
1 System T

1.1 Syntax

term : type.

clos : type.
env : type.
stack : type.

state : type.
int : type.
bool : type.

frame : type.

Term t

x : term.

m : term.

t1 t2 : term.

λx.t : term.

succ(t) : term.

pred(t) : term.

rec(t1, t2, t3) : term.

let x= t1 in t2 : term.

Integer m

Z : int.

S(m) : int.

Boolean b

T : bool.

F : bool.

Closure c

(t; E) : clos.

Environment E

[] : env.

(E , x← c) : env.

Frame f

([] c) : frame.

(c []) : frame.

rec([], c2, c3) : frame.

rec(c1, [], c3) : frame.

rec(c1, c2 , []) : frame.

succ([]) : frame.

Stack S

[] : stack.
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f :S : stack.

State σ

〈t, E ,S〉 : state.

1.2 Judgments

E(x)= c : type.
σ1→ σ2 : type.
σ1 c2 : type.
t value : type.

1.3 Fetch

(E , x← c)(x)= c
[Fetch1]

x� x′ E(x)= c

(E , x′← c′)(x)= c
[Fetch2]

%mode +E(+x)=−c
%worlds () E(x)= c

%terminates E E(x)= c

Remark. Twelf cannot check the following property:

%unique +E(+x)=−1c

1.4 Value

m value
[V_Cst]

x value
[V_Var]

λx.t value
[V_Abs]

1.5 Evaluation
E(x)= (t; E ′)

〈x, E ,S〉→ 〈t, E ′,S〉
[E_Var]

〈t t′, E ,S〉→ 〈t′, E , ((t; E) []) :S〉
[E_App1]

w value

〈w, E , (((t; E ′) [])) :S〉→ 〈t, E ′, ([] (w; E)) :S〉
[E_App2]

〈λx.t, E , ([] c) :S〉→ 〈t, (E , x← c),S〉
[E_Abs]

〈let x= t1 in t2 , E ,S〉→ 〈t1, E , ((λx.t2; E) []) :S〉
[E_Let]

〈succ(t), E ,S〉→ 〈t, E , succ([]) :S〉
[E_succ1]

〈m, E , succ([]) :S〉→ 〈S(m), E ,S〉
[E_succ2]

〈rec(t1, t2, t3), E ,S〉→ 〈t3, E , rec((t1; E), (t2; E) , []) :S〉
[E_rec3]

2 Section 1



w value

〈w, E , rec((t1; E1), (t2; E2) , []) :S〉→〈t2, E2, rec((t1; E), [], (w; E)) :S〉
[E_rec4]

w value w3 value

〈w, E , rec((t1; E1), [], (w3; E3)) :S〉→ 〈t1, E1, rec([], (w; E), (w3; E3)) :S〉
[E_rec5]

w2 value w3 value

〈Z, E , rec([], (w2; E2), (w3; E3)) :S〉→ 〈w2, E2,S〉
[E_rec1]

w2 value w3 value

〈S(m), E , rec([], (w2; E2), (w3; E3)) :S〉→ 〈m, E , rec([], (w2; E2), (w3; E3)) : (((w3m); E3) []) :S〉
[E_rec2]

%mode +t value
%worlds () t value
%mode +σ1→−σ2

%worlds () σ1→ σ2

Remark. Twelf cannot check the following property:

%unique +σ1→−1σ2

1.6 Full evaluation
m value

〈m, E , []〉 (m; E)
[Eval_1]

σ1→ σ2 σ2 c

σ1 c
[Eval_2]

%solve 〈succ(Z), [], []〉 ⊔

%solve 〈let g=λx.succ(x) in (gZ), [], []〉 ⊔
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%%%%%%%%%% Start TeXmacs macros
\newcommand{\tmrsub}[1]{\ensuremath{_{\textrm{#1}}}}
%%%%%%%%%% End TeXmacs macros

\begin{document}

\section{System T}

\subsection{Syntax}



{\metadecl{{\term}}{{\metatype}}}

{\metadecl{{\clos}}{{\metatype}}}

{\metadecl{{\cenv}}{{\metatype}}}

{\metadecl{{\stack}}{{\metatype}}}

{\metadecl{{\state}}{{\metatype}}}

{\metadecl{{\iint}}{{\metatype}}}

{\metadecl{{\bool}}{{\metatype}}}

{\metadecl{{\fframe}}{{\metatype}}}



\subsubsection*{Term {\termzero}}



{\metadecl{{\tvar{{\identzero}}}}{{\term}}}

{\metadecl{{\tcst{{\iintzero}}}}{{\term}}}

{\metadecl{{\tapp{{\termone}}{{\termtwo}}}}{{\term}}}

{\metadecl{{\tlam{{\identzero}}{{\termzero}}}}{{\term}}}

{\metadecl{{\tsucc{{\termzero}}}}{{\term}}}

{\metadecl{{\tpred{{\termzero}}}}{{\term}}}

{\metadecl{{\trec{{\termone}}{{\termtwo}}{{\term}}}}{{\term}}}

{\metadecl{{\tlet{{\identzero}}{{\termone}}{{\termtwo}}}}{{\term}}}



\subsubsection*{Integer {\iintzero}}



{\metadecl{{\iintzero}}{{\iint}}}

{\metadecl{{\iintsucc{{\iintzero}}}}{{\iint}}}



\subsubsection*{Boolean {\booltwo}}



{\metadecl{{\boolt}}{{\bool}}}

{\metadecl{{\boolf}}{{\bool}}}

\subsubsection*{Closure {\closzero}}



{\metadecl{{\closclosure{{\termzero}}{{\cenvzero}}}}{{\clos}}}

\subsubsection*{Environment {\cenvzero}}



{\metadecl{{\cenvempty}}{{\cenv}}}

{\metadecl{{\cenvcons{{\cenvzero}}{{\identzero}}{{\closzero}}}}{{\cenv}}}



\subsubsection*{Frame {\fframezero} }



{\metadecl{{\fframecappone{{\closzero}}}}{{\fframe}}}

{\metadecl{{\fframecapptwo{{\closzero}}}}{{\fframe}}}

{\metadecl{{\fframecrecone{{\clostwo}}{{\clos}}}}{{\fframe}}}

{\metadecl{{\fframecrectwo{{\closone}}{{\clos}}}}{{\fframe}}}

{\metadecl{{\fframecrec{{\closone}}{{\clostwo}}}}{{\fframe}}}

{\metadecl{{\fframecsucc}}{{\fframe}}}

\subsubsection*{Stack {\stackzero}}



{\metadecl{{\stackempty}}{{\stack}}}

{\metadecl{{\stackcons{{\fframezero}}{{\stackzero}}}}{{\stack}}}

\subsubsection*{State {\statezero}}



{\metadecl{{\statetriple{{\termzero}}{{\cenvzero}}{{\stackzero}}}}{{\state}}}

\subsection{Judgments}



{\metadecl{{\fetch{{\cenvzero}}{{\identzero}}{{\closzero}}}}{{\metatype}}}

{\metadecl{{\evaluation{{\stateone}}{{\statetwo}}}}{{\metatype}}}

{\metadecl{{\fullevaluation{{\stateone}}{{\clostwo}}}}{{\metatype}}}

{\metadecl{{\isvalue{{\termzero}}}}{{\metatype}}}







\subsection{Fetch}

{\metadefn{{\metarule{}{{\fetch{{\cenvcons{{\mathcal{E}}}{x}{c}}}{x}{c}}}{Fetch1}}}}

{\metadefn{{\metarule{{\metahyps{{\identneq{x}{x'}}}{{\fetch{{\mathcal{E}}}{x}{c}}}}}{{\fetch{{\cenvcons{{\mathcal{E}}}{x'}{c'}}}{x}{c}}}{Fetch2}}}}

{\metamode{{\fetch{+{\mathcal{E}}}{+x}{-c}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\fetch{{\mathcal{E}}}{x}{c}}}}

{\metaterminates{{\mathcal{E}}{\hspace{1em}}{\fetch{{\mathcal{E}}}{x}{c}}}}

{\remark*{Twelf cannot check the following property:

{\metaunique{{\fetch{+{\mathcal{E}}}{+x}{-1c}}

}}}}

\subsection{Value}

{\metadefn{{\metarule{}{{\isvalue{{\tcst{m}}}}}{V\_Cst}}}}



{\metadefn{{\metarule{}{{\isvalue{{\tvar{x}}}}}{V\_Var}}}}

{\metadefn{{\metarule{}{{\isvalue{{\tlam{x}{t}}

}}}{V\_Abs}}}}



\subsection{Evaluation}

{\metadefn{{\metarule{{\fetch{{\mathcal{E}}}{x}{{\closclosure{t}{{\mathcal{E}}'}}}}}{{\evaluation{{\statetriple{{\tvar{x}}}{{\mathcal{E}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{E}}'}{{\mathcal{S}}}}}}}{E\_Var}}}}

{\metadefn{{\metarule{}{{\evaluation{{\statetriple{{\tapp{t}{t\tmrsub{}'}}}{{\mathcal{E}}}{{\mathcal{S}}}}}{{\statetriple{t\tmrsub{}'}{{\mathcal{E}}}{{\stackcons{{\fframecapptwo{{\closclosure{t}{{\mathcal{E}}}}}}}{{\mathcal{S}}}}}}}}}{E\_App1}}}}



{\metadefn{{\metarule{{\isvalue{w}}}{{\evaluation{{\statetriple{w}{{\mathcal{E}}}{{\stackcons{{\metaparen{{\fframecapptwo{{\closclosure{t}{{\mathcal{E}}'}}}}}}}{{\mathcal{S}}}}}}}{{\statetriple{t}{{\mathcal{E}}'}{{\stackcons{{\fframecappone{{\closclosure{w}{{\mathcal{E}}}}}}}{{\mathcal{S}}}}}}}}}{E\_App2}}}}

{\metadefn{{\metarule{}{{\evaluation{{\statetriple{{\tlam{x}{t}}}{{\mathcal{E}}}{{\stackcons{{\fframecappone{c}}}{{\mathcal{S}}}}}}}{{\statetriple{t}{{\cenvcons{{\mathcal{E}}}{x}{c}}}{{\mathcal{S}}}}}}}{E\_Abs}}}}

{\metadefn{{\metarule{}{{\evaluation{{\statetriple{{\tlet{x}{t\tmrsub{1}}{t\tmrsub{2}}}
}{{\mathcal{E}}}{{\mathcal{S}}}}}{{\statetriple{t\tmrsub{1}}{{\mathcal{E}}}{{\stackcons{{\fframecapptwo{{\closclosure{{\tlam{x}{t\tmrsub{2}}}}{{\mathcal{E}}}}}}}{{\mathcal{S}}}}}}}}}{E\_Let}}}}

{\metadefn{{\metarule{}{{\evaluation{{\statetriple{{\tsucc{t}}}{{\mathcal{E}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{E}}}{{\stackcons{{\fframecsucc}}{{\mathcal{S}}}}}}}}}{E\_succ1}}}}



{\metadefn{{\metarule{}{{\evaluation{{\statetriple{{\tcst{m}}}{{\mathcal{E}}}{{\stackcons{{\fframecsucc}}{{\mathcal{S}}}}}}}{{\statetriple{{\tcst{{\iintsucc{m}}}}}{{\mathcal{E}}}{{\mathcal{S}}}}}}}{E\_succ2}}}}



{\metadefn{{\metarule{}{{\evaluation{{\statetriple{{\trec{t\tmrsub{1}}{t\tmrsub{2}}{t\tmrsub{3}}}}{{\mathcal{E}}}{{\mathcal{S}}}}}{{\statetriple{t\tmrsub{3}}{{\mathcal{E}}}{{\stackcons{{\fframecrec{{\closclosure{t\tmrsub{1}}{{\mathcal{E}}}}}{{\closclosure{t\tmrsub{2}}{{\mathcal{E}}}}}}}{{\mathcal{S}}}}}}}}}{E\_rec3}}}}



{\metadefn{{\metarule{{\isvalue{w}}}{{\evaluation{{\statetriple{w}{{\mathcal{E}}}{{\stackcons{{\fframecrec{{\closclosure{t\tmrsub{1}}{{\mathcal{E}}\tmrsub{1}}}}{{\closclosure{t\tmrsub{2}}{{\mathcal{E}}\tmrsub{2}}}}}}{{\mathcal{S}}}}}}}{{\statetriple{t\tmrsub{2}}{{\mathcal{E}}\tmrsub{2}}{{\stackcons{{\fframecrectwo{{\closclosure{t\tmrsub{1}}{{\mathcal{E}}}}}{{\closclosure{w}{{\mathcal{E}}}}}}}{{\mathcal{S}}}}}}}}}{E\_rec4}}}}



{\metadefn{{\metarule{{\metahyps{{\isvalue{w}}}{{\isvalue{w\tmrsub{3}}}}}
}{{\evaluation{{\statetriple{w}{{\mathcal{E}}}{{\stackcons{{\fframecrectwo{{\closclosure{t\tmrsub{1}}{{\mathcal{E}}\tmrsub{1}}}}{{\closclosure{w\tmrsub{3}}{{\mathcal{E}}\tmrsub{3}}}}}}{{\mathcal{S}}}}}}}{{\statetriple{t\tmrsub{1}}{{\mathcal{E}}\tmrsub{1}}{{\stackcons{{\fframecrecone{{\closclosure{w}{{\mathcal{E}}}}}{{\closclosure{w\tmrsub{3}}{{\mathcal{E}}\tmrsub{3}}}}}}{{\mathcal{S}}}}}}}}}{E\_rec5}}}}



{\metadefn{{\metarule{{\metahyps{{\isvalue{w\tmrsub{2}}}}{{\isvalue{w\tmrsub{3}}}}}
}{{\evaluation{{\statetriple{{\tcst{{\iintzero}}}}{{\mathcal{E}}}{{\stackcons{{\fframecrecone{{\closclosure{w\tmrsub{2}}{{\mathcal{E}}\tmrsub{2}}}}{{\closclosure{w\tmrsub{3}}{{\mathcal{E}}\tmrsub{3}}}}}}{{\mathcal{S}}}}}}}{{\statetriple{w\tmrsub{2}}{{\mathcal{E}}\tmrsub{2}}{{\mathcal{S}}}}}}}{E\_rec1}}}}



{\metadefn{{\metarule{{\metahyps{{\isvalue{w\tmrsub{2}}}}{{\isvalue{w\tmrsub{3}}}}}}{{\evaluation{{\statetriple{{\tcst{{\iintsucc{m}}}}}{{\mathcal{E}}}{{\stackcons{{\fframecrecone{{\closclosure{w\tmrsub{2}}{{\mathcal{E}}\tmrsub{2}}}}{{\closclosure{w\tmrsub{3}}{{\mathcal{E}}\tmrsub{3}}}}}}{{\mathcal{S}}}}}}}{{\statetriple{{\tcst{m}}}{{\mathcal{E}}}{{\stackcons{{\fframecrecone{{\closclosure{w\tmrsub{2}}{{\mathcal{E}}\tmrsub{2}}}}{{\closclosure{w\tmrsub{3}}{{\mathcal{E}}\tmrsub{3}}}}}}{{\stackcons{{\fframecapptwo{{\closclosure{{\metaparen{{\tapp{w\tmrsub{3}}{{\tcst{m}}}}}}}{{\mathcal{E}}\tmrsub{3}}}}}}{{\mathcal{S}}}}}}}}}}}{E\_rec2}}}}





{\metadefn{}}

{\metamode{{\isvalue{+t}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\isvalue{t}}}}

{\metamode{{\evaluation{+{\sigma}\tmrsub{1}}{-{\sigma}\tmrsub{2}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\evaluation{{\sigma}\tmrsub{1}}{{\sigma}\tmrsub{2}}}}}

{\remark*{Twelf cannot check the following property:

{\metaunique{{\evaluation{+{\sigma}\tmrsub{1}}{-1{\sigma}\tmrsub{2}}}}}}}

\subsection{Full evaluation}

{\metadefn{{\metarule{{\isvalue{m}}}{{\fullevaluation{{\statetriple{m}{{\mathcal{E}}}{{\stackempty}}}}{{\closclosure{m}{{\mathcal{E}}}}}}}{Eval\_1}}}}

{\metadefn{{\metarule{{\metahyps{{\evaluation{{\sigma}\tmrsub{1}}{{\sigma}\tmrsub{2}}}}{{\fullevaluation{{\sigma}\tmrsub{2}}{c}}}}}{{\fullevaluation{{\sigma}\tmrsub{1}}{c}}}{Eval\_2}}}}

{\metasolve{{\fullevaluation{{\statetriple{{\tsucc{{\tcst{{\iintzero}}}}}}{{\cenvempty}}{{\stackempty}}}}{{\metawildcard}}}}}

{\metasolve{{\fullevaluation{{\statetriple{{\tlet{{\metaident{g}}}{{\tlam{{\metaident{x}}}{{\tsucc{{\tvar{{\metaident{x}}}}}}}}}{{\metaparen{{\tapp{{\tvar{{\metaident{g}}}}}{{\tcst{{\iintzero}}}}}}}}}}{{\cenvempty}}{{\stackempty}}}}{{\metawildcard}}}}}
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