SysTem T

1 System T

1.1 Syntax

idents : type.
term : type.
terms : type.

type : type.
types : type.
fenv :  type.

1.1.1 Identifiers

idents.
u,u = tdents — ident — idents.

1.1.2 Environment X

{} : fenw
Usutu - fenv — ident — type — fenw.
1.1.3 Term ¢
xr : tlerm.
0 : term.
t1tag :  term.
mz:T=t : term.
succ(y) : term — term.
pred(,) : term — term.
rec(ty, ta,t3) : term.
let t=t1inty : term.
(L) : terms — term.
let ()= in | : idents — term — term — term.
f(Z:7)=t = Mmz7=(let (¥)=zint).
1.1.4 Terms
terms.
u,u : terms — term — terms.

1.1.5 Type T

T @ type.

1 type.

nat : type.

u—u : type — type — type.

~y : type — type.



(L) : types — type.

1.1.6 Types T

0 : types.
T,T :  types.

1.2 Typing

Formulas equality

u=uy : type — type — type.
[form eq_refl]
T=T
Terms equality
ti=t2 : type.
p— [term _eq_refl]
Lookup
Uu€y :  ident — type — fenv — type.

TTEXN, T [f_tookup_il
T rTEN
ﬁe—w [f_lookup ii]
Typing judgments
YHt:T : type.
S ():(7) type.
Y1, %:7T=%y : type.
S AZ):(TYHt:T : type.
Type check
T:TEXN .
YkhaT [be_var}
> F0:nat fte_zero]
Y. Ft:nat .
Y Fsucc(t): nat [te_suc]
Y Ft:nat
[tc_pred]

Y F pred(t): nat
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Append

Yotk
Yrfne:r=tr— 71!

SHtiit—=71" YhtoT
ZktthZT/

[tc_lam)]

[tc_app]

Yhti:nat XHi:7T XkHizinat— (r—7)
b)) Frec(tl, tg, t3>: T

[tc_rec]

L):(Z)[tcituple]
LE@):A(7)

Yttt X, y:ThtaT!
YFlet y=t; in to: 7’

t
t

[tc_let]

St (7)Y X (@) (F)Fta7’
Ylet <Zi">:t1 in t2:7’l

[tc_match]

= 0:0=% "
N, 7r=% -
¥, (&, x): (7, 1) =X, fepp_ii

[tcte product]

T=% YHkt71'
(@Y (Tt 7’

Type check terms

1.3 Properties

Y%mode +7=+79
Y%mode +t; =+t
%mode +x:—T7E€+X
Y%omode +X,+T:4+7=-Ys
%mode

+ X+t —71

+ 5 (+): (-7)

1.4 Examples
0.

to =
%solve
%solve
%solve
%solve
%solve

{}Fto:nat

{} Ffnx:nat = succ(0): 7

{} Ffnx: nat = succ(0): nat — nat

{} Ffnx:nat = fny: nat = rec(x, y, fn k: nat = fn z: nat = succ(0)): 7
{} Ffnx: nat = x: nat — nat




\documentclass{article}
\usepackage{twelf}
\usepackage{fs}

%%%%%%%%%% Start TeXmacs macros
\newcommand{\tmrsub}[1]{\ensuremath{_{\textrm{#1}}}}
%%%%%%%%%% End TeXmacs macros

\begin{document}

\section{System T}

\subsection{Syntax}



{\metadecl{{\idents}}{{\metatype}}}

{\metadecl{{\term}}{{\metatype}}}

{\metadecl{{\terms}}{{\metatype}}}

{\metadecl{{\typ}}{{\metatype}}}

{\metadecl{{\typs}}{{\metatype}}}

{\metadecl{{\fenv}}{{\metatype}}}

\subsubsection{Identifiers}



{\metadecl{{\xsempty}}{{\idents}}}

{\metadecl{{\xscons{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\idents}}{{\metaimp{{\ident}}{{\idents}}}}}}}



\subsubsection{Environment {\fenvzero}}



{\metadecl{{\fenvempty}}{{\fenv}}}

{\metadecl{{\fenvcons{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\fenv}}{{\metaimp{{\ident}}{{\metaimp{{\typ}}{{\fenv}}}}}}}}}



\subsubsection{Term {\termzero}}



{\metadecl{{\tvar{{\identzero}}}}{{\term}}}

{\metadecl{{\tzero}}{{\term}}}

{\metadecl{{\tapp{{\termone}}{{\termtwo}}}}{{\term}}}

{\metadecl{{\tlam{{\identzero}}{{\typzero}}{{\termzero}}}}{{\term}}}

{\metadecl{{\tsucc{{\metawildcard}}}}{{\metaimp{{\term}}{{\term}}}}}

{\metadecl{{\tpred{{\metawildcard}}}}{{\metaimp{{\term}}{{\term}}}}}

{\metadecl{{\trec{{\termone}}{{\termtwo}}{{\term}}}}{{\term}}}

{\metadecl{{\tlet{{\identzero}}{{\termone}}{{\termtwo}}}}{{\term}}}

{\metadecl{{\ttuple{{\metawildcard}}}}{{\metaimp{{\terms}}{{\term}}}}}

{\metadecl{{\tmatch{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\idents}}{{\metaimp{{\term}}{{\metaimp{{\term}}{{\term}}}}}}}}}



{\metaabbrev{{\tlam{\vec{x}}{\vec{{\tau}}}{t}}}{{\tlam{{\metaident{z}}}{\vec{{\tau}}}{{\metaparen{{\tmatch{\vec{x}}{{\tvar{{\metaident{z}}}}}{t}}}}}}}}

\subsubsection{Terms}



{\metadecl{{\tsempty}}{{\terms}}}

{\metadecl{{\tscons{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\terms}}{{\metaimp{{\term}}{{\terms}}}}}}}

\subsubsection{Type {\typzero}}



{\metadecl{{\typunit}}{{\typ}}}

{\metadecl{{\typvoid}}{{\typ}}}

{\metadecl{{\typnat}}{{\typ}}}

{\metadecl{{\typimp{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\typ}}{{\metaimp{{\typ}}{{\typ}}}}}}}

{\metadecl{{\typnot{{\metawildcard}}}}{{\metaimp{{\typ}}{{\typ}}}}}

{\metadecl{{\typtuple{{\metawildcard}}}}{{\metaimp{{\typs}}{{\typ}}}}}

\subsubsection{Types {\typszero}}



{\metadecl{{\typsemptyzero}}{{\typs}}}

{\metadecl{{\typscons{{\typszero}}{{\typzero}}}}{{\typs}}}



\subsection{Typing}

\subsubsection*{Formulas equality}



{\metadecl{{\formeq{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\typ}}{{\metaimp{{\typ}}{{\metatype}}}}}}}

{\metadefn{{\metarule{}{{\formeq{{\tau}}{{\tau}}}}{form\_eq\_refl}}}}



\subsubsection*{Terms equality}



{\metadecl{{\termeq{{\termone}}{{\termtwo}}}}{{\metatype}}}

{\metadefn{{\metarule{}{{\termeq{t}{t}}}{term\_eq\_refl}}}}

\subsubsection*{Lookup}



{\metadecl{{\flookup{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\ident}}{{\metaimp{{\typ}}{{\metaimp{{\fenv}}{{\metatype}}}}}}}}}



{\metadefn{{\metarule{}{{\flookup{x}{{\tau}}{{\fenvcons{{\Sigma}}{x}{{\tau}}}}}}{f\_lookup\_i}}}}





{\metadefn{{\metarule{{\metahyps{{\identneq{x}{y}}}{{\flookup{x}{{\tau}}{{\Sigma}}}}}}{{\flookup{x}{{\tau}}{{\fenvcons{{\Sigma}}{y}{{\tau}'}}}}}{f\_lookup\_ii}}}}



\subsubsection*{Typing judgments}



{\metadecl{{\tcterm{{\fenvzero}}{{\termzero}}{{\typzero}}}}{{\metatype}}}

{\metadecl{{\tcterms{{\fenvzero}}{{\termszero}}{{\typszero}}}}{{\metatype}}}

{\metadecl{{\app{{\fenvone}}{{\identszero}}{{\typszero}}{{\fenvtwo}}}}{{\metatype}}}

{\metadecl{{\tctermextenv{{\fenvzero}}{{\identszero}}{{\typszero}}{{\termzero}}{{\typzero}}}}{{\metatype}}}

\subsubsection*{Type check}



{\metadefn{{\metarule{{\flookup{x}{{\tau}}{{\Sigma}}}}{{\tcterm{{\Sigma}}{{\tvar{x}}}{{\tau}}}}{tc\_var}}}}



{\metadefn{{\metarule{}{{\tcterm{{\Sigma}}{{\tzero}}{{\typnat}}}}{tc\_zero}}}}



{\metadefn{{\metarule{{\tcterm{{\Sigma}}{t}{{\typnat}}}}{{\tcterm{{\Sigma}}{{\tsucc{t}}}{{\typnat}}}}{tc\_succ}}}}

{\metadefn{{\metarule{{\tcterm{{\Sigma}}{t}{{\typnat}}}}{{\tcterm{{\Sigma}}{{\tpred{t}}}{{\typnat}}}}{tc\_pred}}}}



{\metadefn{{\metarule{{\tcterm{{\fenvcons{{\Sigma}}{x}{{\tau}}}}{t}{{\tau}'}}}{{\tcterm{{\Sigma}}{{\tlam{x}{{\tau}}{t}}}{{\typimp{{\tau}}{{\tau}'}}}}}{tc\_lam}}}}

{\metadefn{{\metarule{{\metahyps{{\tcterm{{\Sigma}}{t\tmrsub{1}}{{\typimp{{\tau}}{{\tau}'}}}}}{{\tcterm{{\Sigma}}{t\tmrsub{2}}{{\tau}}}}}}{{\tcterm{{\Sigma}}{{\tapp{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}'}}}{tc\_app}}}}

{\metadefn{{\metarule{{\metahyps{{\tcterm{{\Sigma}}{t\tmrsub{1}}{{\typnat}}}}{{\metahyps{{\tcterm{{\Sigma}}{t\tmrsub{2}}{{\tau}}}}{{\tcterm{{\Sigma}}{t\tmrsub{3}}{{\typimp{{\typnat}}{{\metaparen{{\typimp{{\tau}}{{\tau}}}}}}}}}}}}}}{{\tcterm{{\Sigma}}{{\trec{t\tmrsub{1}}{t\tmrsub{2}}{t\tmrsub{3}}}}{{\tau}}}}{tc\_rec}}}}

{\metadefn{{\metarule{{\tcterms{{\Sigma}}{\vec{t}}{\vec{{\tau}}}}}{{\tcterm{{\Sigma}}{{\ttuple{\vec{t}}}}{{\typtuple{\vec{{\tau}}}}}}}{tc\_tuple}}}}

{\metadefn{{\metarule{{\metahyps{{\tcterm{{\Sigma}}{t\tmrsub{1}}{{\tau}}}}{{\tcterm{{\fenvcons{{\Sigma}}{y}{{\tau}}}}{t\tmrsub{2}}{{\tau}'}}}}}{{\tcterm{{\Sigma}}{{\tlet{y}{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}'}}}{tc\_let}}}}



{\metadefn{{\metarule{{\metahyps{{\tcterm{{\Sigma}}{t\tmrsub{1}}{{\typtuple{\vec{{\tau}}}}}}}{{\tctermextenv{{\Sigma}}{\vec{x}}{\vec{{\tau}}}{t\tmrsub{2}}{{\tau}'}}}}}{{\tcterm{{\Sigma}}{{\tmatch{\vec{x}}{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}'}}}{tc\_match}}}}

\subsubsection*{Append}

{\metadefn{{\metarule{}{{\app{{\Sigma}}{{\metaparen{{\xsempty}}}}{{\metaparen{{\typsempty}}}}{{\Sigma}}}}{app\_i}}}}

{\metadefn{{\metarule{{\app{{\Sigma}}{\vec{x}}{\vec{{\tau}}}{{\Sigma}'}}}{{\app{{\Sigma}}{{\metaparen{{\xscons{\vec{x}}{x}}}}}{{\metaparen{{\typscons{\vec{{\tau}}}{{\tau}}}}}}{{\fenvcons{{\Sigma}'}{x}{{\tau}}}}}}{app\_ii}}}}

\subsubsection*{Type check terms in extended environment}

{\metadefn{{\metarule{{\metahyps{{\app{{\Sigma}}{\vec{x}}{\vec{{\tau}}}{{\Sigma}'}}}{{\tcterm{{\Sigma}'}{t}{{\tau}'}}}}}{{\tctermextenv{{\Sigma}}{\vec{x}}{\vec{{\tau}}}{t}{{\tau}'}}}{tcte\_product}}}}

\subsubsection*{Type check terms}

{\metadefn{{\metarule{}{{\tcterms{{\Sigma}}{{\tsempty}}{{\typsempty}}}}{tcts\_empty}}}}

{\metadefn{{\metarule{{\metahyps{{\tcterm{{\Sigma}}{t}{{\tau}}}}{{\tcterms{{\Sigma}}{\vec{t}}{\vec{{\tau}}}}}}}{{\tcterms{{\Sigma}}{{\tscons{\vec{t}}{t}}}{{\typscons{\vec{{\tau}}}{{\tau}}}}}}{tcts\_cons}}}}

\subsection{Properties}

{\metamode{{\formeq{+{\tau}\tmrsub{1}}{+{\tau}\tmrsub{2}}}}}

{\metamode{{\termeq{+t\tmrsub{1}}{+t\tmrsub{2}}}}}

{\metamode{{\flookup{+x}{-{\tau}}{+{\Sigma}}}}}

{\metamode{{\app{+{\Sigma}\tmrsub{1}}{+\vec{x}}{+\vec{{\tau}}}{-{\Sigma}\tmrsub{2}}}}}

{\metamode{\\
{\hspace{2em}}{\tcterm{+{\Sigma}}{+t}{-{\tau}}}\\
{\hspace{2em}}{\tctermextenv{+{\Sigma}}{+\vec{x}}{+\vec{{\tau}}}{+t}{-{\tau}'}}\\
{\hspace{2em}}{\tcterms{+{\Sigma}}{+\vec{t}}{-\vec{{\tau}}}}}}

\subsection{Examples}

{\metaabbrev{t\tmrsub{0}}{{\tzero}}}

{\metasolve{{\tcterm{{\fenvempty}}{t\tmrsub{0}}{{\typnat}}}}}

{\metasolve{{\tcterm{{\fenvempty}}{{\tlam{{\metaident{x}}}{{\typnat}}{{\tsucc{{\tzero}}}}}}{{\tau}}}}}

{\metasolve{{\tcterm{{\fenvempty}}{{\tlam{{\metaident{x}}}{{\typnat}}{{\tsucc{{\tzero}}}}}}{{\typimp{{\typnat}}{{\typnat}}}}}}}

{\metasolve{{\tcterm{{\fenvempty}}{{\tlam{{\metaident{x}}}{{\typnat}}{{\tlam{{\metaident{y}}}{{\typnat}}{{\trec{{\tvar{{\metaident{x}}}}}{{\tvar{{\metaident{y}}}}}{{\tlam{{\metaident{k}}}{{\typnat}}{{\tlam{{\metaident{z}}}{{\typnat}}{{\tsucc{{\tzero}}}}}}}}}}}}}}{{\tau}}}}}

{\metasolve{{\tcterm{{\fenvempty}}{{\tlam{{\metaident{x}}}{{\typnat}}{{\tvar{{\metaident{x}}}}}}}{{\typimp{{\typnat}}{{\typnat}}}}}}}
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