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COMPARISON OF DIFFERENT LOWER BOUNDS FOR THE CONSTRAINED
MODULE ALLOCATION PROBLEM
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Abstract. We consider the Constrained Module Allocation Problem (CMAP), where a set of
program modules must be assigned to a set of processors having a limited capacity. The optimal
assignment minimizes the sum of execution costs and communication costs between modules.
This problem is naturally formulated as a quadratic 0-1 problem with linear constraints. In this
paper, we propose seven lower bounds for the CMAP, coming from three families of techniques:
linearization, semidefinite programming and lagrangian decomposition. We explain in details
how to use these techniques. We make several comparisons from a theoretical point of view.
Furthermore, we carry out an extensive experimental comparison, based on many generated
instances of different types. Our objective is to give an empirical qualitative measure of the
advantages and drawbacks of each lower bound.
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Introduction

Due to the advances in VLSI technology, there has been a proliferation of distributed computing
systems in the past few years. The Module Allocation Problem (MAP) in these systems consists of
finding a suitable assignment of program modules (or tasks) to processors so that the sum of execution
and communication costs is minimized. Several variants of this problem have already been considered,
with different assumptions on the architecture of the distributed system or on the structure of costs and
feasible solutions. See [2], [3], [4], [5], [6], [11], [28], [14], [23].

In this paper, we consider the Constrained Module Allocation Problem (CMAP). We suppose each
processor has a memory limit. That is, the sum of memory requirements of the modules assigned to a
given processor must not exceed its memory limit. Moreover, communication links are assumed to be
identical: communication costs are independent from the processors the modules are assigned to, they
are said uniform.

This model was considered in [4], and formulated as a quadratic program with 0-1 variables. It has
then be considered in [28] where it is shown that, unless P=NP, no polynomial-time algorithm can
guarantee to find a feasible solution within c percent of the optimal value, where c is any fixed positive
constant. In [30] and [23], generalizations of the CMAP are considered (non-uniform communication costs,
memory constraint for one processor only, memory and processing constraints), and heuristic methods
are proposed.

In this paper, our objective is to compare several different methods for computing a lower bound of
the optimal solution value for the CMAP. This experimental comparison will have two criteria. The first
criterion is the quality of the lower bound, i.e., the relative gap between the bound and the best known
solution. The second criterion is its computation time. Whenever possible, we will also compare the
quality of the lower bounds from a theoretical point of view.

The following of this paper is organized as follows. In Section 1, we state the problem and recall its
formulation as a quadratic 0-1 problem (Q01). Then, the different lower bounds we consider will be
grouped into three classes. In Section 2, we present three lower bounds obtained by linearization, i.e.,
(i) transformation of program (Q01) into a linear MIP, and (ii) computation of its LP-relaxation. These
three lower bounds will be called L1, L2, and L3. In Section 3, three bounds obtained by semidefinite
programming are described. They are denoted by S0, S1, and S2. In Section 4, we present a lower bound,
called D0 and obtained by lagrangian decomposition. In Section 5, we present an extensive computational
comparison of all these seven lower bounds. Finally, we make some concluding remarks in Section 6.

1. Problem Statement and Formulation by a Quadratic 0-1 Program

Let P = {p1, p2, . . . , pP } be a set of P processors, and let T = {t1, t2, . . . , tT } be a set of T program
modules to be assigned to the processors. We denote by qtp (t = 1, . . . , T, p = 1, . . . , P ) the execution cost
of module t on processor p, and by ctt′ (t, t′ = 1, . . . , T, t 6= t′) the communication cost occuring when
modules t and t′ are assigned to different processors. Communication costs are said uniform since they
are independent from the processors and they are symmetric, i.e., ctt′ = ct′t. They can be represented
by a communication graph. In the CMAP, each processor p (p = 1, . . . , P ) has a limited memory np,
and the memory requirement of module t is denoted by st. In any feasible solution, the sum of memory
requirements of the modules assigned to a processor p must not exceed np. This kind of constraints are
called memory constraints in [28] and storage constraints in [30].

A natural mathematical programming formulation of CMAP considers the variables vector x =
(xtp) (t = 1, . . . , T ; p = 1, . . . , P ) where xtp is equal to 1 if module t is allocated to processor p and
is equal to 0 otherwise.
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Let c0 =
T−1∑
t=1

T∑
t′=t+1

ctt′ , the CMAP can be formulated by the following quadratic 0-1 problem:

(Q01) : min F (x) = c0 +

T∑

t=1

P∑

p=1

qtpxtp −
T−1∑

t=1

T∑

t′=t+1

P∑

p=1

ctt′xtpxt′p (1)

Subject to:

P∑

p=1

xtp = 1 t = 1, . . . , T (2)

T∑

t=1

stxtp ≤ np p = 1, . . . , P (3)

x ∈ {0, 1}T×P (4)

Constraints (2) force every module t to be allocated to exactly one processor, and constraints (3) are
the memory constraints. To obtain the objective function in the form (1), we first write it as the sum of
execution costs and communication costs between pairs of modules allocated to different processors, i.e.,

F (x) =

T∑

t=1

P∑

p=1

qtpxtp +

T−1∑

t=1

T∑

t′=t+1

P∑

p=1

P∑

p′=1, p′ 6=p
ctt′xtpxt′p′

Then we use constraints (2), together with the fact that communication costs are uniform and symmetric,
to get (1).

We will further use a third formulation of the objective function (1), that is valid since the communi-
cation costs are symmetric:

F (x) = c0 +

T∑

t=1

P∑

p=1

qtpxtp −
T∑

t=1

T∑

t′=1, t′ 6=t

P∑

p=1

1

2
ctt′xtpxt′p (5)

In the following, we shall use either the form (1) or (5) of the objective function, and we assume that
(Q01) is feasible.

2. Three bounds obtained by linearization

In this section, we describe three lower bounds which first linearize (Q01), i.e. find an equivalent
formulation by a mixed integer linear program (MILP). Then, by dropping the integrality constraints,
one can compute the LP-relaxation in polynomial time. Another advantage of the linearization process
is that the MILP can also be handled by a MIP solver in order to compute optimal solutions for medium-
sized instances.

2.1. The lower bound L1

Here, we use the well known linearization technique introduced first by Dantzig [13], and then exten-
sively used by many authors. It consists of replacing every product ab of two binary variables by a new
real variable c, and adding the constraints c ≤ a, c ≤ b, c ≥ a + b − 1, and c ≥ 0. This linearization
is very general for 0-1 quadratic problems. By considering the sign of the coefficients of the quadratic
terms in the objective function, one can easily drop some of those new constraints.

More precisely, we define the lower bound L1 as L1= v(LP1) where (LP1) is the following linear
program and v(LP1) its optimal value:
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(LP1) : min F1(x, z) = c0 +
T∑

t=1

P∑

p=1

qtpxtp −
T−1∑

t=1

T∑

t′=t+1

P∑

p=1

ctt′ztpt′ (6)

Subject to:
(2), (3)

ztpt′ ≤ xtp 1 ≤ t < t′ ≤ T ; p = 1, . . . , P (7)

ztpt′ ≤ xt′p 1 ≤ t < t′ ≤ T ; p = 1, . . . , P (8)

xtp ≥ 0 t = 1, . . . , T ; p = 1, . . . , P (9)

ztpt′ ≥ 0 1 ≤ t < t′ ≤ T ; p = 1, . . . , P (10)

Observe that, in any optimal solution of problem (LP1), variable ztpt′ is equal to the minimum value of
xtp and xt′p, which is also the product xtpxt′p if those variables are in {0, 1}.

Billionnet and Elloumi [4] show that the lower bound L1 is also equal to the optimal value of the
lagrangian dual problem obtained by dualizing all the constraints of problem (Q01), i.e., constraints (2)
and (3). These authors show that, moreover, this lower bound can be very weak. For example, L1=0
if all the execution costs qtp are equal to 0. However, L1 can be very tight when there are no memory
constraints (3). A computational study reported in [3] shows that the integrality gap is either equal to 0
or is very small.

2.2. The lower bound L2

This lower bound is an improvement on L1. The main idea here is to add a set of new quadratic
constraints to problem (Q01), and then apply the same linearization trick as above. The new quadratic
constraints are obtained by multiplying each constraint by each variable. Using these new constraints
has first been suggested by Adams and Sherali [1] and has then been used by many authors, for a variety
of quadratic 0-1 problems with linear constraints.

Here, L2 is precisely the optimal value of the following linear problem:

(LP2) : min F2(x, r) = c0 +
T∑

t=1

P∑

p=1

qtpxtp −
T−1∑

t=1

T∑

t′=t+1

P∑

p=1

ctt′rtpt′p (11)

Subject to:
(2), (3)

P∑

p=1

rtpt′p′ = xt′p′ 1 ≤ t < t′ ≤ T ; p′ = 1, . . . , P (12)

P∑

p=1

rt′p′tp = xt′p′ 1 ≤ t′ < t ≤ T ; p′ = 1, . . . , P (13)

t′−1∑

t=1

strtpt′p +

T∑

t=t′+1

strt′ptp ≤ (np − st′)xt′p t′ = 1, . . . , T ; p = 1, . . . , P (14)

t′−1∑

t=1

strtpt′p′ +

T∑

t=t′+1

strt′p′tp ≤ npxt′p′ t′ = 1, . . . , T ; p, p′ = 1, . . . , P, p′ 6= p (15)

xtp ≥ 0 t = 1, . . . , T ; p = 1, . . . , P (16)

rtpt′p′ ≥ 0 1 ≤ t < t′ ≤ T ; p, p′ = 1, . . . , P (17)

For every module t, we multiply the corresponding assignment constraint (2) by each variable xt′p′
such that t′ 6= t. This yields constraints (12) for t < t′ and constraints (13) for t′ < t. Similarly, for
each processor p, we multiply the corresponding memory constraint (3) by each variable xt′p, this yields
constraints (14). The same constraints (14), multiplied by xt′p′ with p′ 6= p, lead to constraints (15).
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We take into account the fact that xtpxtp = xtp and xtpxtp′ = 0 for p′ 6= p. One can easily show that
constraints (2), (3) and (12)-(17), all together, imply the linearization constraints, i.e., whenever xtp and
xt′p′ are 0-1, then rtpt′p′ is equal to xtpxt′p′ . Obviously, L2 ≥ L1. Moreover, when there is no memory
constraints (3), Billionnet and Elloumi [7] show that computing L2 also leads to an optimal reduction for
the initial problem, i.e. the best way of writing the objective function as a constant plus a non-negative
quadratic function.

Last, observe that, following the general method proposed in [1], one would build another family of
valid inequalities by multiplying each linear constraint by (1− xtp). Because of constraints (2), it is easy
to show that this new family of constraints would be redundant in (LP2).

2.3. The lower bound L3

Here, we use a different linearization technique, initially proposed by Glover [22]. This method has
then been used for example in [9] for the quadratic knapsack problem.

The main idea is to replace the expression xtp

(
T∑

t′=1, t′ 6=t
1
2ctt′xt′p

)
by a unique variable htp, for

t = 1, . . . , T ; p = 1, . . . , P . Let α be a given T × P vector and let (Lα) be the following mixed integer
linear problem:

(Lα) : min δ(x, h) = c0 +

T∑

t=1

P∑

p=1

qtpxtp −
T∑

t=1

P∑

p=1

htp (18)

Subject to:
(2), (3)

htp ≤
T∑

t′=1, t′ 6=t

1

2
ctt′xt′p t = 1, . . . , T ; p = 1, . . . , P (19)

htp ≤ αtpxtp t = 1, . . . , T ; p = 1, . . . , P (20)

htp ≥ 0 t = 1, . . . , T ; p = 1, . . . , P (21)

xtp ∈ {0, 1} t = 1, . . . , T ; p = 1, . . . , P (22)

In the following proposition, we prove sufficient conditions for on vector α so that problems (Lα) and
(Q01) have the same optimal values.

Proposition 1. If vector α satisfies:

(i) for any (t, p) such that there exists no feasible solution to (Q01) with xtp = 1, αtp is any arbitrary
number, and

(ii) for any (t, p) such that there exists a feasible solution to (Q01) with xtp = 1,

αtp ≥ max




T∑

t′=1, t′ 6=t

1

2
ctt′xt′p : x solution to (Q01) with xtp = 1


 (23)

then, problems (Lα) and (Q01) have the same optimal values.

Proof: First, observe that, for every feasible solution x̃ to (Q01), it is possible to build a feasible solution

(x̃, h̃) to (Lα), where, for any (t, p),

h̃tp = min




T∑

t′=1, t′ 6=t

1

2
ctt′ x̃t′p, αtpx̃tp


 (24)

and that identity (24) constitutes a necessary optimality condition for problem (Lα).

Now we will show that, if conditions (i) and (ii) are satisfied, then, for any (t, p), h̃tp is equal to

x̃tp

(
T∑

t′=1, t′ 6=t
1
2ctt′ x̃t′p

)
, i.e., δ(x̃, h̃) = F (x̃). For this, let us discuss the two cases : x̃tp = 0 and x̃tp = 1.
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- if (t, p) is such that x̃tp = 0 (either (i) or (ii) is satisfied), then identity (24) implies htp = 0.
- if (t, p) is such that x̃tp = 1. In this case, (t, p) satisfies (ii), and it follows from identity (24) and

inequality (23) that htp =
T∑

t′=1, t′ 6=t
1
2ctt′ x̃t′p.

�
Hence, for any choice of α satisfying Proposition 1, solving the LP-relaxation (Lα) of (Lα) gives a lower

bound for problem (Q01). The advantage of this linearization method is that it uses a small number of
additional variables O(TP ), while (LP1) (resp. (LP2)) uses up to O(T 2P ) (resp. O(T 2P 2)) additional
variables.

A trivial choice of α which satisfies Proposition 1 would be to set all its components to an arbitrary
large number M . Another trivial choice of α will be described in the following proposition. A drawback
of this choice is that it gives a lower bound which will be proved in the following proposition to be even
worst than L1.

Proposition 2. Let the vector β be defined by βtp =
T∑

t′=1, t′ 6=t
1
2ctt′ , then the optimal value of (Lβ) is less

than or equal to L1.

Proof: Obviously, β satisfies Proposition 1. Now, let (x̃, z̃) be an optimal solution to problem (LP1).
Then z̃tpt′ = min(x̃tp, x̃t′p), and

F1(x̃, z̃) = c0 +
T∑
t=1

P∑
p=1

qtpx̃tp −
T∑
t=1

P∑
p=1

T∑
t′=1, t′ 6=t

1
2ctt′min(x̃tp, x̃t′p).

As already observed in the proof of Proposition 1, it is possible to build a feasible solution (x̃, h̃) to
(Lβ) with

h̃tp = min




T∑

t′=1, t′ 6=t

1

2
ctt′ x̃t′p, βtpx̃tp


 (25)

the objective function is

δ(x̃, h̃) = c0 +

T∑

t=1

P∑

p=1

qtpx̃tp −
T∑

t=1

P∑

p=1

min




T∑

t′=1, t′ 6=t

1

2
ctt′ x̃t′p,

T∑

t′=1, t′ 6=t

1

2
ctt′ x̃tp


 (26)

and one can observe that δ(x̃, h̃) ≤ F1(x̃, z̃). �

Since the obtained lower bound increases as the values αtp decrease, we will choose coefficients as small
as possible, among those which satisfy Proposition 1. Hence, we compute our values α∗tp by solving the
following generalized assignment problems:

(Gtp) : max
T∑

t′=1, t′ 6=t

1

2
ctt′xt′p (27)

Subject to: :

xtp = 1 (28)

P∑

p′=1

xt′p′ = 1 t′ = 1, . . . , T (29)

T∑

t′=1

st′xt′p′ ≤ np′ p′ = 1, . . . , P (30)

x ∈ {0, 1}T×P (31)

If (Gtp) is infeasible, we set α∗tp to an arbitrary negative number, for example -1, in such a way that xtp
will be fixed to 0 in problem (Lα∗). Otherwise, we set α∗tp to the optimal value of problem (Gtp). Vector
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α∗ satisfies the sufficient conditions of Proposition 1 and hence, problem (Lα∗) has the same optimal
value as problem (Q01).

We denote by L3 the optimal value of the LP-relaxation of problem (Lα∗). It is our third lower bound
obtained by linearization. Our computational results reported in Section 5 will show that, in general, L3
is much better than L1.

Observe that computing coefficients α∗tp is NP-hard since it amounts to solve generalized assignment
problems. However, for the instances that we consider in Section 5, the largest instances have T = 20 and
P = 5. For these instances, one has to compute 100 values α∗tp, each by solving a generalized assignment
problem with 100 variables. As proved by our computational results, this preprocessing can be done
within a few seconds.
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3. Semidefinite Programming Approach

In this section, we discuss three different SDP relaxations for problem (Q01). The first one, (SDP0)
is the basic SDP relaxation. The two other relaxations, (SDP1) and (SDP2) can be viewed as successive
improvements on (SDP0), obtained respectively by applying the algorithm proposed in [29] to the linear
problems (LP1) and (LP2) built above in Section 2. This algorithm provides a set of rules (see Table 1)
that allows to build semidefinite relaxations for any quadratic or linear program with bivalent variables,
starting from an existing linear relaxation of the considered problem. Moreover, it guarantees to obtain
a SDP relaxation which is always better than the linear relaxation used to build it. In fact, (SDP2)
was originally proposed in [29], where some numerical tests are presented for this relaxation. For our
numerical evaluation, we have used the Spectral Bundle algorithm of Helmberg ( [24]) and SDP S, a
implementation of the Roupin’s algorithm [15].

(PL) (SDP {0, 1})
x ∈ [0, 1]

n

[
1 xT

x X

]
� 0

d(X) = x
A •X + cTx = (≤)d Rule Q

A •X + cTx = (≤)d
cTx = d Rule LE1{

ccT •X = d2

cTx = d
⇔ ccT •X − 2dcTx+ d2 = 0

Rule LE2∑n
j=1 cjXij = dxi ∀i ∈ {1, ..., n}

cTx = d

d′ ≤ cTx ≤ d Rule LI1

ccT •X − (d+ d′) cTx+ dd′ ≤ 0
Rule LI2∑n

j=1 cjXij ≤ dxi ∀i ∈ {1, ..., n}
d′xi ≤

∑n
j=1 cjXij ∀i ∈ {1, ..., n}

d′ (1− xi) ≤
∑n

j=1 cj (xj −Xij) ∀i ∈ {1, ..., n}∑n
j=1 cj (xj −Xij) ≤ d (1− xi) ∀i ∈ {1, ..., n}

Table 1. Rules to build a SDP relaxation from a linear relaxation

The rules described in Table 1 are very general. x is a real vector of Rn. Matrix X is such that Xij is
the linearization variable used in (PL) which represents xixj (more precisely variables ztpt′ in (LP1) and
rtpt′p′ in (LP2)). d(X) denotes the diagonal of the matrix X , and A • B =

∑n
i=1

∑n
j=1 AijBij , where

A and B are two symmetric real matrices. It is well known that

[
1 xT

x X

]
� 0 and d(X) = x imply

0 ≤ xi ≤ 1 for all i in {1, . . . , n} (see e.g. [27]).
In Table 1, (SDP {0, 1}) is the semidefinite program built from a given linear program (PL) (typi-

cally, a relaxation of the initial combinatorial problem). Rule Q applies for constraints made from the
linearization of quadratic constraints (for instance any valid inequality included in (PL)). Moreover, it
allows us to keep in the SDP the linearization constraints (see Subsection 2.1), which are non-redundant
as proved in [25]. Results presented in [20,26,29] imply that it is equivalent to use the set of constraints of
Rule LE2 or the set of constraints of Rule LE1 (which obviously imply cTx = d). But as noticed in [20],
using LE1 or LE2 may have a serious impact on the convergence of the semidefinite solver used. In
particular, for the Spectral Bundle algorithm [24], numerical tests presented in [29] show that despite of
the larger number of constraints when one uses LE2 (instead of LE1), the corresponding SDP is solved

faster. The equivalence of the constraints in Rule LE1 is true when

[
1 xT

x X

]
� 0, and d(X) = x.

Moreover, one can prove [29] that applying Rule LI2 leads to stronger SDP relaxations than using
LI1 under some additional hypothesis. In particular, if the coefficients cj are non-negative (see [29] for
details). In all cases, the original linear constraints of (PL) are satisfied by x if (X, x) is a feasible solution



TITLE WILL BE SET BY THE PUBLISHER 9

of (SDP {0, 1}). Hence, the semidefinite relaxations presented in the next sections will be always tighter
than the linear relaxations used to build them.

3.1. A Basic Semidefinite relaxation

First, we consider the following standard basic semidefinite relaxation made directly from (Q01), the
0− 1 formulation of our problem:

(SDP0) : Min c0 +

T∑

t=1

P∑

p=1

qtpxtp −
T∑

t=1

T∑

t′=t+1

P∑

p=1

ctt′Xtpt′p (32)

Subject to:

P∑

p=1

xtp = 1 t = 1, . . . , T (33)

T∑

t=1

stxtp ≤ np p = 1, . . . , P (34)

d(X) = x (35)[
1 xT

x X

]
� 0 (36)

Xtpt′p′ ≥ 0 p, p′ = 1, . . . , P ; t, t′ = 1, . . . , T (37)

In this relaxation, the only links between the linearization variables Xtpt′p′ and the original ones xtp
are constraints (35), and the semidefinite constraint (36), which is equivalent to X � xxT . Recall that
this last constraint can be seen as a relaxation of X = xxT . We denote by S0, the bound obtained by
(SDP0). In the next sections, by using the rules presented in [29], we present two better SDP relaxations
starting respectively from the linear relaxations (LP1) and (LP2) of Section 2.

3.2. A tighter Semidefinite relaxation

Here, we consider the linear relaxation (LP1), and build from it the semidefinite relaxation (SDP1).
We choose to apply Rule Q to (8), (9), and (11) (this provides constraints (44) and (45)), Rule LE1 to
(2) (this provides constraints (39) and (40)), and Rule LI1 to (3) (this provides constraints (41)). As
recalled in the previous Section, constraints (42) and (43) imply (10). We obtain the following semidefinite
relaxation:
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(SDP1) : Min c0 +
T∑

t=1

P∑

p=1

qtpxtp −
T∑

t=1

T∑

t′=t+1

P∑

p=1

ctt′Xtpt′p (38)

Subject to:

P∑

p=1

xtp = 1 t = 1, . . . , T (39)

P∑

p=1

P∑

p′=1

Xtptp′ = 1 t = 1, . . . , T (40)

T∑

t=1

T∑

t′=1

stst′Xtpt′p − np
T∑

t=1

stxtp ≤ 0 p = 1, . . . , P (41)

d(X) = x (42)[
1 xT

x X

]
� 0 (43)

Xtpt′p′ ≤ xtp ; Xtpt′p′ ≤ xt′p′ p, p′ = 1, . . . , P ; t, t′ = 1, . . . , T (44)

Xtpt′p′ ≥ 0 p, p′ = 1, . . . , P ; t, t′ = 1, . . . , T (45)

Observe that constraints (41) and X � xxT imply
∑T

t=1 stxtp ≤ np ∀p ∈ {1, . . . , P} (for the proof
see [29]). We denote by S1 the bound obtained by (SDP1).

3.3. Our tightest Semidefinite relaxation

Here, we build a third semidefinite relaxation by applying again the algorithm presented in [29]. This
time we start from the linear relaxation (LP2). To obtain the SDP, we apply Rule Q to (12)-(15) and
(17) (this provides constraints (49), (50) and (53) (considering the fact that d(X) = x), and Rule LE1
to (2) (this provides constraints (47) and (48)).

(SDP2) : Min c0 +

T∑

t=1

P∑

p=1

qtpxtp −
T∑

t=1

T∑

t′=t+1

P∑

p=1

ctt′Xtpt′p (46)

Subject to:

P∑

p=1

xtp = 1 t = 1, . . . , T (47)

P∑

p=1

P∑

p′=1

Xtptp′ = 1 t = 1, . . . , T (48)

P∑

p=1

Xtpt′p′ = xt′p′ t, t′ = 1, . . . , T, p′ = 1, . . . , P (49)

T∑

t=1

stXtpt′p′ ≤ npxt′p′ p, p′ = 1, . . . , P, t′ = 1, . . . , T (50)

d(X) = x (51)[
1 xT

x X

]
� 0 (52)

Xtpt′p′ ≥ 0 p, p′ = 1, . . . , P ; t, t′ = 1, . . . , T (53)
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Observe that it is useless to apply Rule LI1 to (2) to add the constraints
∑T
t=1

∑T
t′=1 stst′Xtpt′p −

np
∑T

t=1 stxtp ≤ 0 for p ∈ {1, . . . , P}. Indeed, as remarked is Subsection 2.2, constraints (47), (49),

and (50), imply
∑T

t=1 st (xtp −Xtpt′p′) ≤ np (1− xt′p′) (for p, p′ = 1, . . . , P, t′ = 1, . . . , T ). Since we have

st ≥ 0 and
∑T

t=1 stXtpt′p′ ≥ 0, and constraints (50), we get
∑T
t=1

∑T
t′=1 stst′Xtpt′p − np

∑T
t=1 stxtp ≤ 0

for p ∈ {1, . . . , P} (this result is proved in [29]).
We have chosen to keep constraints (48) although they are implied by constraints (47) and (49).

Indeed, our numerical tests have shown this speeds up the convergence of SB, the SDP solver we have
used [24]. We illustrate this point in Figure 1: the convergence is faster when one uses this redundant
constraints (48). We denote by S2 the bound obtained by (SDP2).
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Figure 1. Convergence of the SDP solver when using or not the redundant constraints (48)

Proposition 3. Let S0, S1 and S2 be the respective optimal values of (SDP0), (SDP1) and (SDP2).
One has S0 ≤ S1 ≤ S2.

Proof: First, constraints (33), (35), (36) and (37) are in the three SDP. Second, constraint (40) in
(SDP1) is not in (SDP0) but in (SDP2) (48). Finally, constraints (34) (in (SDP0)) are implied by (41)
and (43) (in (SDP1)), which are implied by (47), (50) and (52) (in (SDP2)). Indeed, as recalled before,
here the set of constraints produced by Rule LI2 implies the one produced by Rule LI1. �
Proposition 4. One has L1 ≤ S1 and L2 ≤ S2.

Proof: This is a consequence of the general result proved in [29]: the semidefinite relaxations obtained
by following the algorithm are tighter than the linear program used to build them. �
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4. Lagrangian decomposition method for bound D0

This method was introduced by Chardaire and Sutter [10], then it was used by Faye [19], Billionnet
et al. [8], and Elloumi et al. [18].

To each variable xtp (t = 1, . . . , T ; p = 1, . . . , P ) we will associate (T − 1) copies yt
′
tp (t′ = 1, . . . , T, t′ 6=

t). We build the following quadratic 0-1 program, equivalent to (Q01):

min c0 +

T∑

t=1




P∑

p=1

qtpxtp −
T∑

t′=1,t′ 6=t

1

2
ctt′

P∑

p=1

xtpy
t
t′p


 (54)

Subject to:

xtp = yt
′
tp 1 ≤ t 6= t′ ≤ T ; p = 1, . . . , P (55)

xtpy
t
t′p′ = xt′p′y

t′
tp 1 ≤ t < t′ ≤ T, 1 ≤ p 6= p′ ≤ P (56)

P∑

p=1

xtp = 1 t = 1, . . . , T (57)

P∑

p=1

ytt′p = 1 1 ≤ t 6= t′ ≤ T (58)

stxtp +
T∑

t′=1,t′ 6=t
st′y

t
t′p ≤ np t = 1, . . . , T ; p = 1, . . . , P (59)

xtp ∈ {0, 1} t = 1, . . . , T ; p = 1, . . . , P (60)

yt
′
tp ∈ {0, 1} 1 ≤ t 6= t′ ≤ T ; p = 1, . . . , P (61)

Constraints (55) are the usual copy constraints. Constraints (56) are quadratic copy constraints.
They are redundant. In its new formulation (54), the objective function can be decomposed into T sub-
functions. For a given t, the corresponding sub-function uses only variables xtp, and the copy variables
ytt′p′ , (t′ 6= t). This decomposition, for each module t, also applies for constraints (57)- (59). Hence, a

natural idea is to apply a lagrangian relaxation scheme, by dualizing constraints (55) and (56). Let:

- λtpt′ ∈ R be the Lagrange multipliers associated to constraints (55), and let
- µtpt′p′ ∈ R be the Lagrange multipliers associated to constraints (56).

The dual function ω(λ, µ) can be decomposed into:

ω(λ, µ) = c0 +

T∑

t=1

v (Pt(λ, µ)) (62)

where (Pt(λ, µ)) is the following 0-1 quadratic program:

min
P∑
p=1

(
qtp +

T∑
t′=1,t′ 6=t

λtpt′

)
xtp −

P∑
p′=1

T∑
t′=1,t′ 6=t

λt′p′ty
t
t′p′ −

T∑
t′=1,t′ 6=t

1
2ctt′

P∑
p=1

xtpy
t
t′p

+
T∑

t′=1,t′>t

P∑
p=1

P∑
p′=1

µtpt′p′xtpy
t
t′p′ −

T∑
t′=1,t′<t

P∑
p=1

P∑
p′=1

µt′p′tpxtpy
t
t′p′

(63)

Subject to: (57)-(61)

Now, we can observe that, for a given module t, if the values of the P variables xtp are fixed, program
(Pt(λ, µ)) becomes linear. Moreover, it is particularly easy to enumerate the different values for variables
xtp, since t is assigned to exactly one processor among P . There are P solution subsets, one for each p,
where xtp = 1 and xtp′ = 0 for p′ 6= p.
Hence, the optimal value of (Pt(λ, µ)) can be computed as:

v (Pt(λ, µ)) = min
p=1,...,P

v (Ppt (λ, µ)) (64)
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where Ppt (λ, µ) is obtained from (Pt(λ, µ)) by fixing xtp to 1. It is precisely the integer linear program:

Ppt (λ, µ) : min qtp +
T∑

t′=1,t′ 6=t
λtpt′ −

P∑
p′=1

T∑
t′=1,t′ 6=t

λt′p′ty
t
t′p′ −

T∑
t′=1,t′ 6=t

1
2ctt′y

t
t′p

+
T∑

t′=1,t′>t

P∑
p′=1

µtpt′p′y
t
t′p′ −

T∑
t′=1,t′<t

P∑
p′=1

µt′p′tpy
t
t′p′

(65)

Subject to:

P∑

p′=1

ytt′p′ = 1 t′ = 1, . . . , T, t′ 6= t (66)

T∑

t′=1,t′ 6=t
st′y

t
t′p ≤ np − st (67)

T∑

t′=1,t′ 6=t
st′y

t
t′p′ ≤ np′ p′ = 1, . . . , P, p′ 6= p (68)

ytt′p′ ∈ {0, 1} t′ = 1, . . . , T, t′ 6= t; p′ = 1, . . . , P (69)

Problem Ppt (λ, µ) represents a generalized assignment problem, which is NP-hard. We will compute only
its LP-relaxation, in order to obtain a lower bound of the dual function.

Now, we can summarize our method of computing a lower bound of the dual function, for given values
of the Lagrange multipliers: :

Computation of ω(λ, µ)

- For each t:
* For each p, solve the LP-relaxation v (Ppt (λ, µ)) of Ppt (λ, µ),
* Deduce the lower bound of the optimal value of Pt(λ, µ) as

v (Pt(λ, µ)) = min
p=1,...,P

v (Ppt (λ, µ))

- Compute a lower bound of ω(λ, µ) as ω(λ, µ) = c0 +
TP
t=1

v (Pt(λ, µ))

Finally, we apply a classical sub-gradient algorithm in order to compute the lower bound D0 as:

D0 = max
λ,µ∈RTP

ω(λ, µ).

5. Computational results

Instances
We use instances from [16] that have been introduced in [17] and also used in [29]. In these instances, 4
configurations are considered. For each configuration, two classes of instances are generated: a class with
a complete communication graph, and a second class where the density of the communication graph is
of 50%. This gives a total of 8 types of instances. For each type, 5 instances of size 10 modules and 3
processors and 5 instances of 20 modules and 5 processors are generated. As we will see, the quality of
the bounds will different for these different configurations.

Config 1 Config 2 Config 3 Config 4
intq [0,100] [0,10] [0,100] [0,0]
intc [0,100] [0,100] [0,10] [0,100]

Table 2. Different configurations of the instances

Table 2 describes the different configurations. The execution costs qtp are generated in the interval
intq, and the communication costs ctt′ are generated in the interval intc. For all the configurations, the
sizes of the modules st are generated in the interval [1, 10], and the capacities of the processors np in the
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interval [S/P , 2 ∗ S/P ] where S =
∑T

t=1 st is the sum of all the module sizes. In this way, we are sure

that problem (Q01) has at least one fractional solution x̃ where ∀(t, p), x̃tp = 1
P . The optimal or best

known solution values of these instances are given in [16].
All the experiments have been performed on a Pentium II / 400 MHz computer with 384 MB memory.

To implement bounds L1, L2, L3, and D0, we use the modeler AMPL [21] and the linear programs solver
Cplex 7.0 [12]. For bounds S0, S1, and S2, we use the semidefinite programs modeler SDP S [15] based
on the semidefinite programs solver SB [24].

Results
In Table 3, we present the average relative gap between the optimal or best known solution value opt
and each of the seven bounds we presented in Sections 2-4. The instances we consider in this table have
a complete communication graph.

In Table 4 we report the computation times corresponding to the results presented in Table 3. Tables 5
and 6 concern instances with a half-complete communication graph.

First, we can observe that the quality of all the bounds is dependent on the type of instances. This
gives an indication on the difficulty of the instances. The more difficult ones are those where there is no
execution costs (Config 4), and the less difficult ones are those where execution costs are 10 times larger
than communication costs (Config 3).

The three bounds obtained by linearization and described in Section 2 have a different computational
behavior. As expected, bound L1 is very weak, except for instances of Config 3. It is equal to 0
(error=100%) for instances of Config 4. Computing L1 is however very quick, probably because of the
structure of the linear program (LP1). Bound L2 is the tightest one among those obtained by linearization,
but it is the most expensive from the computational time point of view. Bound L3 appears to be a good
compromise between bounds L1 and L2 since it is generally much better than than L1 and its CPU time
is not much larger. Observe also that there exists instances where L3<L1, showing that these two bounds
are not comparable.

Columns 7, 8, and 9 of Tables 3-6 concern the results of the three bounds obtained by SDP, described
in Section 3. The SDP solver SB [24] is based on a spectral bundle method, each iteration of which
computes a lower bound of the optimal value of the SDP (in the minimization case). Hence, whenever
the solution procedure is stopped, it provides a lower bound for problem (Q01). We parametrise the
solver to halt either because the optimal value is reached (with the SB-precision 10−5), or after 1800
seconds of CPU time. By this choice, we emphasize on having an accurate idea on the quality of the
lower bounds rather than minimizing their CPU time. This point is illustrated in Figure 2 where an
example of convergence plot is presented, for the same instance as Figure 1. In this figure, it appears
clearly that, when using SDP2, convergence to an almost-optimal value is very rapid. This means that
the resolution process could be stopped much earlier. Observe also that, for the considered instance,
bound L2 is equal to 1144 and requires 85 seconds of CPU time. While solving SDP2 (resp. SDP1), the
value 1144 is reached after 12 seconds (resp. 106 seconds). All this illustrates the power of bound S2,
compared to the other bounds.

Another important remark about Tables 3-6 is the weakness of bound S0. It is even weaker than
bound L1, while it requires much more CPU time. Also, bound D0 seems to be not very interesting to
solve CMAP since it is not precise enough to compensate for its large computation time. However, D0
could be improved, for example by decomposing the objective function into les than T sub-functions.

T P (opt−L1)
opt

(opt−L2)
opt

(opt−L3)
opt

(opt−S0)
opt

(opt−S1)
opt

(opt−S2)
opt

(opt−D0)
opt

Config 1 10 3 68% 12% 23% 69% 9% 3% 15%
20 5 85% 12% 27% 85% 10% 2% 19%

Config 2 10 3 94% 29% 37% 94% 26% 12% 33%
20 5 98% 17% 32% 98% 16% 3% 26%

Config 3 10 3 4% 1% 4% 11% 1% 1% 1%
20 5 19% 1% 10% 31% 1% 0% 1%

Config 4 10 3 100% 25% 39% 100% 22% 8% 32%
20 5 100% 18% 30% 100% 14% 3% 24%

Table 3. Average error associated to the seven bounds for the 40 instances with a
complete communication graph
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T P L1 L2 L3 S0 S1 S2 D0
Config 1 10 3 1 1 1 6 948 884 30

20 5 1 82 4 59 1800 1800 238
Config 2 10 3 1 1 1 144 998 890 25

20 5 1 75 4 600 1800 1800 223
Config 3 10 3 1 1 1 3 96 274 19

20 5 1 78 4 71 1800 1800 239.8
Config 4 10 3 1 1 1 2 798 568 27

20 5 1 66 4 34 1800 1800 206

Table 4. Average CPU times of the seven bounds for the 40 instances with a complete
communication graph (seconds rounded to the next integer)

T P (opt−L1)
opt

(opt−L2)
opt

(opt−L3)
opt

(opt−S0)
opt

(opt−S1)
opt

(opt−S2)
opt

(opt−D0)
opt

Config 1 10 3 37% 21% 27% 41% 12% 5% 25%
20 5 69% 29% 40% 70% 12% 3% 35%

Config 2 10 3 85% 48% 57% 85% 29% 11% 57%
20 5 98% 17% 32% 98% 16% 3% 26%

Config 3 10 3 2% 1% 3% 4% 2% 1% 1%
20 5 2% 0% 7% 12% 1% 0% 1%

Config 4 10 3 100% 43% 52% 100% 27% 13% 55%
20 5 100% 56% 63% 100% 20% 9% 66%

Table 5. Average error associated to the seven bounds for the 40 instances with a
half-complete communication graph

T P L1 L2 L3 S0 S1 S2 D0
Config 1 10 3 1 1 1 4 575 458 26

20 5 1 72 4 85 1800 1800 214
Config 2 10 3 1 1 1 12 860 898 25

20 5 1 81 4 199 1800 1800 156
Config 3 10 3 1 1 1 4 189 156 19

20 5 1 69 4 58 1800 1800 228
Config 4 10 3 1 1 1 3 1631 855 25

20 5 1 69 4 34 1800 1800 127

Table 6. Average CPU times of the seven bounds for the 40 instances with a half-
complete communication graph (seconds rounded to the next integer)
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Figure 2. Convergence of the SDP solver when computing S0, S1, and S2 for an in-
stance with T=20, P=5 and a half-complete communication graph (optimal value=2316)
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6. Conclusion

In this paper, we compare seven lower bounds for the CMAP, a difficult combinatorial problem. The
numerical experiments first give indications about the structural difficulty of the problem: the instances
are much more difficult to solve when there are no execution costs and easier to solve when these execution
costs are higher.

The seven bounds we consider come from three families of optimization techniques. In several cases, we
could compare the bounds from a theoretical point of view. These theoretical comparisons are summed
up with the graph in Figure 3. In this figure, arrows come from the different propositions we prove in
this paper, and dashed lines are based on inspection of the computational results.

We complete the comparison between the seven bounds by an empirical study where we point out both
the tightness and the CPU time of the bounds. Figure 4 illustrates our results. For each lower bound X ,
a CPU time is computed as the average of all the CPU times associated to X in Tables 4 and 6. The
quality of bound X is measured as the “opposite” of the error, i.e., the complement to 100 of the average
of all the errors associated to X in Tables 3 and 5. Having a look on Figure 4, one can immediately
conclude which bounds one would choose if the dominant criterion in the CPU time, the quality, or a
compromise.

L1 S0

L2

L3 S2

D0

S1 X 

X Y  : X and Y are not comparable

Y  : X is tighter than Y

Figure 3. Summary of the theoretical comparison of the seven bounds



TITLE WILL BE SET BY THE PUBLISHER 17

0%

20%

40%

60%

80%

100%

1 10 100 1 000 10 000

CPU time (s)

Q
ua

lit
y 

of
 th

e 
bo

un
d

L1

L3

L2

D0

S2
S1

S0

Figure 4. Empirical comparison of the seven bounds



18 TITLE WILL BE SET BY THE PUBLISHER

References

[1] W. P. Adams and H. D. Sherali. A tight linearization and an algorithm for zero-one quadratic programming problems.
Management Science, 32(10):1274–1290, 1986.

[2] R. K. Arora and S. P. Rana. Analysis of the module assignment problem in distributed computing systems with limited
storage. Information Processing Letters, 10(3):111–115, April 1980.

[3] A. Billionnet, M. C. Costa, and A. Sutter. An efficient algorithm for a task allocation problem. Journal of the ACM,
39(3):502–518, July 1992.
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