SIMPLY TYPED A-CALCULUS

1 Simply typed A-calculus

1.1 Syntax

1.1.1 Types

type : type.

unit :  type.
u—u :  type — type — type.
uXy @ type — type — type.
1.1.2 Terms

term : type.

() : term.
Uy - term — term — term.
Autu.u ¢ type — (term — term) — term.

%binding 1—3 in A,:y..
(u,u) : term — term — term.
let (,u)=uin y : term — (term — term — term) — term.

%binding 2—4 in let (|, )=y in
%binding 1—4 in let (,, )=y in

1.2 Typing judgment
Fu:u @ term — type — type.

[of _empty]

F(): unit

{z} Fao:7 — Fitfz]:7’
F\z: r.t[z]: 7 — 1/

[of _lam]



it —71 FtaiT
Ftito: 1!

[of_app]

[ AT b DY
F(ti,ta):m X7/

[of _pair]

{z} Fo:rn — ({y} Fyme — Fulz)lyl:7) Famixm

Flet (xz,y) =t in u[z][y]: T o tet]

1.2.1 Derived meta-rule for the let macro

{z} Fao:r — Ftzl:7) A Ftar = FAzi7dz]ter’ :  type.

D [&]
ofy
{z} Fao:7 — Fiz]:7’ . Do,
Det, Dot, Fz: r.t[z]: 7 — 1! fof_tam] Fto: T .
{z} Fo:7 — Fta]ir A Fio:T = Fz: .¢[x] to: 7/ [of_app]

%mode +Do;, A +Dor, = — Doy,
Y%worlds () Dor, N Do, = Do,
%total {} Dofl /\ D0f2 — D0f3

1.3 Values

y value : term — type.

<> value [value_empty]

A\z: 7.t[x] value [Vatue_tam]
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t1 value t2 value
(t1,t2) value

[value _pair]

1.4 Reduction semantics

u—u : term — term — type.

t1—t]

——  [ste appl
bty — 1] g rP—2PPY

t1 value to—th

t 2
ittty Crep-eerd

t1 =t
(t1,ta) = (], t2)

[step_pairl]

t1 value to—th

[ste air2)
<t17 t2> - <t17 té> v

to value
Az T.t[xz] ta — t[ta]

[step_beta]

t1 value t2 value
let (z,y) = (t1,t2) in ulz][y] = ult1][t2

[step _let]
]

1.5 Preservation theorem

t—t' AN Ft:r = Ft:7 : type



DstepEl DofEl DofE{
t1— ] A i — T = Ftiime—T e
&l
DstcpEl DofE1 DofE2 DofE{ Dosz
t1—t1 A Ftiime—71  Hoime N Ftiime—71 Hoitme
——— [step_a of a of a
trts b8y PP Pyt T fof_ap] ] e T fof_apr]
DstepEz /\ DofE2 ,DofEé
to—th Fto: 1o Fth: o )
&
Dyalk, DestepE, Dosk, Dotg, Dotk, Dotry ’
t1 value tz—)té /\ i — T Fto: o . Ftiime— 1 l—té:Tz
step app2 of a of a
thty— 1t} fstep_app2] Py tor T fof_apr) Fty thi T fof_ap]
DstcpEl DofE1 DofE’
E N
t1—t] /\ Fti: T Hti: T 2]
&3
DstepE, Dotr, Dok, Dotr; DotE, ’
t1—t] Ftiim Htarme N AR s T = Y
- ir f ir ——————— [of ir
<1€17 t2> — <ti, t2> Istep_pairl] /\ |_<t1, t2>2 T1 X To [of _pair] F(ti, t2>1 T1 X To [of_pair]
DstcpE2 DofE2 DofE.’
E 2
ta—t2 A Fto: 7o Fta: 7o "
&4
Deaig, DstepEs Dotr, DotE, Dotk, Dosr,
t1 value to—th A Fti1:m Hto: 1o . Ft1:m Fth: 1o
S ir ———————— [of ir ——F—————— [of ir
<t1,t2>—><t1,té> [step _pair2] }_<t1,t2>17'1 X To fof _pair] |_<t1,t5>27'1 X To lof _pair]
[&5]
DofE
Deal, {z} Faime — Fit[z]:7 Dot
[of lam]
t2 value FAz: mot[z]: e —> 7 - Fta: o Dot t2 Doti,

[step beta] /\ [of _app] =

Az To.t[z] ta — t[to] F(Ax: mo.t[x]) ta: T Fitfta]: T
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Do, Dot,
Dvah Dvalz Dot i Fto: 7o )
t1 value t2 value {z} Fa:rn — ({y} Fyie — Fuz][y]:7) F{t1,to): T1 X T2 fof _pair] Dot t1 Do, ta Do,
let (z,y) = (t1,t2) in ulz][y] — u[t1][to] istep_tet] - A\ Flet (x,y) = (t1,t2) in u[z][y]: T fof let] == Fulty][ta]: T
%mode +Dgep A +Dor = —Dop
Y%worlds () Dstep A Dot = Dop
%total Dstcp Dstcp /\ Dyt — Dypr
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\section{Simply typed $\lambda$-calculus}

\subsection{Syntax}

\subsubsection{Types}



{\metadecl{{\tp}}{{\metatype}}}

{\metadecl{{\unit}}{{\tp}}}

{\metadecl{{\arrow{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tp}}{{\metaimp{{\tp}}{{\tp}}}}}}}

{\metadecl{{\product{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tp}}{{\metaimp{{\tp}}{{\tp}}}}}}}



\subsubsection{Terms}



{\metadecl{{\tm}}{{\metatype}}}



{\metadecl{{\single}}{{\tm}}}

{\metadecl{{\app{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tm}}{{\metaimp{{\tm}}{{\tm}}}}}}}



{\metadecl{{\lam{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tp}}{{\metaimp{{\metaparen{{\metaimp{{\tm}}{{\tm}}}}}}{{\tm}}}}}}}

{\metabind{1}{3}{{\lam{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}}



{\metadecl{{\pair{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tm}}{{\metaimp{{\tm}}{{\tm}}}}}}}

{\metadecl{{\let{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tm}}{{\metaimp{{\metaparen{{\metaimp{{\tm}}{{\metaimp{{\tm}}{{\tm}}}}}}}}{{\tm}}}}}}}

{\metabind{2}{4}{{\let{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}}

{\metabind{1}{4}{{\let{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}}



\subsection{Typing judgment}



{\metadecl{{\typing{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tm}}{{\metaimp{{\tp}}{{\metatype}}}}}}}



{\metadefn{{\metarule{}{{\typing{{\single}}{{\unit}}}}{of\_empty}}}}





{\metadefn{{\metarule{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}}}}{{\typing{{\metaappzero{t}{x}}}{{\tau}'}}}}}}}{{\typing{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}{{\arrow{{\tau}}{{\tau}'}}}}}{of\_lam}}}}





{\metadefn{{\metarule{{\metahyps{{\typing{t\tmrsub{1}}{{\arrow{{\tau}}{{\tau}'}}}}}{{\typing{t\tmrsub{2}}{{\tau}}}}}}{{\typing{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}'}}}{of\_app}}}}





{\metadefn{{\metarule{{\metahyps{{\typing{t\tmrsub{1}}{{\tau}}}}{{\typing{t\tmrsub{2}}{{\tau}'}}}}}{{\typing{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\product{{\tau}}{{\tau}'}}}}}{of\_pair}}}}





{\metadefn{{\metarule{{\metahyps{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}\tmrsub{1}}}}{{\metaparen{{\metaall{y}{{\metaimp{{\typing{y}{{\tau}\tmrsub{2}}}}{{\typing{{\metaappzero{{\metaappzero{u}{x}}}{y}}}{{\tau}}}}}}}}}}}}}}{{\typing{t}{{\product{{\tau}\tmrsub{1}}{{\tau}\tmrsub{2}}}}}}}}{{\typing{{\let{x}{y}{t}{{\metaappzero{{\metaappzero{u}{x}}}{y}}}}}{{\tau}}}}{of\_let}}}}



\subsubsection{Derived meta-rule for the let macro}



{\metadecl{{\ofletv{{\metaparen{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}}}}{{\typing{{\metaappzero{t}{x}}}{{\tau}'}}}}}}}}}{{\typing{t\tmrsub{2}}{{\tau}}{}}}{{\typing{{\app{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}{t\tmrsub{2}}}}{{\tau}'}}}}}{{\metatype}}}





{\metadefn{{\metarule{}{{\ofletv{{\metaterm{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}}}}{{\typing{{\metaappzero{t}{x}}}{{\tau}'}}}}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}}}{{\metarule{{\metahyps{{\metarule{{\metaterm{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}}}}{{\typing{{\metaappzero{t}{x}}}{{\tau}'}}}}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}}}{{\typing{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}{{\arrow{{\tau}}{{\tau}'}}}}}{of\_lam}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}}}}}{{\typing{{\app{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}{t\tmrsub{2}}}}{{\tau}'}}}{of\_app}}}}}{\&}}}}





{\metamode{{\ofletv{+{\mathcal{D}}\tmrsub{of\tmrsub{1}}}{+{\mathcal{D}}\tmrsub{of\tmrsub{2}}}{-{\mathcal{D}}\tmrsub{of\tmrsub{3}}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\ofletv{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}{{\mathcal{D}}\tmrsub{of\tmrsub{3}}}}}}

{\metatotal{{\metabraces{}}{\hspace{1em}}{\ofletv{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}{{\mathcal{D}}\tmrsub{of\tmrsub{3}}}}}}



\subsection{Values}



{\metadecl{{\tmvalue{{\metawildcard}}}}{{\metaimp{{\tm}}{{\metatype}}}}}





{\metadefn{{\metarulezero{}{{\tmvalue{{\single}}}}{value\_empty}}}}



{\metadefn{{\metarulezero{}{{\tmvalue{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}}}{value\_lam}}}}



{\metadefn{{\metarule{{\metahyps{{\tmvalue{t\tmrsub{1}}}}{{\tmvalue{t\tmrsub{2}}}}}}{{\tmvalue{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}}}{value\_pair}}}}



\subsection{Reduction semantics}



{\metadecl{{\step{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tm}}{{\metaimp{{\tm}}{{\metatype}}}}}}}





{\metadefn{{\metarule{{\step{t\tmrsub{1}}{t'\tmrsub{1}}}}{{\step{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\app{t'\tmrsub{1}}{t\tmrsub{2}}}}}}{step\_app1}}}}





{\metadefn{{\metarule{{\metahyps{{\tmvalue{t\tmrsub{1}}}}{{\step{t\tmrsub{2}}{t'\tmrsub{2}}}}}}{{\step{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\app{t\tmrsub{1}}{t'\tmrsub{2}}}}}}{step\_app2}}}}





{\metadefn{{\metarule{{\step{t\tmrsub{1}}{t'\tmrsub{1}}}}{{\step{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\pair{t'\tmrsub{1}}{t\tmrsub{2}}}}}}{step\_pair1}}}}





{\metadefn{{\metarule{{\metahyps{{\tmvalue{t\tmrsub{1}}}}{{\step{t\tmrsub{2}}{t'\tmrsub{2}}}}}}{{\step{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\pair{t\tmrsub{1}}{t'\tmrsub{2}}}}}}{step\_pair2}}}}





{\metadefn{{\metarule{{\tmvalue{t\tmrsub{2}}}}{{\step{{\app{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}{t\tmrsub{2}}}}{{\metaappzero{t}{t\tmrsub{2}}}}}}{step\_beta}}}}





{\metadefn{{\metarule{{\metahyps{{\tmvalue{t\tmrsub{1}}}}{{\tmvalue{t\tmrsub{2}}}}}}{{\step{{\let{x}{y}{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\metaappzero{{\metaappzero{u}{x}}}{y}}}}}{{\metaappzero{{\metaappzero{u}{t\tmrsub{1}}}}{t\tmrsub{2}}}}}}{step\_let}}}}



\subsection{Preservation theorem}



{\metadecl{{\preserv{{\step{t}{t'}}}{{\typing{t}{{\tau}}{}}}{{\typing{t'}{{\tau}}{}}}}}{{\metatype}}}





{\metadefn{{\metarule{{\preserv{{\metaterm{{\step{t\tmrsub{1}}{t'\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{1}}{{\arrow{{\tau}\tmrsub{2}}{{\tau}}}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{1}'}{{\arrow{{\tau}\tmrsub{2}}{{\tau}}}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}'}}}}}}{{\preserv{{\metarule{{\metaterm{{\step{t\tmrsub{1}}{t'\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{1}}}}}{{\step{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\app{t'\tmrsub{1}}{t\tmrsub{2}}}}}}{step\_app1}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}}{{\arrow{{\tau}\tmrsub{2}}{{\tau}}}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{{\typing{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}}}}{of\_app}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}'}{{\arrow{{\tau}\tmrsub{2}}{{\tau}}}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}'}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{{\typing{{\app{t'\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}}}}{of\_app}}}}}{\&\tmrsub{1}}}}}







{\metadefn{{\metarule{{\preserv{{\metaterm{{\step{t\tmrsub{2}}{t'\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{2}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}{{\metaterm{{\typing{t'\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}'}}}}{}}}{{\preserv{{\metarule{{\metahyps{{\metaterm{{\tmvalue{t\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{valE\tmrsub{1}}}}}{{\metaterm{{\step{t\tmrsub{2}}{t'\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{2}}}}}}}{{\step{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\app{t\tmrsub{1}}{t'\tmrsub{2}}}}}}{step\_app2}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}}{{\arrow{{\tau}\tmrsub{2}}{{\tau}}}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{{\typing{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}}}}{of\_app}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}}{{\arrow{{\tau}\tmrsub{2}}{{\tau}}}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t'\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}'}}}}}}{{\typing{{\app{t\tmrsub{1}}{t'\tmrsub{2}}}}{{\tau}}}}{of\_app}}}{}}}{\&\tmrsub{2}}}}}







{\metadefn{{\metarule{{\preserv{{\metaterm{{\step{t\tmrsub{1}}{t'\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{1}}{{\tau}\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{1}'}{{\tau}\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}'}}}}}}{{\preserv{{\metarule{{\metaterm{{\step{t\tmrsub{1}}{t'\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{1}}}}}{{\step{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\pair{t'\tmrsub{1}}{t\tmrsub{2}}}}}}{step\_pair1}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}}{{\tau}\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{{\typing{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\product{{\tau}\tmrsub{1}}{{\tau}\tmrsub{2}}}}}}{of\_pair}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}'}{{\tau}\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}'}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{{\typing{{\pair{t'\tmrsub{1}}{t\tmrsub{2}}}}{{\product{{\tau}\tmrsub{1}}{{\tau}\tmrsub{2}}}}}}{of\_pair}}}}}{\&\tmrsub{3}}}}}







{\metadefn{{\metarule{{\preserv{{\metaterm{{\step{t\tmrsub{2}}{t'\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{2}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}{{\metaterm{{\typing{t'\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}'}}}}{}}}{{\preserv{{\metarule{{\metahyps{{\metaterm{{\tmvalue{t\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{valE\tmrsub{1}}}}}{{\metaterm{{\step{t\tmrsub{2}}{t'\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{2}}}}}}}{{\step{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\pair{t\tmrsub{1}}{t\tmrsub{2}'}}}}}{step\_pair2}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}}{{\tau}\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{{\typing{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\product{{\tau}\tmrsub{1}}{{\tau}\tmrsub{2}}}}}}{of\_pair}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}}{{\tau}\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t'\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}'}}}}}}{{\typing{{\pair{t\tmrsub{1}}{t'\tmrsub{2}}}}{{\product{{\tau}\tmrsub{1}}{{\tau}\tmrsub{2}}}}}}{of\_pair}}}{}}}{\&\tmrsub{4}}}}}







{\metadefn{{\metarule{}{

{\preserv{{\metarule{{\metaterm{{\tmvalue{t\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{val\tmrsub{2}}}}}{{\step{{\app{{\lam{x}{{\tau}\tmrsub{2}}{{\metaappzero{t}{x}}}}}{t\tmrsub{2}}}}{{\metaappzero{t}{t\tmrsub{2}}}}}}{step\_beta}}}{{\metarule{{\metahyps{{\metarule{{\metaterm{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}\tmrsub{2}}}}{{\typing{{\metaappzero{t}{x}}}{{\tau}}}}}}}}{{\mathcal{D}}\tmrsub{ofE}}}}{{\typing{{\lam{x}{{\tau}\tmrsub{2}}{{\metaappzero{t}{x}}}}}{{\arrow{{\tau}\tmrsub{2}}{{\tau}}}}{}}}{of\_lam}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{{\typing{{\app{{\metaparen{{\lam{x}{{\tau}\tmrsub{2}}{{\metaappzero{t}{x}}}}}}}{t\tmrsub{2}}}}{{\tau}}}}{of\_app}}}{{\metaterm{{\typing{{\metaappzero{t}{t\tmrsub{2}}}}{{\tau}}{}}}{{\metaapp{{\metaapp{{\mathcal{D}}\tmrsub{ofE}}{t\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{}}}{\&\tmrsub{5}}}}}





{\metadefn{{\metarule{}{

{\preserv{{\metarule{{\metahyps{{\metaterm{{\tmvalue{t\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{val\tmrsub{1}}}}}{{\metaterm{{\tmvalue{t\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{val\tmrsub{2}}}}}}}{{\step{{\let{x}{y}{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\metaappzero{{\metaappzero{u}{x}}}{y}}}}}{{\metaappzero{{\metaappzero{u}{t\tmrsub{1}}}}{t\tmrsub{2}}}}}}{step\_let}}}{{\metarule{{\metahyps{{\metaterm{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}\tmrsub{1}}}}{{\metaparen{{\metaall{y}{{\metaimp{{\typing{y}{{\tau}\tmrsub{2}}}}{{\typing{{\metaappzero{{\metaappzero{u}{x}}}{y}}}{{\tau}}}}}}}}}}}}}}{{\mathcal{D}}\tmrsub{of}}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}}{{\tau}\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}}}}}{{\typing{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\product{{\tau}\tmrsub{1}}{{\tau}\tmrsub{2}}}}}}{of\_pair}}}}}{{\typing{{\let{x}{y}{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\metaappzero{{\metaappzero{u}{x}}}{y}}}}}{{\tau}}}}{of\_let}}}{{\metaterm{{\typing{{\metaappzero{{\metaappzero{u}{t\tmrsub{1}}}}{t\tmrsub{2}}}}{{\tau}}{}}}{{\metaapp{{\metaapp{{\metaapp{{\metaapp{{\mathcal{D}}\tmrsub{of}}{t\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}}}{t\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}}}}}{}}}{\&\tmrsub{6}}}}}









{\metamode{{\preserv{+{\mathcal{D}}\tmrsub{step}}{+{\mathcal{D}}\tmrsub{of}}{-{\mathcal{D}}\tmrsub{of'}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\preserv{{\mathcal{D}}\tmrsub{step}}{{\mathcal{D}}\tmrsub{of}}{{\mathcal{D}}\tmrsub{of'}}}}}

{\metatotal{{\mathcal{D}}\tmrsub{step}{\hspace{1em}}{\preserv{{\mathcal{D}}\tmrsub{step}}{{\mathcal{D}}\tmrsub{of}}{{\mathcal{D}}\tmrsub{of'}}}}}



\end{document}


