t e s  t h i s  category was overrepresented i n  t he  sanple 

l e s  After  primary s t a t i s t f c a l  i nves t i ga t i ons  11 explanatory variab 
were s e l e c t e d  

FRAC 
AG 
AN 

SEXE 
NATR 
ZONT 
US AG 
CLGR 
RAFR 
CRED 
CAPO 

hind of payment (year ly ,  each 6 m n t h s ,  each 3 months) 
age a t  tha d a t e  of l i cence  ( 7  ca t ego r i e s )  
number of years  s i n c e  t h e  l i c ence  (less than 2 years  o r  
more than 2 years )  
(male, femalel 
matrimonial s t a t u a  tbachelor  o r  o t h e r )  
a r ea  of t a r i f  f ( 3  ca tegor ies  1 
type of  use of t h e  c a r  ( 9  ca t ego r i s s )  
t a r i f f  group (5 categories!  
s p e c i a l  payirent f o r  a po l icy  without  deduction (yea,  no) 
c a r  bought wi th  a c r e d i t  o r  net  
l l f e  i n su red  o r  no t .  

Aniung these  va r i ab l e s  soro  may presen t  i n t e r a c t i o n a  concerning 
t h e  category of d r i ve r a  (good o r  bad) and i t  1s necessary t o  
c r e a t e  c rossed  va r i ab l e s  before a l i n e a r  ( a d d i t i v e  formula1 
d isc r imina t ion .  

A sys temat ic  s tudy  of  i n t e r a c t i o n s  by means of a l og - l i nea r  mode1 
showed t h a t  t he r e  waa a s i g n i f i c a n t  I n t e r a c t i o n  between AG and 
AN. I t  was t hus  necessary t o  c r e a t e  a new va r i ab l e  AGAN.repla- 
c ing  the  two preceding ones according t o  t h e  fol lowing diagram : 
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Muitidimensional Data Analysis 

USAG 0 
1 
2 
3 
4 
5 
6 
7 
8 

RAFR 0 
1 

CREO 0 
1 

Threshold value -4.27.  

Me use t h e  s c o r i n g  r u l e s  a s  fol lows : 

Let us  t a k e  a male d r i v e r  who wants t o  pay each 3 m n t h s  i f  ha 
1s bache lor  and of  category 2 of  v a r i a b l e  AGAN (20 o r  21 years  
o l d  and l i c e n c e  fmm less than  2 yeara )  l l v i n g  i n  ZONT number 0 
f o r  t h e  USAG category 5, t h e  CLGR category 3, t a k i n g  a no- 
deduct ion p o l i c y  (RAFR = 0 )  wi th  a c a r  bought with a c r e d i t  and 
without  a l i f e  insurance.  M i s  s c o r e  w i l l  be 

A s  t h i s  s c o r e  i s  l e s s  than t h e  th reshold  value -4.27,  he w i l l  be 
c l a s s i f i e d  i n t o  t h e  "bad dr ivera"  population. 

The effieifkncy of  t h i s  s c o r i n g  r u l e  is described by t h e  foi lowing 
t a b l e  ob ta ined  by c l a s s i f y i n g  thfi i n d i v i d u a l s  of  t h e  samplB : 

c l a s s i f i e d  I n  
1 true gmup 

l h e r e  is an amount of about 80" of c o r r e c t  c l a s s i f i c a t i o n s  
and 78% of bad d r i v e r a  a r e  de tac ted .  


