
t-
3
 

tD
 

OT
 

U
3

C
 
<

 (
0
 

u
-

m
 

sa
 

u
r
+

s
 M

- 
u

 d
.
 

m
 

0
 

m
*-

5
 

3
 
tD 

ri
- 

0
1
3
3
"
 

3
 
a-
 

tu
 
VI
 
s
 

0
- 

0
 

m
 r

i-
ri

- 
w

 
0
 
2
.
 



Sect ion 2 i s  devoted t o  the  b i v a r i a t e  case which i s  o f  t h e o r e t i c a l  
and p r a c t i c a l  importance s ince many data sets are presented under 
the form o f  two-dimensional con t i  ngency tables,  especial ly i n  o f f i c -  
i a l  s t a t i s t i  CS. An example concerni ng French a g r i  cu l  t u r a l  land use 
i 11 us t ra tes  the use o f  correspondence and c l  us te r  analys is.  In 
Sect ion 3 we show t h a t  the  ana lys is  o f  a data s e t  cons is t i ng  of n 
i ndi  v i  dual s described by p categor i  ca l  var iab les  may be performed 
by a v a r i a n t  o f  correspondence ana lys is  which 1s i d e n t i c a l  t o  the  
p r i n c i p a l  components o f  scales proposed by Guttman (1941). An ex- 
ample i s  given concerning expenditures o f  consumers i n  17 European 
countr ies . 
2. DESCRIPTION OF A CONTINGENCY TABLE A 

Le t  N be a two-dimensional contingency t a b l e  w i t h  elements ni,., re -  

s u l t i n g  from the c r o s s - c l a s s i f i c a t i o n  o f  two categor ica l  var iab les  
, 

X, and X2 w i  t h  ml and m2 categor ies respect ive ly ;  Dl = d iag (ni) 

and D2 = d iag (n .)  are the  diagonal matr ices of row and column t o t a l s .  
J 

As an i l l u s t r a t i o n ,  consider the 22x9 ar ray  g i v i n g  the d i s t r i b u t i o n  
o f  a g r i c u l t u r a l  land use i n  1979 f o r  22 French regions according t o  
9 categories o f  l and  use o f  ho1 dings. The items represented a t  the  
top  o f  the t a b l e  have the f o l  lowing meaning: CERE: cereals,  AGRG: 
o ther  general ag r i cu l tu re ,  VINE: vineyards, FRUIT: f r u i t ,  MILK: 
m i l  k product ion (mainly) , MEAT: beef and veal m a t  product ion (mainly) 
sHEEP.: sheep, AGSH: gÃ«nera a g r i c u l t u r e  w i  t h  sheep. 

CERE AGRG VINE FRUIT MILK MEAT MIX SHEEP AGSH 

ILOF ILE.:DE FRANCE 389.2 173.0 0.0 4.7 1.3 2.1 0.8 3.1 12.7 

CHAH CHAMPAGNELARDENNE 328.3 514.6 32.1 1.2 49.1 29.5 75.0 27.2 142.6 
PICA PICARDIE 188.8 690.1 2.5 3.3 47.1 12.7 21.8 13.5 162.4 
HNOR HAUTE NORMANDIE 78.0 200.0 0.0 2.8 50.9 35.9 87.6 31.7 95.5 
CENT CENTRE 1155.1 378.1 14.1 15.4 14.1 84.4 37.8 103.3 256.0 
BNOR VASSE NORMANDIE 26.3 76.8 0.0 2.3 587.1 94 .6137.7  58.6 53.9 
BOUR BOURGOGNE 325.6 135.2 - 34.3 5.5 19.0 453.8 129.6 139.6 192.9 

NORD NORD-PAS DE CALAIS 25.7 333.2 0.0 1.1 53.3 9.0 14 .1  13.8 127.6 
LORR LORRAINE 83.7 50.0 0.0 2.3 131.0 31.3 103.0 47.4 134.3 
ALSA ALSACE 44.5 11.2 17.1 1.7 21.2 3.6 14.2 8.5 45.2 

LOIR PAYS OE LA LOIRE 69.9 48.9 30.1 20.2 337.6266.3477.9  129.3 92.7 
BRET BRETAGNE 22.6 94.1 0.0 3.3 726.5 54.4 61.1 37.8 54.4 
POIT POITOU-CHARENTES 178.6 105.6 0.9 4.9 37.1 95.8 84.7 311.9 156.2 

AffUI AQUITAINE 166.5 134.7 134.3 27.7 94.2 81.5 32.8 130.3 135.9 
MIDI  MIDI-PYRENEES 262.5 227.0 6.3 30.0 165.7237.0 26.7 421.7 170.2 
LIMO LIMOUSIN 1.7 2.9 0.0 3.7 43.5 406.9 72.2 281.3 8.4 

RHON RHONE-ALPES 84.0 87.5 51.2 47.2 341.5 77.8 96.5 248.1 77.5 
AUVE AUVERGNE 57.1 38.4 0.2 2.1 455.3294.4115.9  257.0 42.2 

LANG LANGUEDOC-ROUSILLON 25.9 35.1 136.9 53.8 56.7 51.9 14.3 249.7 9.8 
PROV PROVENCE-APLES-COTE D'AZUR 40.2 46.8 61.2 62.8 7.6 8.9 11.3 157.4 15.9 

CORS CORSE 0.3 0.6 3.8 4.6 0 . 1  29.6 0 .0  49.6 0.2 

Table 1. A g r i c u l t u r a l  land use f o r  22 French regions ( i n  000 ha.) 

2.1. Simul taneous f i raphical  D i  sp l  ay o f  Rows and Col umns 

One of the simples! ways o f  p resent ing  correspondence ana lys is  i s  
the f o l l o w i n g  method o f  " rec iproca l  averaging" o r  "dual sca l i ng "  
( H i l l ,  1974; Nishisato,  1980). Suppose t h a t  the  9 categor ies o f  
land use a re  d isplayed as po in ts  w i t h  coordinates b -  ( j=l , . .9) over 
an ax is .  I t  then seems naturat  t o  represent the i t h  reg ion by a 
p o i n t  a i  which i s  the  weighted mean o f  the  b j ,  where the  weights 
are the  condi t i o n a l  frequencies n. ./ni. 

1J 

I n  vector  no ta t i on  w i t h  a = (a, ..a and b x (bl..b - 

a = 0 - l ~  b - - (2) 

O f  course the  b - are a r b i  t r a r y  scores b u t  we may s k i p  t h i s  drawback 
i f  we want conv$rsely the  b j  t o  be cent ro ids  o f  the  a j  w i t h  weights 
n. ./n. 

1J 
- 1 b = D 2  N ' a  - - (3) 

and by s u b s t i t u t i o n  we w i  11 ge t  two separate equations. 

Unfor tunately equations (2) and (3)  do n o t  h o l d  simultaneously un- 
less a11 coordinates are i d e n t i c a l  which i s  r a t h e r  un in teres t ing :  
tfe cannot have a t  the same t ime the b j ' s  as means o f  the  a i ' s  and 
vice-versa. 

So we need weaker condi t ions:  

where the constants a and 0 have t o  be as c lose as poss ib le  t o  one. 

Then by subs t i  t u t i n g  we ge t  wi  t h  A = (a@)-' 

A a = D;' N D;' NI; - 

The bes t  so 
less than 1 

l u t i o n  i s  obta 
( i  gnor i  ng the  

i ned when choosi ng the 1 argest  e i  genvalue 
u n i t  eigenvalue) . 



The coordinates of rows and col umns are gi ven by the corresponding 
eigenvectors 2 and of the two matrices D" N D i 1  N  and D: N i  

D i 1  N which are the products of the two arrays of conditional fre- 
quencies . 
I t  i s  straightforward t o  prove that  a= p =A- and that  the elimi- 
mination of the extraneous sol ution Ã ‹ =  provides sol utions where 
rows and colums are of zero mean: 

So far  we have obtained a one-dimensional display of the categories 
of the two variables x and x 

To obtain two- or higher dimensional plots we have just  t o  take the 
eigenvectors associated wi t h  the second and t h i r d  1 argest non-uni t 
eigenvalues of equations (5), as the following subsection will de- 
monstrate. 

2.2. Connection w i  t h  Principal Components Analysis 

Correspondence analysis i s  nothing e lse  than two separate b u t  dual 
principal components analyses performed successi vely on the r w s  
and then on the columns of N. The difference from ordinary P.C .A.  
consists in using weights for  both rows and columns of N. 

Let us consider the array D i 1  N, that i s  t o  Say, the matrix of row 
frequencies associated w i t h  N. Region i i s  described by m2 varia- 
bles (the row-frequencies) and must of course be weighted by i t s  
marginal frequency nidn. If we want to  apply P.C.A.  to  get a l m -  
dimensional configuration of the 22 regions we have moreover to  
specify some masure of distance between regions. In many respects 
the so-cal led chi-square distance (Guttman , 1941) : 

i s  preferable t o  the usual one without the 2 terms since i t  avoids 
n. the implici t discarding of categories w i t h  sdall  frequencies in 

computing the distance. 

B u t  the importance of the chi-square distance relies on the fol low- 
ing property: the two possible P.C.A.,  for  rows and for columns, 
are i n  a s t r i c t  duality when choosing chi-square distance for rows 
and for  col umns respecti vely . Ã 

More precisely, in the f i r s t  analysis the matri,x of weighted sums of 
squares and products i s  

( D i 1  N ) '  Dl ( D i 1  N) = N t  D i 1  N  

Since we use the chi-square distance associated wi t h  the quadratic 
form of matrix Di1, we have t o  pre-mu1 t iply N I D ,  N  by D i 1  t o  get 
the matrix which has as i t s  eigenvectors u the linear combinations - 
providing the principal components, D i 1  N '  Di1. The values 'of the 
principal components or coordi nates al ong the pri nci pal axi s are 
thus given by - a = D i 1  N  u. Since - 

-' N  u = Au D-' N i  Dl - 
1 we have D i 1  N  D; N I  - a = Ã‹ - 

The other P.C.A. cornes dwn to exchange the principal coordinates 
wi t h  the principal components loadings. 

Since the vectors of coordinates are principal components they are 
in a natural way normalized by: 

and the various eigenvectors of D i 1  N t  D i 1  N  are orthogonal: the 
scores of vari ous order are uncorrel ated vari ables. 

2 The quantity ni  ( a i )  A i s  called the "contribution of the i t h  
- 
n 

category to  the eigenval ue" . 
The reader will have noticed that  the two P.C.A. are performed w i t h -  
out set t ing to zero the means of the variables: once the t r iv ia l  
Solution ai = b -  = 1,V i, j, i s  discarded, the other solutions are 
necessari ly of zero-mean. 

The simul taneous representation of rows and col umns of N  i s  there- 
fore nothing e lse  than the superposition of the two separate scat- 
ter-plots provided by the two P.C.A. 



The closeness o f  two row-points o r  o f  two column-points i s  easy t o  
unders tand: they have roughly the saine condi t i o n a l  d i s t r i b u t i o n s  
t o  the degree t h a t  the reduct ion o f  d imensional i ty  i s  not  misleading. 

' 
However, i t seems more d i f f i c u l t  t o  i n t e r p r e t  the proximi t y  between 
a row-point and a column-point. Me w i l l  see f u r t h e r  i n  Section 3 
t h a t  t h i s  p rox i& ty  can be in te rp re ted  i n  tenns o f  p rox im i t y  of 
means o f  categories. 

2.3. Canoni ca l  Decomposi t i o n  o f  Conti  ngency Tables 

The whole s e t  o f  eigenvectors 
const ruc t ion o f  the tab le :  

a" and b ( )  can give an exact re-  - - 

(see Kendall and Stuar t ,  1961, f o r  instance).  

I f  we use on ly  the f i r s t  k ei'genvect%rs ( i nc lud ing  the t r i v i a l  
so lu t i on )  we obtain the best  approximation o f  the array N by a 
mat r i x  o f  rank k i n  the f o l  lowing sense: 

then the aij are such t h a t  they minimize: 

2 
S i n c e t r ( a f N ~ ; ~ Ã ˆ @ ) = E  'ij , t h e s u m o f n o n t r i v i a l  

i j  n, n 4  
1 .  .J 

eigenval ues i s  equal t o  the Pearson's pz, i .e., t o  the usual ch i  - 
square s t a t i s  ti c f o r  tes ti ng the i ndependence d i  v i  ded by 

The preceding proper t ies  show t h a t  correspondence analysis i s  a way 

of analyzing the s t r u c t u r e  o f  dependencies i n  a contingency tab le .  

The scores and - b^)  are pa i r s  of a r t i f i c i a l  var iables each 

p a i r  representing i n  some sense a p a r t  o f  the associat ion between 

xl and X2. I t may be proved too t h a t  the eigenvalue A, i s  the 

squared co r re l  a t i o n  coef f ic ient  between the a r t i  f i c i a l  v a r i  ables 

a(k1 and b^)  (H i rschfe ld ,  1935). - - v 

A correspondence analysis app l ied t o  the data o f  Table 1 gives the 
f o l  1 owi ng resu l  t s  : 

cumulated 
e i  genval ue percent percent  

Table 2 :  Resul t s  o f  correspondence analysis 

Thus the f i r s t  f ou r  dimensions "ex t rac t "  near 90 percent o f  the 
s t ruc ture .  

The decomposi t i o n  o f  the f i r s t  f o u r  eigenvalues according t o  rows 
and columns (formula (8) )  i s  usefu l  f o r  i n t e r p r e t a t i v e  purposes 
(Table 3). 

Contr ibut ions o f  colums (wi t h  the s ign  o f  the coordinate) 

CERE 
AGRG 
V I N E  
FRUI 
MILK 
MEAT 
M I  X 
SHEEP 
AGSH 
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I n  o the r  words t he  s i m i l a r i t y  between i and i1 f o r  v a r i a b l e  x i s  
g rea te r  i f  i and i' belong bo th  t o  an uncommon category than  i f  i 
3nd i' belong t o  a  commonone.This seems t o  be a  n i c e  p rope r t y  f o r  
ca tego r i ca l  va r i ab les .  

SWITZERLANC 

DENMARK 

SWEDEN 

UNITED KINDGOM 

AUSTRIA 

THE NETHEPLANDS 

LUXEMBOURG 

NORWAY 

FRANCE 

BELGIUM 

FINLAND 

W. GERMANY 

PORTUGAL 

F igu re  4 .  A  t r e e  d i  agram o f  na t i ons  

4. CONCLUS ION 

The techniques descr ibed above are, o f  course, on ly  exp l  o r a t o r y  . 
Nevertheless t he  use o f  addi t i o n a l  va r i ab les  and addi t i o n a l  cases 
may h e l p  us t o  t e s t  hypotheses i n  t he  f o l  1  owing way. Suppose we 
wonder i f  a  p a r t i c u l a r  group o f  i n d i  v i dua l s  have a  spec ia l  behaviour  
which d i f f e r s  from the average; i f  t h a t  group i s  de f i ned  by a  cate-  
gory of a  v a r i a b l e  which was n o t  p a r t  o f  t he  ana l ys i s  i t i s  poss ib l e  
t o  t e s t  i f  the  mean value o f  t h a t  group f o r  t h e  var ious p r i n c i p a l  
components d i  f f e r s  s i  gn i  f i c a n t l y  f rom zero. The use of  addi  ti onal 
va r i ab les  i s  a  m a j o r  p r a c t i c e  i n  t he  sc reen ing  o f  o p i n i o n  surveys 
where one s p l i t s  t h e  va r i ab les  i n t o  two groups. The f i r s t  one, 
general l y  t he  soc i  01 ogi  c a l  and c u l t u r a l  v a r i  ab les,  i s  processed by 
mu1 ti p l e  correspondence ana l ys i s  , the  second one w i  t h  t he  o p i n i o n  
v a r i  ables i s  p r o j e c t e d  afterwards upon t h e  p r i n c i p a l  axes a l  1  owi ng 
a  fonn of ca tego r i ca l  regress ion  (Lebar t  e t  al., 1977). 

Are correspondence ana l ys i  s  and mu1 ti p l e  correspondence ana l ys i  s  
r e a l  l y  mu1 t i v a r i a t e  techniques? A t  f i r s t  g lance they are,  and from 
two d i f f e r e n t  p o i n t s  of view. The f i r s t  one i s  t h a t  we use severa l  
dimensions, i .e., severa l  p r i n c i p a l  components f o r  desc r i  b i n g  the  
data, and t he  second i s  t h a t  data a re  mu1 t id imens iona l  ( f o r  mu1 t i p l e  
correspondence a n a l y s i s )  . 

O f  course one may ques t i on  t h e  advantage o f  t a k i n g  more than one 
s o l  u t i o n  t o  t he  e i  genequations (5 )  o r  ( l 4 ) t  f o r  t he  s t a t i s t i c a l  
meaning o f  suboptimal s o l u t i o n s  i s  n o t  obvious. Our answer i s  t h a t  
a l  1  these analyses t r y ,  as a  ma t te r  o f  f a c t ,  t o  r econs t ruc t  dfistances 
between ob jec t s  (rows o r  columns) and t h a t  t h i s  i s  n o t  poss ib l e  wi  t h  
a  s i n g l e  dimension. 

However, even f o r  m u l t i p l e  correspondence ana l ys i s  t he  t r u e  m u l t i -  
v a r i a t e  na tu re  o f  data i s  n o t  used b u t  o n l y  i t s  b id imensional  f ace t s .  
As G i f i  (1981, p. 50) po in t s  o u t  these techniques a re  e s s e n t i a l l y  
b i v a r i a t e  f o r  they "g i ve  the  same r e s u l  t s  i f  we apply  them t o  an- 
o t h e r  mu1 ti v a r i a t e  d i s t r i b u t i o n  w i  t h  t h e  same b i v a r i a t e  marginals" ,  
t h a t  i s  t o  Say, i n  Our c o n t e x t  o f  ca tego r i ca l  va r i ab les  w i t h  t h e  
same 2x2 cont ingency t ab les .  This  i s  c l e a r  i n  equat ion (18) .  Th is  
i s  c e r t a i n l y  a  l i m i t a t i o n  b u t  t h e  counterpar t  i s  t h a t  these tech-  
niques may process a  very l a r g e  number o f  va r i ab les .  

F i  na1 l y  , though these techniques may be appl i e d  wi  t h o u t  d i  f f i  c u l  t y  
t o  s p a t i a l  data, t h e r e  i s  a  need f o r  f u r t h e r  extensions.  When i n -  
d i v i d u a l s  a re  s p a t i a l  u n i t s ,  t h e  assumption o f  independence between 
them i s  c e r t a i n l y  inadequate and t he  phenomenon o f  s p a t i a l  c o r r e l -  
a t i o n  due t o  con t i ngu i  t y  must be taken i n t o  account.  
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