SysTem T

1 System T

1.1 Syntax

idents : type.

number : type.
expression : type.
expressions : type.
block : type.
command : type.
sequence : type.

prop : type.
props : type.
env : type.

1.1.1 Identifiers x

idents.
U,y = idents — ident — idents.

1.1.2 Environment T

1.1.3 Expression e
e fmd
| =«
| *
| q
| proc [+] out ] {s}

1.1.4 Expressions &

€ =

|

| €,e
1.1.5 Block b
b =

| {stw

1.1.6 Command c

c i=

S

for z:=0untile b

8

nci(x)
ec(x)
e(€;7)

o, =



1.1.7 Sequence s

s
| €
| ¢s
| cstz:=e;s
| varxz:=e;s

%abbrev varz;s = varz:=x;s.

1.1.8 Proposition T

| nat
| proc([7i] out [7))

1.1.9 Propositions 7

T o=

| 7,7

1.2 Typing

Type equality

T1=T2 : type.

[prop _eq_refl]
p

=
Lookup
Uu€y :  ident — prop — env — type.
m[lookupgi]
xty mTEY -
T ES g lookup _ii]

Typing judgments

(fenv#0)-(term#0): (typ#0) : type.

{fenv#0)F ((terms#O}) ((typs#0)) : type.
(fenv#1), @: (typs#0)=(fenv#2) : type.
(fenv#0), (Z): ((typs#0)) b (term#0): (typ#0) : type.

Type check

{f_lookup|z|T|X)
Y (t var|lz):T

[tc_ var]
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SystEM T

[tc_ zero]

S E{(t_ zero):{typ nat)

Ykt (typ nat)
S E(t succ|t): {typ nat)

[tc_succ]

YNkt (typ nat)
Y H(t_pred|t): (typ_nat)

[tc_pred]

(f_env_cons|S|x|T)yFt: 7’
SE(t lam|z|7|t): (typ _imp]|T|7’

[tc_lam)]
)

Skt (typ imp|r|Ty EhktaT
SE(t app|ti|ta): 7’

[tc_app]

Ykt {typ nat) XYhktorr Xhkts:(typ imp|{typ nat)|((typ imp|7|7)))
Y (tirec|t1|t2|t3>:7'

- (£):(7)

SHE( tup|e|77> {(typ _tuple|T)

[tc_rec]

[tc_ tuple]

Ykti:T <f7env cons|X|y|7y Fto: T

< |et|(1/|f1|7‘2>:7./ [tc_let]
Bk t(yp_tupll?) B@:Ebmr
Yk {t_match|Z|t]t2): 7/ [c_ma ch]
Append
2, 0): ({typs_empty)) =X [app_i]
3, %: 7= )
X, (Z,x): ({typs _cons|T|7)) ={f env_cons|>/|z|T) lapp_ii]

Type check terms in extended environment

N7 7= EI—t
(@) (F)F

[tcte_product]

Type check terms

EF ({ts_empty)): ({typs_empty)) Lo o-"Pt]

Yt XF(F):(F)
Yk ((ts cons|t |t)): ((typs cons|7|T))

[tcts_cons]

1.3 Properties

Y%mode (form eq|+7|+ 72)
%mode +t; =+t
Y%mode (f lookup|+xz|— 7|+ )
Yomode +X,+T:4+7=-Ys
%mode

+EXF+t—7

+ 2, (+2): (+7) F+t =7

+ 3k (+): (=7)

1.4 Examples

ty = (t zero).



4 SECTION 1

%solve (f env empty)tto: (typ nat)

%solve (f env_empty)H({t lam|x|(typ nat)|(t succ|(t zero))):T

%solve (f env _empty)H{t lam|x|{typ nat)|(t succ|(t zero))):{typ imp|{typ nat)|{typ nat))
%solve (f env_empty)F(t lam|x|{typ nat)|(t lam|y|(typ nat)|({t rec|(t var|x)|(t var|y)|
(t_lamlk[{typ nat)|(t lam|z|(typ nat)|(t succ|(t zero))))))):T

%solve (f env_empty)F(t lam|x|{typ nat)|(t var|[x)): (typ imp|(typ nat)|{typ nat))
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\section{System T}

\subsection{Syntax}



{\metadecl{{\idents}}{{\metatype}}}

{\metadecl{{\num}}{{\metatype}}}

{\metadecl{{\expression}}{{\metatype}}}

{\metadecl{{\expressions}}{{\metatype}}}

{\metadecl{{\blk}}{{\metatype}}}

{\metadecl{{\command}}{{\metatype}}}

{\metadecl{{\sequence}}{{\metatype}}}

{\metadecl{{\prop}}{{\metatype}}}

{\metadecl{{\props}}{{\metatype}}}

{\metadecl{{\ienv}}{{\metatype}}}

\subsubsection{Identifiers {\identzero}}



{\metadecl{{\xsempty}}{{\idents}}}

{\metadecl{{\xscons{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\idents}}{{\metaimp{{\ident}}{{\idents}}}}}}}

\subsubsection{Environment {\ienvzero}}



{\metadeclone{{\ienvempty}}{{\ienvzero}}}

{\metadecltwo{{\ienvcons{{\ienvzero}}{{\identzero}}{{\propzero}}}}{{\ienv}}}



\subsubsection{Expression {\expressionzero}}

{\metadeclone{{\evar{{\identzero}}}}{{\expressionzero}}}

{\metadecltwo{{\estar}}{{\expression}}}

{\metadecltwo{{\enumber{{\numzero}}}}{{\expression}}}

{\metadecltwo{{\eproc{{\ienvga}}{{\ienvom}}{{\sequencezero}}}}{{\expression}}}

\subsubsection{Expressions {\expressionszero}}

{\metadeclone{{\esempty}}{{\expressionszero}}}

{\metadecltwo{{\escons{{\expressionszero}}{{\expressionzero}}}}{{\expressions}}}

\subsubsection{Block {\blkzero}}

{\metadeclone{{\bblock{{\sequencezero}}{{\ienvom}}}}{{\blkzero}}}

\subsubsection{Command {\commandzero}}

{\metadeclone{{\cblock{{\blkzero}}}}{{\commandzero}}}

{\metadecltwo{{\cfor{{\identzero}}{{\expressionzero}}{{\blkzero}}}}{{\command}}}

{\metadecltwo{{\cassign{{\identzero}}{{\expressionzero}}}}{{\command}}}

{\metadecltwo{{\cinc{{\identzero}}}}{{\command}}}

{\metadecltwo{{\cdec{{\identzero}}}}{{\command}}}

{\metadecltwo{{\ccall{{\expressionzero}}{{\expressionszero}}{{\identszero}}}}{{\command}}}



\subsubsection{Sequence {\sequencezero}}

{\metadeclone{{\semptyzero}}{{\sequencezero}}}

{\metadecltwo{{\scomm{{\commandzero}}{{\sequencezero}}}}{{\sequence}}}

{\metadecltwo{{\scst{{\identzero}}{{\expressionzero}}{{\sequencezero}}}}{{\sequence}}}

{\metadecltwo{{\svar{{\identzero}}{{\expressionzero}}{{\sequencezero}}}}{{\sequence}}}



{\metaabbrevzero{{\suninitvar{x}{s}}}{{\svar{x}{{\estar}}{s}}}}

\subsubsection{Proposition {\propzero}}

{\metadeclone{{\punit}}{{\propzero}}}

{\metadecltwo{{\pnat}}{{\prop}}}

{\metadecltwo{{\pproc{{\propsone}}{{\propstwo}}}}{{\prop}}}



\subsubsection{Propositions {\propszero}}

{\metadeclone{{\psempty}}{{\propszero}}}

{\metadecltwo{{\pscons{{\propszero}}{{\propzero}}}}{{\props}}}

\subsection{Typing}

\subsubsection*{Type equality}



{\metadecl{{\propeq{{\propone}}{{\proptwo}}}}{{\metatype}}}

{\metadefn{{\metarule{}{{\propeq{{\tau}}{{\tau}}}}{prop\_eq\_refl}}}}



\subsubsection*{Lookup}



{\metadecl{{\lookup{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\ident}}{{\metaimp{{\prop}}{{\metaimp{{\ienv}}{{\metatype}}}}}}}}}



{\metadefn{{\metarule{}{{\lookup{x}{{\tau}}{{\ienvcons{{\Sigma}}{x}{{\tau}}}}}}{lookup\_i}}}}





{\metadefn{{\metarule{{\metahyps{{\varneq{x}{y}}}{{\lookup{x}{{\tau}}{{\Sigma}}}}}}{{\lookup{x}{{\tau}}{{\ienvcons{{\Sigma}}{y}{{\tau}'}}}}}{lookup\_ii}}}}



\subsubsection*{Typing judgments}





{\metadecl{{\tcterm{{\fenvzero}}{{\termzero}}{{\typzero}}}}{{\metatype}}}

{\metadecl{{\tcterms{{\fenvzero}}{{\termszero}}{{\typszero}}}}{{\metatype}}}

{\metadecl{{\app{{\fenvone}}{{\identszero}}{{\typszero}}{{\fenvtwo}}}}{{\metatype}}}

{\metadecl{{\tctermextenv{{\fenvzero}}{{\identszero}}{{\typszero}}{{\termzero}}{{\typzero}}}}{{\metatype}}}

\subsubsection*{Type check}



{\metadefn{{\metarule{{\flookup{x}{{\tau}}{{\Sigma}}}}{{\tcterm{{\Sigma}}{{\tvar{x}}}{{\tau}}}}{tc\_var}}}}



{\metadefn{{\metarule{}{{\tcterm{{\Sigma}}{{\tzero}}{{\typnat}}}}{tc\_zero}}}}



{\metadefn{{\metarule{{\tcterm{{\Sigma}}{t}{{\typnat}}}}{{\tcterm{{\Sigma}}{{\tsucc{t}}}{{\typnat}}}}{tc\_succ}}}}

{\metadefn{{\metarule{{\tcterm{{\Sigma}}{t}{{\typnat}}}}{{\tcterm{{\Sigma}}{{\tpred{t}}}{{\typnat}}}}{tc\_pred}}}}



{\metadefn{{\metarule{{\tcterm{{\fenvcons{{\Sigma}}{x}{{\tau}}}}{t}{{\tau}'}}}{{\tcterm{{\Sigma}}{{\tlam{x}{{\tau}}{t}}}{{\typimp{{\tau}}{{\tau}'}}}}}{tc\_lam}}}}

{\metadefn{{\metarule{{\metahyps{{\tcterm{{\Sigma}}{t\tmrsub{1}}{{\typimp{{\tau}}{{\tau}'}}}}}{{\tcterm{{\Sigma}}{t\tmrsub{2}}{{\tau}}}}}}{{\tcterm{{\Sigma}}{{\tapp{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}'}}}{tc\_app}}}}

{\metadefn{{\metarule{{\metahyps{{\tcterm{{\Sigma}}{t\tmrsub{1}}{{\typnat}}}}{{\metahyps{{\tcterm{{\Sigma}}{t\tmrsub{2}}{{\tau}}}}{{\tcterm{{\Sigma}}{t\tmrsub{3}}{{\typimp{{\typnat}}{{\metaparen{{\typimp{{\tau}}{{\tau}}}}}}}}}}}}}}{{\tcterm{{\Sigma}}{{\trec{t\tmrsub{1}}{t\tmrsub{2}}{t\tmrsub{3}}}}{{\tau}}}}{tc\_rec}}}}

{\metadefn{{\metarule{{\tcterms{{\Sigma}}{\vec{t}}{\vec{{\tau}}}}}{{\tcterm{{\Sigma}}{{\ttuple{\vec{t}}}}{{\typtuple{\vec{{\tau}}}}}}}{tc\_tuple}}}}

{\metadefn{{\metarule{{\metahyps{{\tcterm{{\Sigma}}{t\tmrsub{1}}{{\tau}}}}{{\tcterm{{\fenvcons{{\Sigma}}{y}{{\tau}}}}{t\tmrsub{2}}{{\tau}'}}}}}{{\tcterm{{\Sigma}}{{\tlet{y}{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}'}}}{tc\_let}}}}



{\metadefn{{\metarule{{\metahyps{{\tcterm{{\Sigma}}{t\tmrsub{1}}{{\typtuple{\vec{{\tau}}}}}}}{{\tctermextenv{{\Sigma}}{\vec{x}}{\vec{{\tau}}}{t\tmrsub{2}}{{\tau}'}}}}}{{\tcterm{{\Sigma}}{{\tmatch{\vec{x}}{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}'}}}{tc\_match}}}}

\subsubsection*{Append}

{\metadefn{{\metarule{}{{\app{{\Sigma}}{{\metaparen{{\xsempty}}}}{{\metaparen{{\typsempty}}}}{{\Sigma}}}}{app\_i}}}}

{\metadefn{{\metarule{{\app{{\Sigma}}{\vec{x}}{\vec{{\tau}}}{{\Sigma}'}}}{{\app{{\Sigma}}{{\metaparen{{\xscons{\vec{x}}{x}}}}}{{\metaparen{{\typscons{\vec{{\tau}}}{{\tau}}}}}}{{\fenvcons{{\Sigma}'}{x}{{\tau}}}}}}{app\_ii}}}}

\subsubsection*{Type check terms in extended environment}

{\metadefn{{\metarule{{\metahyps{{\app{{\Sigma}}{\vec{x}}{\vec{{\tau}}}{{\Sigma}'}}}{{\tcterm{{\Sigma}'}{t}{{\tau}'}}}}}{{\tctermextenv{{\Sigma}}{\vec{x}}{\vec{{\tau}}}{t}{{\tau}'}}}{tcte\_product}}}}

\subsubsection*{Type check terms}

{\metadefn{{\metarule{}{{\tcterms{{\Sigma}}{{\tsempty}}{{\typsempty}}}}{tcts\_empty}}}}

{\metadefn{{\metarule{{\metahyps{{\tcterm{{\Sigma}}{t}{{\tau}}}}{{\tcterms{{\Sigma}}{\vec{t}}{\vec{{\tau}}}}}}}{{\tcterms{{\Sigma}}{{\tscons{\vec{t}}{t}}}{{\typscons{\vec{{\tau}}}{{\tau}}}}}}{tcts\_cons}}}}

\subsection{Properties}

{\metamode{{\formeq{+{\tau}\tmrsub{1}}{+{\tau}\tmrsub{2}}}}}

{\metamode{{\termeq{+t\tmrsub{1}}{+t\tmrsub{2}}}}}

{\metamode{{\flookup{+x}{-{\tau}}{+{\Sigma}}}}}

{\metamode{{\app{+{\Sigma}\tmrsub{1}}{+\vec{x}}{+\vec{{\tau}}}{-{\Sigma}\tmrsub{2}}}}}

{\metamode{\\
{\hspace{2em}}{\tcterm{+{\Sigma}}{+t}{-{\tau}}}\\
{\hspace{2em}}{\tctermextenv{+{\Sigma}}{+\vec{x}}{+\vec{{\tau}}}{+t}{-{\tau}'}}\\
{\hspace{2em}}{\tcterms{+{\Sigma}}{+\vec{t}}{-\vec{{\tau}}}}}}

\subsection{Examples}

{\metaabbrev{t\tmrsub{0}}{{\tzero}}}

{\metasolve{{\tcterm{{\fenvempty}}{t\tmrsub{0}}{{\typnat}}}}}

{\metasolve{{\tcterm{{\fenvempty}}{{\tlam{{\metaident{x}}}{{\typnat}}{{\tsucc{{\tzero}}}}}}{{\tau}}}}}

{\metasolve{{\tcterm{{\fenvempty}}{{\tlam{{\metaident{x}}}{{\typnat}}{{\tsucc{{\tzero}}}}}}{{\typimp{{\typnat}}{{\typnat}}}}}}}

{\metasolve{{\tcterm{{\fenvempty}}{{\tlam{{\metaident{x}}}{{\typnat}}{{\tlam{{\metaident{y}}}{{\typnat}}{{\trec{{\tvar{{\metaident{x}}}}}{{\tvar{{\metaident{y}}}}}{{\tlam{{\metaident{k}}}{{\typnat}}{{\tlam{{\metaident{z}}}{{\typnat}}{{\tsucc{{\tzero}}}}}}}}}}}}}}{{\tau}}}}}

{\metasolve{{\tcterm{{\fenvempty}}{{\tlam{{\metaident{x}}}{{\typnat}}{{\tvar{{\metaident{x}}}}}}}{{\typimp{{\typnat}}{{\typnat}}}}}}}
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