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Abstract
PLS Path Modeling is a widely used approach in marketing. In that ﬁeld, relationships between
latent variables are frequently nonlinear. This nonlinearity is usually deﬁned by a piecewise linear
function. In this talk, we present an approach to include non linear transformations of the latent
variables in the PLS path modeling algorithm with monotonic B-splines. We use optimal scaling
methods to obtain an optimal transformation of the latent variables explaining a target latent
variable. Applications on customer satisfaction data and on simulated data are presented.

Introduction
We introduce a modiﬁcation of the PLS path modeling algorithm to include non linear transformations in the structural model. In many applications, relations between concepts cannot be stated
to be linear. For example, in customer behaviour analysis, the relation between satisfaction and
loyalty is not supposed to be linear. It is usually deﬁned by a piecewise linear function. In order
to include these kinds of nonlinearity in a structural equation model, we use optimal scaling theories. Latent variables are transformed using optimal monotonic B-splines transformations. These
transformations are estimated using alternating least squares estimator for every iteration of the
PLS path modeling algorithm. In the ﬁrst section, we present the B-spline transformation using
alternating least squares and introduce PLS path modeling. In the second section, we introduce
the modiﬁed PLS path modeling algorithm. Applications on customer satisfaction and simulated
data follow. We ﬁnish with some global remarks and further research interests.
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Optimal scaling using monotonic B-splines and PLS path modeling

Optimal scaling techniques are widely used in social sciences; for a review, you can refer to De
Leeuw (2005). Optimal scaling extends the ordinary general linear model by providing optimal
variable transformations that are iteratively derived using the method of alternating least squares.
The transformations of the variables are optimal in the sense that transformed variables have
linear relationships with their dependant variable in term of linear regressions (De Leeuw, 1988).
In this paper, we focus on that kind of transformations in the framework of PLS path modeling.
We use an algorithm based on the maximization of the target latent variable squared multiple
correlation (Young et al., 1976). To do so, an alternating least squares estimation is necessary
(Young, 1981). This means that the algorithm proceeds in alternating steps, where in one step the
loss function is minimized with respect to the weights of the linear problem with ﬁxed parameters
for the transformation of the data and in the other step the loss function is minimized with respect
to the parameters of the transformation of the data with the weights of the linear problem ﬁxed.
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Latent variable transformation in PLS Path Modeling

We focus on B-spline transformations because of their interesting properties and in particular
on monotonic B-spline in order to be able to interpret the resulting structural coeﬃcients. For
a review on spline, you can refer to De Boor (1978). A spline can be deﬁned as a piecewise
polynomial. It is deﬁned by its degree and its knots. A B-spline is deﬁned on a whole interval [a, b]
and is not zero on a number of subinterval, this number being equal to (degree) − 1.
Combining optimal scaling with B-splines is not new and has been made by Coolen et al. (1981)
for nonlinear principal component analysis. Monotonic B-splines are furthermore interesting because of their easy interpretation properties.
PLS path modeling was introduced in the early 80s by Wold (1982) and widely used in recent
years. The basic approach is based on an iterative algorithm alternating outer model (or measurement model) estimation and inner model (or structural model) estimation. For a review, you can
see Tenenhaus et al. (2005). PLS path modeling is a conﬁrmatory method which has predictive
properties. Indeed, it is not based on any distribution assumptions (this is why it is called soft
modeling) and model ﬁt cannot be estimated using a parametric χ2 test. Instead of using goodness
of ﬁt indexes, predictive quality indexes like R2 , communality or redundancy are used. Finally, it
has a major drawback; there is no general optimization function for the algorithm (speciﬁc cases
exist depending on the inner and outer weights estimation schemes).
Nonlinear transformations of PLS path modeling are still marginal, however Wold (1982) proposed
to use transformed manifest variables and Kramer (2005) introduced an algorithm based on the
kernel trick. Using nonlinear relations in path models is an important point to better illustrate
the ”reality” of the relations.

2

B-spline transformed PLS path modeling

Including monotonic B-spline transformations in PLS path modeling requires a few basic hypothesis. First, a target latent variable has to be chosen in order to select explaining latent variables to
be transformed. Second, a new step in the PLS algorithm has to be added. We focus on the case
where all the explaining latent variables of the target variable are transformed; questions about
interactions, convergence and eﬀect on other latent variable scores will be treated later on.
Let yK = XK wK be the outer estimation of the target latent variable ξ K . Let yj = Xj wj
be the outer estimations of the latent variables ξ j explaining the target latent variable ξ K in the
model, let
⎞
⎛
YJ = ⎝ y1 y2 ... yP ⎠

(1)

where ξ 1 , ξ 2 , ..., ξ P are explaining ξ K . We would like to ﬁnd a monotonic B-spline transformation
Bj (.) of the yj s which maximises the squared multiple correlation of yK . Let ỸJ = BJ (YJ ), our
goal is to minimize:
(2)
λ2 = (ỸJ α − yK ) (ỸJ α − yK )
where α is the multiple regression coeﬃcient between the yj s and yK . We suppose that all yi are
standardised.
This estimation is done using an alternating least squares algorithm developed by Young et
al. (1976). We focus on regression transformations because in the ﬁnal step of the PLS path modeling algorithm, structural coeﬃcients are estimated using multiple OLS regressions.
We now present the basic steps of the modiﬁed PLS path modeling algorithm:
1. Initialisation of the outer weights wi ;
2. Outer estimation of all the latent variables ξ i :
yi = Xi wi .

(3)
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3. Optimal transformation of the latent variable outer estimation:
• For all latent variables ξj connected to the target latent variable ξ K :
(a) Estimation of the monotonic B-spline optimal transformation of the explaining
latent variable using yj and yK by alternating least squares to maximise

R 2 = yK
ỸJ (ỸJ ỸJ )−1 ỸJ yK

(4)

(b) Transformation of latent variable outer estimation using B-spline Bj (.)
ỹj = Bj (yj ).

(5)

• For latent variables not connected to ξK and for ξ K , the outer estimation is unchanged
ỹj = yj .

(6)

4. Inner weight estimation using any estimation scheme, for example the centroid scheme:
eij = sgn(ỹi ỹj ).

(7)

5. Inner estimation of the latent variables using transformed outer estimation of the variables:

zj =
ỹm .
(8)
m:ξm ↔ξl

6. Update of the outer weights using mode A:
wj =

1
X z j .
zj zj j

(9)

7. Iterate (2) to (6) until convergence.
8. Estimate outer model coeﬃcients by OLS regression between xij and yi , estimate inner
model coeﬃcients by OLS regression between ỹi s.
A few observations can be drawn from this algorithm. The new step adds complexity to the
algorithm. To fully understand the estimated coeﬃcients, a visualisation of the transformation is
necessary. However as long as we use monotonic transformation, we can make relevant remarks on
the coeﬃcients without any visualisation. It is in the same time an advantage and a drawback of
this approach. Convergence of the algorithm is an important point, the ALS algorithm has well
known convergence properties but the convergence of PLS path modeling for more than two blocks
has not been proved but is observed in most cases. Practical applications have shown that this
modiﬁed algorithm converges when PLS path modeling converges. Because of the complexity of the
algorithm, basic properties cannot be obtained analytically and we try to estimate these properties
and the eﬃciency of this approach in an empirical framework using practical applications.

3
3.1

Applications
Customer satisfaction data

We present an application in the marketing domain, on customer satisfaction survey data from
the French electricity market. The structural equation model is deﬁned in ﬁgure 1 and manifest
variables are on a scale between 1 and 10. Each latent variable has between 3 and 11 manifest
variables. The sample size is 1988. We focus on a complex target latent variable: loyalty.
The transformed variables are image, satisfaction and reputation. Transformations are estimated in order to make the relation between loyalty and its explaining latent variables linear
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Latent variable transformation in PLS Path Modeling
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FIGURE 1. Structural model

and to maximise loyalty’s score estimation squared multiple correlation coeﬃcients. Using Durand (2001) method, we obtain optimal values of the number of knots and of the degrees of the
B-spline function. We use a monotonic B-spline with 2 knots and 3 degrees. Perceived value is
unchanged.
We apply path analysis using ﬁrst the classical PLS path modeling and second the nonlinear
PLS path modeling. Transformations of the latent variables image, satisfaction and reputation
appear in ﬁgure 2. We summarize in table 1 the major results for the two approaches (focusing on
loyalty’s predictive quality).
Method
2
Rloyalty
2
Hloyalty
2
Floyalty
Struc. coef. (Ima./Sat./Reput.)
GoF

Nonlinear PLS-PM
0.410
0.590
0.242
0.419/0.208/0.118
0.505

PLS-PM
0.406
0.590
0.239
0.411/0.205/0.106
0.507

TABLE 1. Comparison between nonlinear PLS-PM and classical PLS-PM on real data

Results are slightly better with the new approach. However these diﬀerences are quiet small
even with important transformations (see ﬁgure 2). These ﬁgures show that the relations between
loyalty and its explaining latent variables are not linear in this case. It highlights the weak eﬀect
of the inner model on the global estimation procedure.
In order to understand the basic properties of this approach, simulated data should be used.
3.2

Simulated data

Let simulate data according to a speciﬁc structural equation nonlinear model based on the ECSI
model with 3 manifest variables for each latent variable (ﬁgure 3). The relations between the two
endogenous latent variables is non linear following a piecewise quadratic transformation with 2
knots.
First the exogenous latent variable is simulated using a Beta(4,4) distribution between 1 and 10
and all error terms are simulated using a Beta(3,3) distribution between −1.5 and 1.5, the other
variables are computed using the structural equations.
Results are summarised in ﬁgure 4 and table 2. They show that the identiﬁcation of the
transformation is well estimated but smoothed. However ﬁnal results are close to the results with
the classical PLS approach.
These results conﬁrm older ones, it appears that nonlinear transformations are well identiﬁed
by our approach but global and local predictive quality indexes are only slightly modiﬁed when
introducing the transformation in the PLS algorithm. The major reasons of this weak eﬀect are:
• Transformations highlighted using monotonic B-splines are rarely very diﬀerent from the
linear case. They stress out local transformations that can be interpreted. It is logical that
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FIGURE 2. Latent variable image, satisfaction and reputation transformations
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FIGURE 3. Simulated structural model
Method
2
Rloyalty
2
Hloyalty
2
Floyalty
Struct. coef. (Image/Sat.)
GoF

Nonlinear PLS-PM
0.940
0.958
0.901
0.399/0.582
0.945

PLS-PM
0.937
0.958
0.898
0.392/0.587
0.946

TABLE 2. Comparison between nonlinear PLS-PM and classical PLS-PM on simulated data

these transformations does not strongly modify the outer score estimates. Using more complex transformations could be of interest; however researcher should be cautious about the
ﬁnal interpretation of the global model. If non monotone functions are used, conclusions
on the impact of the studied latent variable will not be possible in the structural equation
model.
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FIGURE 4. Latent variable satisfaction simulated transformation and transformation estimation

• PLS path modeling favours the outer model when estimating the latent variables. To prove
this assumption, we run a principal component analysis (PCA) on each block of manifest
variables and compare the ﬁrst principal component to the latent variable score. Figure 5
illustrates how close the estimated are with both real and simulated data. We can see that
both with real and simulated data, ﬁrst principal component and PLS score are very close.
This is due to the fact that PLS scores are obtained as linear combination of the latent
variable associated manifest variables. It is computed in the space of its manifest variables
and is thus highly related to them.
A major drawback of PLS path modeling is highlighted, the outer model explains most of the
latent variable score and changes in the inner model do not greatly inﬂuence the latent variables
estimates. However this conclusion should be tempered by the ﬁrst reason and further research is
necessary.
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FIGURE 5. Comparison of PLS score and first principal component for real and simulated data
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Concluding remarks

We introduced a new way to include nonlinear relationships between construct in the framework of
PLS path modeling. Using optimal scaling techniques to linearize OLS regression allows to obtain
both a visualisation of the transformation and a simple interpretation.
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Practical applications have shown that our algorithm converges when PLS path modeling converges.
This approach is based on the improvement of a target latent variable predictive quality; a study
on the eﬀect of this change on the other latent variables of the model should be performed. These
interactions could not be estimated analytically, a Monte Carlo simulation process should be applied. We would not present it in this paper and it should be included in further research. It
appears in basic applications on simple real life and simulated data that this modiﬁcation only
slightly aﬀects the global quality of the model and has not a signiﬁcant eﬀect on the latent variables estimates. We have shown how in our cases PLS estimates are directly related to the ﬁrst
principal component of the PCA on the studied block of variables.
This study has not only a research interest but also a practical interest. In the marketing domain, it is important to understand behaviour of concepts; the visualisation of the transformation
helps the practitioner to understand how relations between global concepts behave. In that ﬁeld,
data is widely nonlinear and our approach apprehends well the transformations and favours the
predictive quality of the target latent variable.
Finally more research is needed in order to transform the data following a global optimization
criterion like in the case of PLS mode B. The transformation of the outer model should also be
studied.
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