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abstract
Graphical models allow to represent a set of random variables together with their probabilistic conditional dependencies. Various algorithms have been proposed to estimate such
models from data. The focus of this paper is on individual observations diagnosis issues. The
use of an influence measure is a classical diagnostic method to measure the perturbation
induced by a single element, in other terms we consider stability issue through jackknife.
For a given graphical model, we provide tools to perform diagnosis on observations. In a
second step we propose a filtering of the dataset to obtain a stable network. All along the
paper an application to a gene expression dataset illustrates the proposals.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction
Graphical models represent a set of random variables and encode their probabilistic conditional dependencies as a graph
in which nodes represent random variables and edges represent conditional dependencies among them. Depending on
the non-oriented or oriented feature of the dependencies, we get the general framework of graphical models (see [15]) or
the more specific one called Bayesian networks (see [3]). Such graphical models have descriptive qualities and simulation
capabilities. Indeed they can represent a graph of knowledge about relationships between the variables of interest to model
a domain or a problem as well as they allow to propagate changes in the graph of conditional probabilities of the effects
related to the observation of one or more causes, in the case of Bayesian networks. The interest in such models, since the
graph can represent the scientific content of a given model, is twofold. On the one hand, from the applied side, they capture
knowledge from multiple experts and experience from knowledge and data. On the other hand, from a statistical viewpoint,
we are interested to examine issues of stability, sensitivity, scalability to cope with massive data. Therefore graphical models
infer probabilistic relationships among variables and conditional dependence probabilities are estimated from data. Various
algorithms have been proposed to estimate the topology and we focus on Maximum Likelihood Estimation.
Sensitivity issues are naturally of interest since the topology of the network and new relationships are estimated from
data. For example, Cornalba et al. [5] consider in the context of Bayesian networks, sensitivity values as partial derivatives
of output probabilities with respect to a given set of varying parameters. Sensitivity to the goodness of fit can be studied
generating posterior distributions and applying a sensitivity analysis on posterior distributions, using design of experiments
methodology. An alternative approach was proposed by Vogel and Tyler [23], they considered elliptical graphical models as
a robust generalization of Gaussian graphical models and derived asymptotic properties of scatter estimators.
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This paper first focuses on a different viewpoint centered on individuals. The question of measuring influence of
observations on the results obtained with a graphical model is of interest. A key tool in such a direction can be the use
of an influence measure which is a classical diagnostic method to quantify the perturbation induced by a single element, in
other terms we examine stability issue through jackknife highlighting influential observations.
To define the influence of individuals on the analysis, we propose a criterion to measure the sensitivity of the reference
network defined as the estimated graphical model based on all observations. More precisely, we compare the network
based on all observations except the concerned observation with the reference network, and we quantify the influence of
one observation by the variation of penalized maximum likelihood. This first step allows to identify influential observations.
We define the influential observations as those whose influence values are greater than a threshold. Taking a further step
toward robustness, we derive a new network after removing the most influential observations. The dataset used to infer the
new network has one observation less that the original dataset and we can compute the influence of each observation of the
new dataset on this new network. This is the basic step of a procedure to define a stable network, described more precisely
below.
All along the paper an application to gene expression dataset is carried out. This dataset provided by Hess et al. [14]
concerns 133 patients with stage I–III breast cancer. The patients were treated with chemotherapy prior to surgery. Patient
response to the treatment is classified as either a pathologic complete response (pCR) (34 patients) or a residual disease
(not-pCR) (99 patients).
Graphical models are also used in a large variety of fields such as sociology, marketing, etc. In this article we mainly focus on
a biological example but our work can be easily adapted to other context. Assuming that the common distribution of genes
expressions is Gaussian, conditional independence is equivalent to independence. Graphical Gaussian Models have recently
become a popular tool to study gene association networks. The key idea is to use partial correlations to measure dependence
between two genes and the non-null entries of the inverse of the covariance matrix between genes allows to reconstruct
the dependency network. For a multivariate normal distribution, using L1 -norm penalized likelihood maximization, lassotype estimators of the concentration matrix of the graph are available. Most of the work focus on the model properties and
aim at producing relevant network. On the other hand little attention have been paid on the observations that generate the
network. This is the main topic of Section 3 of this article.
Meinshausen and Bühlmann [19] proposed stability selection as a very general technique designed to improve the
performance of a variable selection algorithm. They illustrate the interest of the algorithm in the context of selection of
stable graphs. The basic idea is that, instead of applying one’s favorite algorithm to the whole dataset to determine the
selected set of variables, one instead applies it several times to random subsamples of the data of size ⌊n/2⌋ and chooses
those conditional dependencies that are selected most frequently on the subsamples. One may notice that it does not give
any clue to conclude whether the conclusions are only driven by a few peculiar observations. Although the classical emphasis
is to minimize the influence of such observation, another interesting aspect might be to detect them. In other words, are
there any observation that drive the network topology, thus inducing changes when deleted? Since we want to characterize
the influence of each observation, it is crucial to study them one at a time.
In order to achieve a more robust network, we removed the most influential observations from the analysis. If outliers
indeed disrupt the inferred network, we expect that, after discarding enough of them, the inferred network will not be
oversensitive to the sample anymore, that is, removing or adding one observation from the analysis will not drastically
change it. In order to test this belief, we remove the most influential observation and compute a second network. We
then compute the influence of each observation on this second network. The process can be iterated by removing the most
influential observation on this second network and compute a third network. Finally we obtain a sequence of networks as
well as a sequence of removed observations. The question of choosing the most stable network is addressed in the Section 4
of the paper.
The paper is organized as follows. Section 2 recalls first the basics on Gaussian graphical model. Then it introduces gene
expression dataset (see [14]). Section 3 recalls the definition of influence functions and then define an influence measure
for graphical models. Section 4 is devoted to the question of defining a stable network.
2. Model and dataset
2.1. Graphical models
Before introducing the framework, let us mention that while relying on sparse estimators, our developments are valid in
a classical low-dimensional setting only.
Let X = (X1 , . . . , Xp ) ∼ N (µ, Σ ) be a p-dimensional multivariate normal distributed random variable. Assuming
that covariance matrix Σ is invertible, the conditional independence structure of the distribution can be represented
as a graphical model G = (Γ , E ) where Γ = {1, . . . , p} is the set of nodes and E is the set of edges in Γ × Γ . A
pair (a, b) is contained in the set of edges if and only if Xa is dependent on Xb conditionally to the remaining variables
{Xk , k ∈ Γ \ {a, b}}. Every pair of variables not contained in the edge set is conditionally independent given all remaining
variables and corresponds to a zero entry in the inverse covariance matrix, that is: cor(Xa , Xb |{Xk , k ∈ Γ \ {a, b}}) = 0
corresponds to a zero entry in Θ = Σ −1 .
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Thus parameter estimation and model selection in the Gaussian concentration graph model are equivalent to estimating
parameters and identifying zeros in the concentration matrix Σ −1 [10].
The log-likelihood for µ and Θ = Σ −1 based on a random sample X1 , . . . , Xn of X is
n
2

n
1

ln det Θ −

2 i=1

(Xi − µ)′ Θ (Xi − µ)

(1)

up to a constant not depending on µ and Θ . The maximum likelihood estimator of (µ, Σ ) is (X̄ , S ) with S =

1
n

n

i =1

(Xi −

X̄ )(Xi − X̄ )′ , the empirical covariance matrix.
The concentration matrix Θ can be naturally estimated by S −1 . However, because of the possibly large number of
unknown parameters (p(p + 1)/2) to be estimated, S is not a stable estimator of Σ for moderate or large p. In general,
the matrix S −1 is positive definite when n ≥ p, but does not lead to sparse graph structure since it typically contains no zero
entry. To achieve sparse graph structure and to give a better estimator of the concentration matrix, the lasso idea is used
and seek the minimizer
ln det Θ −

n
1

n i=1

(Xi − µ)′ Θ (Xi − µ) subject to



|θij | 6 t

(2)

i̸=j

over the set of positive definite matrices. Here t ≥ 0 is the tuning parameter. When t = ∞, the solution is the maximum
likelihood estimator S −1 provided that the inverse exists. On the other hand, if t = 0, then the constraint forces Θ to be
diagonal, which implies that X1 , . . . , Xp are mutually independent. It is clear that µ̂ = X̄ regardless of t (see [18]).
Since both the objective function and feasible region of (2) are convex, we can equivalently use the Lagrangian form.
Therefore, Θ̂ is the positive definite matrix that minimize the L1 -penalized log-likelihood given by:

ℓSλ (Θ ) = ln det Θ − tr(Θ S ) − λ∥Θ ∥1

(3)

where λ ≥ 0 being the tuning parameter.
Let Θ̂ = arg max ℓSλ (Θ ) be the penalized ML estimate of the concentration matrix Σ −1 based on Xi , i = 1, . . . , n. The
main information within the concentration matrix used to define the graphical model is the adjacency matrix



Θ = 1θij ̸=0 16i,j6n
which is a matrix of 0’s and 1’s. Since Θ̂ is sparse, a natural estimate is



 = 1θ̂ ̸=0
Θ
ij

16i,j6n

.

In this paper, to estimate the models, we used the graphical lasso for the graph estimation [10] implemented in the R
package huge (see [25]). There are various proposals to choose the optimal λ. Since our principal aim is robustness we used
stability approach to regularization selection (StARS) [16] implemented in huge.select.
2.2. Gene expression dataset
A gene expression dataset provided by Hess et al. [14] and concerning 133 patients with stage I–III breast cancer, is used
all along the paper. The patients were treated with chemotherapy prior to surgery. Patient response to the treatment is
classified as either a pathologic complete response (pCR) or a residual disease (not-pCR). Hess et al. [14]; Natowicz [21]
developed and tested a multigene predictor for treatment response on this dataset. They focused on a set of 26 genes having
a high predictive value. We thus consider a total of n = 133 cases containing p = 26 gene expression levels leading to 133
rows and 26 columns. The kth row gives the expression levels of the 26 identified genes for the kth patient. The p columns
are named according to the genes. The simple PCA of this dataset leads to the Fig. 1 showing on the left, the 133 patients
classified as pCR in red and not-pCR in black, projected on the first factorial plane and, on the right, the 26 genes on the
correlation circle. Let us remark that the patients classified as pCR are located in the upper right corner of factorial plane.
The coordinates of a variable on the right part of Fig. 1 correspond to correlations with the two first principal components
(therefore is included in the circle of radius 1). First axis leads to two groups of variables.
This dataset was already considered by Ambroise et al. [1] who proposed a method to infer a Gaussian Graphical Model
taking into account some hidden structure on the nodes. They simultaneously infer the nodes groups and the graph using
an L1 -penalized likelihood criterion. It was also studied by Giraud et al. [12].
As a result, the genes can then be represented in a plane and the estimated network corresponding to the complete dataset
is figured by connecting the genes as in the left part of the Fig. 2. This plot has been obtained using the R package graph (see
[7]) and the network is estimated through the graphical lasso procedure. By inspecting the gene graph representation
together with the PCA correlation circle, recalled on the right part of the figure, it can be seen that the two main connected
components, of 8 and 3 genes respectively, can be related to the upper left side and the right side of the correlation circle
respectively.
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Fig. 1. PCA of the gene expression dataset. On the left, the 133 patients classified as pCR in red and not-pCR in black, projected on the first factorial plane.
On the right, the 26 genes on the correlation circle. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

Fig. 2. On the left, gene graph representation. On the right the PCA correlation circle.

3. Influence measures
3.1. Influence function
3.1.1. Definitions and notations
Let X1 , . . . , Xn be random vectors of common distribution function F on Rp (p ≥ 1). Let denote the point mass at the
observation xi by δxi .
The influence function (IC) of a statistic T at F is
T (1 − ϵ)F + ϵ δxi − T F



IC T ,F (xi ) = lim

ϵ→0



ϵ

 
.

(4)

The IC describes the effect of an infinitesimal contamination at point xi on the estimator, standardized by the mass of the
contamination.
The IC is an asymptotic concept and therefore we need a finite sample version. Using the empirical estimator of F :
Fn =

n
1

n i=1

δXi

1
we can define the empirical influence function IC T ,Fn (xi ) by suppressing the limit and choosing ϵ = − n−
in the definition
1
of IC.
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There is strong connections between empirical influence function and jackknife [17]:
T (1 − ϵ)Fn + ϵ δ xi − T Fn



IC T ,Fn (xi ) ≈



 

ϵ

i)
≈ (n − 1)(T (Fn ) − T (Fn(−
1 ))

(i)

1
with Fn−1 = n−
1



j̸=i

(5)

δxj . Using the relation

n − 1 (i)
1
Fn−1 + δxi
n
n

Fn =

and some mild assumptions, it is possible to prove that the empirical influence function IC T ,Fn (xi ) is a consistent estimator
of the influence function IC T ,F (xi ).

3.1.2. Jackknife concentration matrix
Let first look at the perturbation induced by removing one observation Xj . The empirical covariance matrix then becomes
S −j =

1


(Xi − X̄−j )(Xi − X̄−j )′

n − 1 i=
̸ j

where X̄−j is the mean of the Xi for i ̸= j.
The calculation of S and S−j for j = 1, . . . , n can be computationally heavy as soon as p or n is large. Therefore it can be
useful to express S−j as a function of S.
Let us note at first that
X =

1



n

n



Xi

1

=



n

i =1




Xi + Xj

=

n−1
n

i̸=j

X −j +

1
n

X j = X −j +

1
n

(Xj − X −j ).

Thus we have
S =

=
=

n
1

n i =1

(Xi − X )(Xi − X )′

1


X i − X −j −

n i=
̸ j
n−1
n

S−j +

n−1
n2

1
n

(Xj − X −j )


X i − X −j −

1
n

′
n−1
(Xj − X −j ) +
(Xj − X −j )(Xj − X −j )′
2
n

(Xj − X −j )(Xj − X −j )′

since i̸=j (Xi − X −j ) = 0.
Finally we have



S −j =

n
n−1

S−

1
n

(Xj − X −j )(Xj − X −j )′ .

(6)

Therefore we have the following lemma.
Lemma 1. Following the previous derivation of S−j from S, L1 -penalized likelihood using S−j can be expressed in terms of S:
S

ℓλ−j (Θ ) = ln det Θ −

n
n−1

tr (Θ S ) −

1
n

(xj − x−j )′ Θ (xj − x−j ) − λ∥Θ ∥1 .

(7)

Then:
S

1

1

n

n−1

ℓλ−j (Θ ) = ℓSλ (Θ ) − (xj − x−j )′ Θ (xj − x−j ) −

tr (Θ S ).

(8)

Note that the effect is to add a quadratic term that taking into account the contribution of xj to the penalized likelihood.
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3.2. Influence measure based on jackknife concentration matrix
S−j

−1

Let Θ
based on Xi , i ̸= j, the jackknife dataset. The maximum is to be
−j = arg max ℓλ (Θ ) be the penalized MLE of Σ
taken over the set of positive definite matrices.
S−j

n

To estimate n(ℓSλ (Θ ) − ℓλ (Θ )) Eq. (8) gives two candidates: (xj − x−j )′ Θ̂ (xj − x−j ) − n−
tr(Θ̂ S ) and (xj − x−j )′ Θ
−j ( x j −
1
n

x−j ) − n−1 tr(Θ
S
)
.
−j
Alternatively, using Lemma 1, we capture the variability of the penalized likelihood when considering S−j instead of S.
Therefore we define:
S−j


I (j) = ℓSλ (Θ̂ ) − ℓλ (Θ
−j ).

(9)
S−j

Taylor expansion is a natural tool to quantify the distance between I (j) and ℓSλ (Θ ) − ℓλ (Θ ).
Lemma 2. Let assume the classical hypothesis for convergence of maximum likelihood (see [22] for example) then



∂ℓS (Θ )
∂ 2 ℓSλ (Θ )
1
 ) + (Θ̂ − Θ ), λ
ℓSλ (Θ ) = ℓSλ (Θ
+ (Θ̂ − Θ )′
(Θ̂ − Θ ) + ε(Θ̂ − Θ )
∂Θ
2
∂Θ2
where ⟨, ⟩ denote the canonical scalar product and ε(Θ̂ − Θ ) → 0 when Θ̂ → Θ and is negligible in front of the other terms.
Let us note at first that the same penalty value λ is used for all the jackknifed versions, in order to control the variation
of the penalized likelihood evaluated on Θ̂ .
The effect of deleting observation Xi can be measured by its influence value IC T ,Fn (Xj ). Since the penalized log-likelihood
is a statistic, Eq. (5) gives:



S−j



 ) − ℓλ (Θ

IC T ,Fn (Xj ) = (n − 1) ℓSλ (Θ
−j )
= (n − 1)I (j).

(10)
(11)

The most interesting property of Eq. (10) is the possibility to characterize the influential observations, i.e. observations for
which IC T ,Fn (Xi ) is either very positive or very negative. Therefore we are mainly interested by the absolute value of influence
index. In real case dataset, and under our assumption that only a few influential observations disrupt the robustness of the
inferred graph, we expect to find many observations with small influence value and a few observations with large influence
value. Therefore, we focus on observations with very large absolute value of influence index and call them influential
observations.
(Graphical) Lasso estimates are known to be biased estimates of the partial correlations but they consistently estimate
(under some assumptions) the adjacency matrix of the graph. So an alternative idea would be to focus on the topology of
the graphical model and to count the number of edges affected by the removing observation j. This can be written as:
1
2

−Θ

∥Θ
−j ∥ 0 .

(12)

The adjacency matrix is symmetric and the factor 1/2 is necessary. Since self-loops are not allowed in graphical models, the
diagonal elements are zero are not involved in Eq. (12).
Distributional results for this index are far from obvious since the indicator function is not continuous and therefore there
 − Θ to zero. This question is well known in robustness literature (see [6] for example).
is no guarantee of convergence of Θ
Note that in high-dimension, model selection consistency results for the lasso estimator exist under some assumptions.
See [24,20] for example.
3.3. Distributional results
Since I is derived from penalized log-likelihood it is easy to derive the distributional properties of I.
Various authors studied the asymptotic√distribution
of the empirical
influence function (see [11,8] for example). They


obtain that the asymptotic distribution of n IC T ,Fn (x) − IC T ,F (x) is the same that of

√



n

n
1 
IC T ,F (x) Fn (dx) = √
IC T ,Fn (xi )
n i =1

which is, by Central Limit Theorem (CLT), asymptotically distributed as a normal law with zero mean and variance

σ2 =



IC T2,F (x) F (dx)

A. Bar-Hen, J.-M. Poggi / Journal of Multivariate Analysis 147 (2016) 145–154

151

Fig. 3. Absolute value of the variation of the penalized maximum likelihood induced by removing the ith observation.

and a natural estimate of σ 2 is

σ̂ 2 =

n
1

n i =1

IC T2,Fn (xi ).

To get this, we need to impose on T more than the mere existence of IC T ,F (x). We refer to Hampel et al. [13] for details and
we will work with Hadamard differential.
It is well known that likelihood and empirical likelihood are Hadamard differentiable [4, for example] therefore the
asymptotic distribution of I is

√

nIC T ,Fn (Xi ) =

√



S−j



2

n(n − 1) ℓSλ (Θ̂ ) − ℓλ (Θ
−j ) ∼ N (0, σ ).
S−j

S

One may notice that this gives the speed of convergence of ℓλ (Θ
−j ) to ℓλ (Θ̂ ) but does not give any indication on the
convergence of the parameters of the graphical model based on X1 , . . . , Xn to the true parameters of the graphical model.

3.4. Influence on concentration in action
The Fig. 3 shows the absolute values of I the difference between the penalized maximum likelihood computed on
the whole set of data and the penalized maximum likelihood computed after removing observation j. While most of the
observations lead to a moderate variation of the likelihood when removed, few observations lead to a perturbation of
the maximum likelihood. A natural question is to define a threshold to identify outliers. This is the main interest of our
distributional results. At the 5% level of confidence (without correction for multiple testing) the three largest differences are
significant.
Moreover it is of interest to inspect the edges that appear or disappear when computing the penalized ML graphical
model after removing potential outliers.
4. Stable network
Our first interest is to quantify the influential observation but a dual approach to this question is to look at the stability
of the network.
4.1. Influence measuring stability of the links through jackknife
The first idea is to study the stability of the graph obtained from the full dataset. In this section we study the influence
of a perturbation on the network induced by the deletion of an observation. This leads to define a distance between the
estimated concentration matrices. Any distance between matrices is suitable but a natural choice is to count the number of
edges altered by the deletion of a single observation.
This simple idea applied to the gene expression dataset leads to the following results. Reference graph is generated from
the whole dataset and influence of a perturbation induced by the deletion of an observation can be measured by any distance
−i .
between Θ̂ and Θ
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Table 1
Distribution of index J.
0

1

2

3

36

39

40

42

50

51

52

53

54

285

7

2

1

1

1

1

2

2

4

3

3

13

Fig. 4. Estimated graph structures for penalized MLE and Bolasso and Meinshausen and Bühlmann procedure with π = 0.7.

Let J (a, b) be the number of times that status of edge (a, b) is changed by the removing of one observation:
J (a, b) =

n

i=1


1Θ
 .
(a,b)−Θ 
(a,b)̸=0
−i

Table 1 gives the distribution of the 25 ∗ 26/2 = 325 possible edges and for each edge the theoretical range of J is between
0 and 133. Most of the links are totally stable (285 edges) or very stable (295 edges are changed less than three times) but
a set of thirty links can be considered as very unstable (J > 35). This result should be taken into account before deriving
biological properties of the network.
Basically this approach gives insight about the stability of the graph inferred from the full dataset but does not provide a
stable network.
A similar approach can be found in [16,19]. They proposed methods to choose the regularization parameter such that
the resulting graph is sparse and replicable under random sampling. In both cases, they used the stability of graphical
network constructed from subsampled datasets. It has the property to minimize the weight of outliers but it would be
more satisfactory to remove it.
4.2. Stable graphical model
Since graphical models are very sensitive to outliers it is important to define stable ones. The exhaustive search among
all subsets of observations is unfeasible due to computational complexity and a sequential approach is preferable even if it
can lead to a local optimum.
In such a direction, Fellinghauer [9] use random forests in combination with stability selection to estimate stable conditional
independence
 graphs
 with an error control mechanism for false positive selection.


(k) =
Let Θ

1θ̂ (k) ̸=0
ij

16i,j6n

be the adjacency matrix computed from the penalized ML based on (Xi , i ̸= k).


(k) of jackknifed
Following Bach [2] we can propose a consistent estimate of Θ by computing the lasso estimates Θ

(k) . Practically it means
k=1 Θ

that an entry of Θb is non null if and only if there is no jackknifed sample such that this entry is null.
b =
samples, k = 1, . . . , m and intersect them to define a Bolasso estimate of Θ as Θ

m

Construction of a Bolasso graph is not a way to define a stable graph. The Bolasso graph is very closed to the graph
estimated on the full dataset except for the link between IGFBP4 and MAPT (see Fig. 4). But this link is present in most of
the jackknifed graphs.
We also applied Meinshausen and Bühlmann stability procedure [19] to our dataset. We generated 1000 datasets with
66 observations sampled from the original dataset and estimated the graph with the graphical lasso [10]. For each edge
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Fig. 5. Penalized likelihood after removing the i highest influential observations. The number of edges of the resulting graph is indicated above the
corresponding points.

we can compute a probability of presence, π as the proportion of graph with this given edges. For π = 1/2 we obtain
exactly the penalized maximum likelihood graph and for π = 0.6, we obtain exactly the Bolasso graph. Fig. 4 also gives the
Meinshausen and Bühlmann graph for π = 0.7. This gives clue for the most stable structure in this graph. One may notice
that Bolasso procedure ca be rephrased as Meinshausen and Bühlmann procedure with sample size equal to n − 1 and π = 1
for threshold. Our results suggest that it could be interesting to study the relationships between sample size and threshold
in Meinshausen and Bühlmann procedure. It is out of the scope of this article.
An idea more closely related with the indicators introduced in the previous sections of this paper could be to start from
G the reference graphical model and iteratively remove the most influential observations. More precisely, by considering
the n jackknifed graphical models (G−i )i=1,...,n coming from G it is possible to detect the most influential observation, say i0
and to remove it from the reference graph and then iterate this process starting from an updated reference graph G = G−i0 .
Note that the regularization parameter has to be recalculated. The loop is performed until a terminal condition is reached,
for example equality of two successive reference graphs or a given minimal number of observations.
4.3. Applications to the gene dataset


−i (i = 1, . . . , 30). As expected, removing influential
Fig. 5 presents the penalized likelihood along the sequence of Θ
observations leads to an increase of the likelihood. One may notice that after removing 12 observations the graph is empty
and one can conclude that there is not enough observations to infer a graph. Meinshausen and Bühlmann [19] observed the
same pattern.
We observed also that most of the influential observations are coming from not-PCR group. It sounds logical since this
group is intrinsically heterogeneous since the cause of residual disease can be very diverse.
The number of edges of the graph obtained after removing the i highest influential observations is given above the ith
point of the Fig. 5. Clearly the number of edges increase as the number of observations decreased. One may notice that, due
to the form of the Lasso penalty, the penalized increases as soon as the number of edges increases. From this graph it seems
difficult to infer a stable graph and we should be probably very cautious about biological conclusions. This result can be seen
as very negative but the idea behind the original experiment is the existence of a biological signature for cancer. The hope
of specific biomarkers for cancer is probably lower today than ten years ago.
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