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1. Codages et recodages
d’une variable

1.1 Quantification d’une variable nominale
a m categories

Formulation matricielle

X & {1, 2.3.. m} 1 a, | (1000..0
2 a, | 10100..0||a,
X€{a,a,,a;.a,} 12|, |a|_[0100.0] 2,
. 1 a | (1000..0|.
X=) al, ) %
j=1 m a_.| 10000..1
X eW sous-espace a m dimensions _—

T~
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1.2 Quantification d’une variable ordinale
a m categories

m
X=> al aveca,>a, >..>8a,

Reparametrisation:

a b, X:;al.—bg+(b+b)1+ (b, +b,+..b )1
a, = +b, =b @ +L, +...+1,)+b,(L, +..+1,) +..b,1,

; =pb +b,(L, +...+1 )+..b 1
a_ =b +b,+.b. L+l



combinaison lineaire a coefficients positifs
ou nuls de m-1 variables + constante

a 1 0 0 O0jb

a, 1 1 0 O0ffb,
111 1 of.

a ] |1 11 1)lb,

X € C coOne polyedrigue
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1.3 Recodage d’'une variable numérigue
Y=0¢(X)

1.3.1 recodage discret
decoupage des valeurs de x en m intervalles
@ constante par morceaux

p()=Y2,10,)

SN

Splines de degré O



1.3.2 recodage continu

@ continue et linéaire par morceaux
splines de degré 1

2 ()

B!
,/%H“‘f—’\ 0
1!

B,(x)=1-(k+1)xsixel,
B,(x) =0 sinon

{Bz(x) =(k+)xsixel,

B,(x)=2-(k+Dxsixel,
B, (x) =0 sinon

<

— 1] ! !

. g ] {Bm(x)(kﬂ)x(jl) sixel,

Bj+1(X) =j+1-(k+1)xsixe I
B,..(x) =0 sinon

B..,(X)=(k+)x—-ksixel,,
B,.,(x) =0 sinon



Généralités sur les splines

Soit x une variable définie sur [a,b] et A points
Intérieurs regulierement espaces ou non, on appelle
spline de degre d a k nceuds une fonction S(x) qui sur
chacun des A+1 intervalles est un polynome de degré
d et est d-1 fois derivable si d> 1, ou seulement
continue si a=1(linéaire par morceau).

Les splines de degré da A nceuds forment un espace
vectoriel de dimension o4+ Ak+1. Les combinaisons
linéaires de splines de degré da A nceuds sont encore
des splines de degré da k& nceuds.



Généralités sur les splines (2)

Sur l'intervalle 1, le polynome est libre et depend de
ad+1 paramétres, mais sur chacun des kintervalles
suivants, les conditions de raccordement (continuite et
derivabilité g-1 fois ) ne laissent plus qu'un parametre
libre, d’ou le résultat.

Puisque I'ensemble des transformations spline est un
espace vectoriel, on peut exprimer toute fonction S(x)
comme une combinaison linéaire de d4+A+1 éléments
d'une base de B-splines, ce qui revient dans un tableau
de données X a remplacer chaque colonne-variable par
o+ k+1 colonnes.

Les B-splines de degré d sont non nulles sur d+1
Intervalles au plus
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1.3.3 Transformations monotones polynomiales
par morceaux

I-splines ou splines intégrés a partir de splines positifs,

et combinaison linéaire a coefficients positifs

I-splines

(1.21,+20[,+1.2[;+1.2[,+ 301+ 00L) /6 .|

Ramsay, 1988
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1.3.4 Transformations monotones (croissantes)
point par point

Identique au cas de recodage d’une variable ordinale a n modalites

+0] | T(x)) (L 0 0 0)b

. Tx,)| |1 1 o oflb,

. . 1111 0| | lso
. T ) 1111 1lb
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2. ACP avec recodage

2.1 Exemple: enquéte d’'opinion BVA 1997 avec questions notées
de 1 (tres défavorable) a 5 (tres favorable) :

Alco: les marques d’alcool et de tabac ne devraient pas avoir le droit de
faire de la publicité

Porn: les magazines et films X offrent des distractions inoffensives a
ceux et celles qui aiment cela

Femm: les femmes devraient revenir a leur role traditionnel dans la
sociéte

Homo: I'homosexualité est un mode de vie que la société devrait
accepter

Mari: les mariages entre gens de races différentes sont a éviter

Eurv: les étrangers en provenance de I'UE et vivant en France depuis
plus de 5 ans devraient avoir le droit de vote aux élections municipales

Immi: les immigrés renforcent notre pays grace a leur travail
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Proc Prinqual de SAS

PROC PRINQUAL < options = ;
TRANSFORM transformivariables < / t-options =)

= . transformivariables < / t-options =) = ;
BY variables ;

FREQ varable ; proc prinqual;
transform spline(_all_ / degree=2);

1D variables ; transform opscore (N1-N10) monotone (M1-M10);

WEIGHT varniable ; run;

MONOTONE

MO
finds @ monotonic transformation of each variable, with the restriction that ties are preserved. The Kruskal {1964} secondary least-squares monotonic
transformation is used. This transformation weakly preserves order and categony membership (ties). Variables following MOMNOTOME must be
numeric, and they are typically discrete

MSPLINE

MSP
finds @ monotonically increasing B-spline transformation with monotonic coeficients (de Boor 1978 de Leeuw 1986) of each variable. You can
specify the DEGREE=, KNOTS=, NKNOTS=, and EVENLY {-ootions with MSPLINE. By default, PROC PRINQUAL uses a quadratic spline
Wariables following MSPLINE must be numeric, and they are typically continuous

OPSCORE

OPS
finds an optimal scoring of each variable. The OPSCORE transformation assigns scores to each class (level) of the variable. Fisher's (1938) optimal
sconng method is used. Variables following OPSCORE can be either character or numeric; numeric variables should he discrete

SPLIME

SPL
finds a B-spline transformation (de Boor 1978) of each variable. By default, PROC PRINQUAL uses a cubic polynomial transformation. You can
specify the DEGREE=, KNOTS=, NKNOTS=, and EVENLY f-oofions with SPLINE. Wariables following SPLINE must be numeric, and they are
typically continuous

1O
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Principe: chercher les transformations
telles que I'’ACP sur variables transformées
donne un % d’inertie expligué maximal
sur k axes (k=2 par defaut).

Sur I'exemple : justification de I'ACP sur
données 1-5
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2.2 ACP avec splines

AW PP L NS PRI S EL LTI L AL SN ETELIN ELSS LAY AR L RN

TapLE 1

Awtomobile date from 1986 Conswrrer Repores

Ramsay, 1988

ol

Flot
Avurbormohd Le =nvmbal Price Displacement ity gas BExpwy gas Weight
in Fig. &
Chevrolet Chevette A 56 1.6 13.3 (-3 100y
Chevrolet INowa = B T 1.6 Lk 5.5 102
Chevrolet Spectrmam [ a7 1.5 101 5.3 5.7
Dodge Colt Iy 55 1.5 110 6.6 a9
Dodge Ommni ®" BE 1.6 11.6 5.5 9.5
Ford Escort F Bl 1.5 1=Z.0 [ h N
Homnda Civic L 56 1.5 11.5 6.5 2 ]
Mitsubishi Tredia H 75 2.0 12.0 5.3 1Ok
Missamn Sentra I 6 1.8 Lh. o6 2.5
Rensult Alliance ™ ) [0 1.4 L. 5.6 9.1
Subara K 20 1.8 12.0 5.8 104
Toyvota Corolla L. TE 1.6 110k 6.3 10.3
Toyvota Tercel ot | 55 1.5 110 5.5 a.7
Volkswagen Golf ™ T4 1.8 120 6.3 10.1
WVaoalkswagen Jetta (8] H3 1.8 126 6.3 10.5
Chryeler Laser P 04 2.2 15.8 T4 125
Homnda Civic CR3X L=] Ta 1.5 .4 5.6 .10
Honda Prelude R 11N 1.8 L5 5.5 10.E
Isuzu Impualse = 109 1.9 14.5 &858 12 4
Mitsubishi Cordia T =9 2.0 L1210 [ LL.2
Missan DS Lo a6 1.8 126 6.5 12.2
Missan Pulsar NX W 87 1.6 o7 5.1 9.2
Pontiac Fiero W BG .58 126 G.T 11.5
S 4OHKS p-4 142 a2 14.1 8.2 10.7
Chevrolet Cavalier h'd a7 2.0 15.8 7.2 11.65
Ford Tempo = T4 2.8 133 a2 I 2
Haonda Accord 1 F=121 20 133 [ ] 11.5
Mamnda 626 2 a2 2.0 128 a5.7 11.2
Mitsubishi Galant 2 132 2.4 14.0 &7 12.9
Missan Stanz=sa “+ 101 2.0 11k 5.6 11.1
Odsmaobile Calais 5 a3 2.5 141 6.7 120
Saalk S L1 126 2.0 14.1 T8 129
Toyota Camey T oT Z.10 110 5.5 122
el = 144 2.3 14.1 7.0 13.3
Buick Century 9 140¥1 2.6 1689 6.5 126
Chrysler Fifth Awenive L] 145k 5.2 23.0 2.7 16,2
Chrysler Le Baron [ 1M 2.2 13.3 7.0 11.7
Dodge Aries & T2 o 13.3 7.0 11.5
Dodge Lancer E £r4 2.2 16.8 8.7 12.7
Mercury Cougar % 114 3.8 15.8 8.7 14.1
ODldsmobyile Cutlass i LIKT as 18.5 k= ] 15.2
Fontiao SO0 & o5 .8 16.0 8.7 126
Buick Electra = 154 S5 15.1 T7 LGN
Chevrolet Caprice = 1M 6.0 185.1 52 16.5

Motea: Price is measured in 100 11, S. dollars. displacement in liters, gasoline consumption in liters, 100 km, and weight in 100 kg
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3. L’AFC comme recherche de
codages optimaux

3.1 Le cas de deux variables qualitatives
nominales

19



Un peu de (pré)histoire

Fisher (1940)
Equations de 'AFC
Introduction du vocable « Scores »

THE PRECISION OF DISCRIMINANT FUNCTIONS *

% See Author's Note, Paper 155.

1. INTRODUCTORY

IN a paper (1938a) on “The statistical utilization of multiple measurements” the author
considered the general procedure of the establishment of discriminant functions, or sets of
scores, based on an analysis of covariance, for a battery of different experimental deter-
minations. In general, these functions are those giving stationary values to the ratio of

20



For example, in a contingency table individuals are cross classified in two categories,
such as eye colour and hair colour, as in the following example (Tocher’s data for Caithness
compiled by K. Maung of the Galton Laboratory).

Hair colour
Eye colour '

Fair Red Medium Dark Black Total
Blue 26 38 I 110 3 718
Light 88 116 ;34 188 z 1580
Medium 3;5 84 909 41 2 1774
Dark | 48 403 . 8s 1315
Total 1455 286 2137 1391 118 5187

Variation among the four eye colours may be regarded as due to variations in three
variates defined conveniently in some such way as the following:

Eye colour x I z
Blue o o o
Light I o o
Medium o I o
Dark o o 1

We may then ask for what eye colour scores, i.e. for what linear function of z,, z,, z,,
are the five hair colour classes most distinct. The answer may be found in a variety of ways.
For example, by starting with arbitrarily chosen scores for eye colour, determining from
these average scores for hair colour, and using these latter to find new scores for eye colour.

21



R. A. FISHER 427

~Apart from a contraction of scale by a factor R? for each ct;mpleted oyelse,-this form tends to
a limit, and yields scores such as the following:

Eye colour = Hair colour v
}
Light -0 Fair - 12187
Blue - n-gm Red - 0'5226
Medium 0'0753 Medium ~0'0041
Dark 1'5743 Dark 1°31
3 Black 2'4518

The particular values given above have been standardized so as to have mean values
zero, and mean square deviations unity. In the sample from which they are derived each
score has a linear regression on the other, the regression coefficient being 0-44627; this is,
of course, equal to the correlation coefficient between the two scores regarded as variates.
Hotelling has called pairs of functions of this kind canonical components. It may be noticed
that no assumption is introducéd as to the order of the classes of each category. In Tocher’s
schedule Light eyes come between Blue and Medium, but the discriminant function puts
Blue between Medium and Light, though near the latter.

22



L'algorithme des moyennes reciproques

L’analyse canonique (canonical correlation
analysis)
Proposée par H.Hotelling (1933)

Recherche de combinaisons linéaires de
variables de X, et X, en corrélation
maximale

AFC si X, et X, tableaux d'indicatrices de 2
variables qualitatives

23



3.2 L'ACM comme codage optimal
simultané de p variables qualitatives

Premiers travaux dans les années 1930-40
Louis Guttman (1916-1987)

Professeur de sociologie a Cornell University
Fondateur de 1’Israel Institute of Applied Social
Research, devenu Guttman Center de 1’ Israel
Democracy Institute

"The Quantification of a Class of Attributes: A
Theory and Method of Scale Construction," in P.
Horst et al., T7he Prediction of Personal
Adjustment, SSRC, 1941, pp. 321-348

‘Effet Guttman’ ou ‘horseshoe effect’

24
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The Quaniification of a CGlass of
Areributes: A 'f'ﬁew:y and
Method of Scale Construction

1 THE PRORLEM %

In the social sciences we are often confronted with a set of
acts of a population of individuals that we would e to censider
as a single class of behavior, Examples would be that t2iality of
acts which is considercd to constitute attitude toward war, or
that tot'ﬂit} of acts which is con=ilered to conatitute compe-
tence in a jub, or that totality of acts which is contidered to con-
stitute marital 'u.hustmcnt

We are interested in the case where the acts are attri h tes
recarded in the form of items with mutually exc. .z
gorics.

Thus, we are givea the responses of a population of U indi-
viduals to a set of w itemis which have a comman conzent that
is desired to Le thought as a single class of behavior. Theze re-
sponscs can be represented by cheek marks as in the fcllewing
table (with hypothetical entrics):

Principe de cohérence interne:
Attribuer a chaque modalité

une valeur numérique telle

que les variables &, ainsi créées
soient aussi proches que possible

et la note moyenne la plus dispersée

Possible.
A 1’origine des travaux hollandais.

L

Ispiviorat
SUDCATOGORY —_—
| 1 2 3 4 v
Ay v v "
A v . v
. - -
v v
By W ' v J
Zy + v
£ v vy -
Zy v .
A "
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Extrait de Saporta, 2006

10mL'analyse des correspondances multiples 229

Considérons le tableau n, p des variables £;

& ....... £,
| [ ST &1p
2
3 I Enpd
potons El. Ez. .. .,T‘w les moyennes des différentes lignes :
- 1F
£ =~
p_.l =] '

Supposons, ce qui ne nuit pas a la généralité que chaque & est une vanable de moyenne nulle.

On cherche alors 4 avoir des mesures les plus homogénes possible en minimisant en
moyenne la dispersion intra-individuelle.

. . 1 & .
Pour chaque observation celle-ci vaut— 2 (£, — &, donc en moyenne elle vaut :
i=1

n

| P -
- (& — E;}I
np I=E] _rzl !
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La variance totale du tableau (§;) étant égale & la moyenne des variances plus la variance

des moyennes :
| &2
- E E(Erﬂz =
np =y j=1

] revient au méme de maximiser :

Or: £ =X a,
Jone - Der=
nc : “;:1& =

l L] - l " _
— 2 2 =€) + = X(E)
np j=y j=| 7t =

L

h 2

L 2®
L& ey
—_— ‘_}
”prglj=L§J

£ lﬁ‘,x X
't = — a, = —Xa
ot & Pi=1 mp
l]{a) (l Xa) =%3'X'Ka
p P np

27



230 10mmL analyse des correspondances multiples

S(E,) = £E = (Xa)(X,a) = aDa,
i=1

E l
d’ol : - 2 Efgu}* = E Dfa_r - -}; a'Da
_J 1 i=i j=1

La guantité critére vaut donc :

1

——a'X'

up_la Xa _1a'X'Xa
i ‘Da
—a'Da p a b
np

Son maximum est atteint pour a vecteur propre associ€ a la plus grande valeur propre

I
A de; D~'X'X. On retrouve bien le premier facteur de I'ACM de X.
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S THE “CHE-SQOUARE” METRIC

The multiphicity of <clutions in Section 4 shows that we are
dealing with o problem akin to that of lactor analysis in psychol-
oy, We can, as a matter of fact, throw our selution into the
furm of a principal axis solution, as we shall do in this section.

There is an cssential difference, however, between the present
problem of quantifyving a ¢lass of atetributes and the problem of
“lactoring” a set of quantitative variates. The principal axis
=olution for a set of quantitative variates depends on the pre-
liminary wnitz of measurement of those variates. In the pregent
problem, the guestion of preliminary units-does not arise since
we limit ourselves to considering the presence or abicnce of he-
havior. But we shall now sce that in a scase a metrie has arisen
out of our analysis, a metrie that we shall eall the "chi-sepuare”™
metric.

L . =0 a_"_. P R r__-_.. _.f . i e o 1 ..-..._ ‘.-.-'..'-1 L

29



3.3 Autres approches

Chercher les codages qui maximisent la
premiere valeur propre de I’ACP réduite des
variables quantifiées: PRINQUAL a une
dimension

30



4. Quelgues problemes de
régression monotone

4.1 Régression simple sur variable
transformeée mmz ST(X))

A Si relation monotone T(x)=y

31



Algorithme de Kruskal:

Si y,<y; on pose T(x)=T(x)= (y;+Y,)/2 et on
continue avec T(Xg)=Ys Sl Ya=>(Y1+Y2)/2
Sinon on pose T(X)=T(X,)=T(X3)= (Y;+Y,+ Y3)/3
Etc.

Présentation matricielle:

Régression multiple a coefficients positifs

1 0 0 0ffb T(x) sauf la constante
y_1 1 0 0|l oo T(X,) te
111 ol . §/:b11+2b-2-
]
111 1)|b, T(x,) j=2

e Un algorithme général de régression sous contraintes de
positivité:
Régression descendante avec elimination des variables a coefficients
négatifs et itération.

32



4.2 Proc Transreg de SAS

PROC TRANSREG = DATA=SAS-data-set »
< QUTTEST=5AS-data-set » < a-options > < o-optionsg > ;
MODEL < transform(dependents < / t-options =)
< transform{dependents < / t-options =)..» = =
transform{independents </ t-options =
< transform({independents < / t-options »)._» </ a-options > ;

OUTPUT = OUT=5SAS-data-set » < o-options » ;
|0 variables ;

FREQ vanahle ;

WEIGHT vanahle ;

BY vanahles ;

33



Table 80,2 Transformation Families

Transformation Description

Variable Expansions

BSPLINE B-zpline bazis

CLASS set of coded variables
EPOINT eliptical rezponze zurface
POINT circular rezponze zurface & PREFMAP
PSPLIME piecewize polynomial bagis
QPOINT quadratic rezponse surface
Nonoptimal Transformations

ARSIN inverse trigonometric =ine
EXP exponential

LOG logarithm

LOGIT logit

POWER raizes variables to specified power
RANK tranzforms to ranks
Honlinear Fit Transformations

BOXCOX Box-Cox

PBESPLINE penalized B-=plines

SMOOTH noniterative smoothing =pline
Optimal Transformations

LIMEAR lingar

MONOTONE monotonic, ties prezerved
MSPLINE monotonic B-gpline
OPSCORE optimal 2coring

SPLINE B-zpline

UNTIE monotonic, ties not preserved
Other Transformations

IDENTITY identity, no transformation
SSPLIME iterative smoothing =pline

34
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