
1 Simply typed λ-calculus

1.1 Syntax

1.1.1 Types

type : type.
unit : type.

⊔→⊔ : type → type → type.

⊔×⊔ : type → type → type.

1.1.2 Terms

term : type.

〈〉 : term.

⊔ ⊔ : term → term → term.

λ⊔ : ⊔ .⊔ : type → (term → term) → term.

%binding 1� 3 in λ⊔ : ⊔ .⊔

〈⊔ ,⊔ 〉 : term → term → term.

let 〈⊔ ,⊔ 〉= ⊔ in ⊔ : term → (term → term → term) → term.

%binding 2� 4 in let 〈⊔ ,⊔ 〉= ⊔ in ⊔

%binding 1� 4 in let 〈⊔ ,⊔ 〉= ⊔ in ⊔

1.2 Typing judgment

⊢⊔ : ⊔ : term → type → type.

⊢〈〉:unit
[of_empty]

{x} ⊢ x: τ → ⊢ t[x]: τ ′

⊢λx: τ.t[x]: τ → τ ′
[of_lam]
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⊢t1: τ → τ ′ ⊢ t2: τ
⊢t1 t2: τ ′

[of_app]

⊢t1: τ ⊢ t2: τ ′

⊢〈t1, t2〉: τ × τ ′
[of_pair]

{x} ⊢ x: τ1 → ({y} ⊢ y: τ2 → ⊢u[x][y]: τ) ⊢ t: τ1× τ2

⊢let 〈x, y〉= t in u[x][y]: τ
[of_let]

1.2.1 Derived meta-rule for the let macro

({x} ⊢ x: τ → ⊢ t[x]: τ ′)
∧

⊢ t2: τ � ⊢λx: τ .t[x] t2: τ ′ : type.

Dof1

{x} ⊢ x: τ → ⊢ t[x]: τ ′

∧ Dof2

⊢t2: τ

� Dof1

{x} ⊢ x: τ → ⊢ t[x]: τ ′

⊢λx: τ.t[x]: τ → τ ′
[of_lam]

Dof2

⊢t2: τ

⊢λx: τ .t[x] t2: τ ′
[of_app]

[&]

%mode +Dof1

∧
+Dof2 � −Dof3

%worlds () Dof1

∧
Dof2 � Dof3

%total {} Dof1

∧
Dof2 � Dof3

1.3 Values

⊔ value : term → type.

〈〉 value [value_empty]

λx: τ.t[x] value [value_lam]
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t1 value t2 value
〈t1, t2〉 value

[value_pair]

1.4 Reduction semantics

⊔→⊔ : term → term → type.

t1→ t1
′

t1 t2→ t1
′ t2

[step_app1]

t1 value t2→ t2
′

t1 t2→ t1 t2
′

[step_app2]

t1→ t1
′

〈t1, t2〉→ 〈t1
′ , t2〉

[step_pair1]

t1 value t2→ t2
′

〈t1, t2〉→ 〈t1, t2
′〉

[step_pair2]

t2 value
λx: τ .t[x] t2→ t[t2]

[step_beta]

t1 value t2 value
let 〈x, y〉= 〈t1, t2〉 in u[x][y]→u[t1][t2]

[step_let]

1.5 Preservation theorem

t→ t′
∧

⊢ t: τ � ⊢ t′: τ : type.
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DstepE1

t1→ t1
′

∧ DofE1

⊢t1: τ2→ τ

� DofE1
′

⊢t1
′ : τ2→ τ

DstepE1

t1→ t1
′

t1 t2→ t1
′ t2

[step_app1]
∧

DofE1

⊢t1: τ2→ τ

DofE2

⊢t2: τ2

⊢t1 t2: τ
[of_app] � DofE1

′

⊢t1
′ : τ2→ τ

DofE2

⊢t2: τ2

⊢t1
′ t2: τ

[of_app]

[&
1
]

DstepE2

t2→ t2
′

∧ DofE2

⊢t2: τ2

� DofE2
′

⊢t2
′ : τ2

DvalE1

t1 value
DstepE2

t2→ t2
′

t1 t2→ t1 t2
′

[step_app2]
∧

DofE1

⊢t1: τ2→ τ

DofE2

⊢t2: τ2

⊢t1 t2: τ
[of_app] � DofE1

⊢t1: τ2→ τ

DofE2
′

⊢t2
′ : τ2

⊢t1 t2
′ : τ

[of_app]

[&
2
]

DstepE1

t1→ t1
′

∧ DofE1

⊢t1: τ1

� DofE1
′

⊢t1
′ : τ1

DstepE1

t1→ t1
′

〈t1, t2〉→ 〈t1
′ , t2〉

[step_pair1]
∧

DofE1

⊢t1: τ1

DofE2

⊢t2: τ2

⊢〈t1, t2〉: τ1× τ2
[of_pair] � DofE1

′

⊢t1
′ : τ1

DofE2

⊢t2: τ2

⊢〈t1
′ , t2〉: τ1× τ2

[of_pair]

[&
3
]

DstepE2

t2→ t2
′

∧ DofE2

⊢t2: τ2

� DofE2
′

⊢t2
′ : τ2

DvalE1

t1 value
DstepE2

t2→ t2
′

〈t1, t2〉→ 〈t1, t2
′〉

[step_pair2]
∧

DofE1

⊢t1: τ1

DofE2

⊢t2: τ2

⊢〈t1, t2〉: τ1× τ2
[of_pair] � DofE1

⊢t1: τ1

DofE2
′

⊢t2
′ : τ2

⊢〈t1, t2
′〉: τ1× τ2

[of_pair]

[&
4
]

Dval2

t2 value

λx: τ2.t[x] t2→ t[t2]
[step_beta]

∧

DofE

{x} ⊢ x: τ2 → ⊢ t[x]: τ

⊢λx: τ2.t[x]: τ2→ τ
[of_lam]

DofE2

⊢t2: τ2

⊢(λx: τ2.t[x]) t2: τ
[of_app] � DofE t2 DofE2

⊢t[t2]: τ

[&
5
]
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Dval1

t1 value
Dval2

t2 value

let 〈x, y〉= 〈t1, t2〉 in u[x][y]→ u[t1][t2]
[step_let]

∧
Dof

{x} ⊢ x: τ1 → ({y} ⊢ y: τ2 → ⊢u[x][y]: τ )

Dof1

⊢t1: τ1

Dof2

⊢t2: τ2

⊢〈t1, t2〉: τ1× τ2
[of_pair]

⊢let 〈x, y〉= 〈t1, t2〉 in u[x][y]: τ
[of_let] � Dof t1 Dof1 t2 Dof2

⊢u[t1][t2]: τ

[&
6
]

%mode +Dstep

∧
+Dof � −Dof ′

%worlds () Dstep

∧
Dof � Dof ′

%total Dstep Dstep

∧
Dof � Dof ′
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\subsection{Syntax}

\subsubsection{Types}



{\metadecl{{\tp}}{{\metatype}}}

{\metadecl{{\unit}}{{\tp}}}

{\metadecl{{\arrow{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tp}}{{\metaimp{{\tp}}{{\tp}}}}}}}

{\metadecl{{\product{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tp}}{{\metaimp{{\tp}}{{\tp}}}}}}}



\subsubsection{Terms}



{\metadecl{{\tm}}{{\metatype}}}



{\metadecl{{\single}}{{\tm}}}

{\metadecl{{\app{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tm}}{{\metaimp{{\tm}}{{\tm}}}}}}}



{\metadecl{{\lam{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tp}}{{\metaimp{{\metaparen{{\metaimp{{\tm}}{{\tm}}}}}}{{\tm}}}}}}}

{\metabind{1}{3}{{\lam{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}}



{\metadecl{{\pair{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tm}}{{\metaimp{{\tm}}{{\tm}}}}}}}

{\metadecl{{\let{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tm}}{{\metaimp{{\metaparen{{\metaimp{{\tm}}{{\metaimp{{\tm}}{{\tm}}}}}}}}{{\tm}}}}}}}

{\metabind{2}{4}{{\let{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}}

{\metabind{1}{4}{{\let{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}}



\subsection{Typing judgment}



{\metadecl{{\typing{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tm}}{{\metaimp{{\tp}}{{\metatype}}}}}}}



{\metadefn{{\metarule{}{{\typing{{\single}}{{\unit}}}}{of\_empty}}}}





{\metadefn{{\metarule{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}}}}{{\typing{{\metaappzero{t}{x}}}{{\tau}'}}}}}}}{{\typing{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}{{\arrow{{\tau}}{{\tau}'}}}}}{of\_lam}}}}





{\metadefn{{\metarule{{\metahyps{{\typing{t\tmrsub{1}}{{\arrow{{\tau}}{{\tau}'}}}}}{{\typing{t\tmrsub{2}}{{\tau}}}}}}{{\typing{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}'}}}{of\_app}}}}





{\metadefn{{\metarule{{\metahyps{{\typing{t\tmrsub{1}}{{\tau}}}}{{\typing{t\tmrsub{2}}{{\tau}'}}}}}{{\typing{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\product{{\tau}}{{\tau}'}}}}}{of\_pair}}}}





{\metadefn{{\metarule{{\metahyps{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}\tmrsub{1}}}}{{\metaparen{{\metaall{y}{{\metaimp{{\typing{y}{{\tau}\tmrsub{2}}}}{{\typing{{\metaappzero{{\metaappzero{u}{x}}}{y}}}{{\tau}}}}}}}}}}}}}}{{\typing{t}{{\product{{\tau}\tmrsub{1}}{{\tau}\tmrsub{2}}}}}}}}{{\typing{{\let{x}{y}{t}{{\metaappzero{{\metaappzero{u}{x}}}{y}}}}}{{\tau}}}}{of\_let}}}}



\subsubsection{Derived meta-rule for the let macro}



{\metadecl{{\ofletv{{\metaparen{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}}}}{{\typing{{\metaappzero{t}{x}}}{{\tau}'}}}}}}}}}{{\typing{t\tmrsub{2}}{{\tau}}{}}}{{\typing{{\app{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}{t\tmrsub{2}}}}{{\tau}'}}}}}{{\metatype}}}





{\metadefn{{\metarule{}{{\ofletv{{\metaterm{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}}}}{{\typing{{\metaappzero{t}{x}}}{{\tau}'}}}}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}}}{{\metarule{{\metahyps{{\metarule{{\metaterm{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}}}}{{\typing{{\metaappzero{t}{x}}}{{\tau}'}}}}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}}}{{\typing{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}{{\arrow{{\tau}}{{\tau}'}}}}}{of\_lam}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}}}}}{{\typing{{\app{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}{t\tmrsub{2}}}}{{\tau}'}}}{of\_app}}}}}{\&}}}}





{\metamode{{\ofletv{+{\mathcal{D}}\tmrsub{of\tmrsub{1}}}{+{\mathcal{D}}\tmrsub{of\tmrsub{2}}}{-{\mathcal{D}}\tmrsub{of\tmrsub{3}}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\ofletv{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}{{\mathcal{D}}\tmrsub{of\tmrsub{3}}}}}}

{\metatotal{{\metabraces{}}{\hspace{1em}}{\ofletv{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}{{\mathcal{D}}\tmrsub{of\tmrsub{3}}}}}}



\subsection{Values}



{\metadecl{{\tmvalue{{\metawildcard}}}}{{\metaimp{{\tm}}{{\metatype}}}}}





{\metadefn{{\metarulezero{}{{\tmvalue{{\single}}}}{value\_empty}}}}



{\metadefn{{\metarulezero{}{{\tmvalue{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}}}{value\_lam}}}}



{\metadefn{{\metarule{{\metahyps{{\tmvalue{t\tmrsub{1}}}}{{\tmvalue{t\tmrsub{2}}}}}}{{\tmvalue{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}}}{value\_pair}}}}



\subsection{Reduction semantics}



{\metadecl{{\step{{\metawildcard}}{{\metawildcard}}}}{{\metaimp{{\tm}}{{\metaimp{{\tm}}{{\metatype}}}}}}}





{\metadefn{{\metarule{{\step{t\tmrsub{1}}{t'\tmrsub{1}}}}{{\step{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\app{t'\tmrsub{1}}{t\tmrsub{2}}}}}}{step\_app1}}}}





{\metadefn{{\metarule{{\metahyps{{\tmvalue{t\tmrsub{1}}}}{{\step{t\tmrsub{2}}{t'\tmrsub{2}}}}}}{{\step{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\app{t\tmrsub{1}}{t'\tmrsub{2}}}}}}{step\_app2}}}}





{\metadefn{{\metarule{{\step{t\tmrsub{1}}{t'\tmrsub{1}}}}{{\step{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\pair{t'\tmrsub{1}}{t\tmrsub{2}}}}}}{step\_pair1}}}}





{\metadefn{{\metarule{{\metahyps{{\tmvalue{t\tmrsub{1}}}}{{\step{t\tmrsub{2}}{t'\tmrsub{2}}}}}}{{\step{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\pair{t\tmrsub{1}}{t'\tmrsub{2}}}}}}{step\_pair2}}}}





{\metadefn{{\metarule{{\tmvalue{t\tmrsub{2}}}}{{\step{{\app{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}{t\tmrsub{2}}}}{{\metaappzero{t}{t\tmrsub{2}}}}}}{step\_beta}}}}





{\metadefn{{\metarule{{\metahyps{{\tmvalue{t\tmrsub{1}}}}{{\tmvalue{t\tmrsub{2}}}}}}{{\step{{\let{x}{y}{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\metaappzero{{\metaappzero{u}{x}}}{y}}}}}{{\metaappzero{{\metaappzero{u}{t\tmrsub{1}}}}{t\tmrsub{2}}}}}}{step\_let}}}}



\subsection{Preservation theorem}



{\metadecl{{\preserv{{\step{t}{t'}}}{{\typing{t}{{\tau}}{}}}{{\typing{t'}{{\tau}}{}}}}}{{\metatype}}}





{\metadefn{{\metarule{{\preserv{{\metaterm{{\step{t\tmrsub{1}}{t'\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{1}}{{\arrow{{\tau}\tmrsub{2}}{{\tau}}}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{1}'}{{\arrow{{\tau}\tmrsub{2}}{{\tau}}}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}'}}}}}}{{\preserv{{\metarule{{\metaterm{{\step{t\tmrsub{1}}{t'\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{1}}}}}{{\step{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\app{t'\tmrsub{1}}{t\tmrsub{2}}}}}}{step\_app1}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}}{{\arrow{{\tau}\tmrsub{2}}{{\tau}}}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{{\typing{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}}}}{of\_app}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}'}{{\arrow{{\tau}\tmrsub{2}}{{\tau}}}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}'}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{{\typing{{\app{t'\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}}}}{of\_app}}}}}{\&\tmrsub{1}}}}}







{\metadefn{{\metarule{{\preserv{{\metaterm{{\step{t\tmrsub{2}}{t'\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{2}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}{{\metaterm{{\typing{t'\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}'}}}}{}}}{{\preserv{{\metarule{{\metahyps{{\metaterm{{\tmvalue{t\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{valE\tmrsub{1}}}}}{{\metaterm{{\step{t\tmrsub{2}}{t'\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{2}}}}}}}{{\step{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\app{t\tmrsub{1}}{t'\tmrsub{2}}}}}}{step\_app2}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}}{{\arrow{{\tau}\tmrsub{2}}{{\tau}}}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{{\typing{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}}}}{of\_app}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}}{{\arrow{{\tau}\tmrsub{2}}{{\tau}}}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t'\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}'}}}}}}{{\typing{{\app{t\tmrsub{1}}{t'\tmrsub{2}}}}{{\tau}}}}{of\_app}}}{}}}{\&\tmrsub{2}}}}}







{\metadefn{{\metarule{{\preserv{{\metaterm{{\step{t\tmrsub{1}}{t'\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{1}}{{\tau}\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{1}'}{{\tau}\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}'}}}}}}{{\preserv{{\metarule{{\metaterm{{\step{t\tmrsub{1}}{t'\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{1}}}}}{{\step{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\pair{t'\tmrsub{1}}{t\tmrsub{2}}}}}}{step\_pair1}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}}{{\tau}\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{{\typing{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\product{{\tau}\tmrsub{1}}{{\tau}\tmrsub{2}}}}}}{of\_pair}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}'}{{\tau}\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}'}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{{\typing{{\pair{t'\tmrsub{1}}{t\tmrsub{2}}}}{{\product{{\tau}\tmrsub{1}}{{\tau}\tmrsub{2}}}}}}{of\_pair}}}}}{\&\tmrsub{3}}}}}







{\metadefn{{\metarule{{\preserv{{\metaterm{{\step{t\tmrsub{2}}{t'\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{2}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}{{\metaterm{{\typing{t'\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}'}}}}{}}}{{\preserv{{\metarule{{\metahyps{{\metaterm{{\tmvalue{t\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{valE\tmrsub{1}}}}}{{\metaterm{{\step{t\tmrsub{2}}{t'\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{stepE\tmrsub{2}}}}}}}{{\step{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\pair{t\tmrsub{1}}{t\tmrsub{2}'}}}}}{step\_pair2}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}}{{\tau}\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{{\typing{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\product{{\tau}\tmrsub{1}}{{\tau}\tmrsub{2}}}}}}{of\_pair}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}}{{\tau}\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{1}}}}}{{\metaterm{{\typing{t'\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}'}}}}}}{{\typing{{\pair{t\tmrsub{1}}{t'\tmrsub{2}}}}{{\product{{\tau}\tmrsub{1}}{{\tau}\tmrsub{2}}}}}}{of\_pair}}}{}}}{\&\tmrsub{4}}}}}







{\metadefn{{\metarule{}{

{\preserv{{\metarule{{\metaterm{{\tmvalue{t\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{val\tmrsub{2}}}}}{{\step{{\app{{\lam{x}{{\tau}\tmrsub{2}}{{\metaappzero{t}{x}}}}}{t\tmrsub{2}}}}{{\metaappzero{t}{t\tmrsub{2}}}}}}{step\_beta}}}{{\metarule{{\metahyps{{\metarule{{\metaterm{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}\tmrsub{2}}}}{{\typing{{\metaappzero{t}{x}}}{{\tau}}}}}}}}{{\mathcal{D}}\tmrsub{ofE}}}}{{\typing{{\lam{x}{{\tau}\tmrsub{2}}{{\metaappzero{t}{x}}}}}{{\arrow{{\tau}\tmrsub{2}}{{\tau}}}}{}}}{of\_lam}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{{\typing{{\app{{\metaparen{{\lam{x}{{\tau}\tmrsub{2}}{{\metaappzero{t}{x}}}}}}}{t\tmrsub{2}}}}{{\tau}}}}{of\_app}}}{{\metaterm{{\typing{{\metaappzero{t}{t\tmrsub{2}}}}{{\tau}}{}}}{{\metaapp{{\metaapp{{\mathcal{D}}\tmrsub{ofE}}{t\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{ofE\tmrsub{2}}}}}}}{}}}{\&\tmrsub{5}}}}}





{\metadefn{{\metarule{}{

{\preserv{{\metarule{{\metahyps{{\metaterm{{\tmvalue{t\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{val\tmrsub{1}}}}}{{\metaterm{{\tmvalue{t\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{val\tmrsub{2}}}}}}}{{\step{{\let{x}{y}{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\metaappzero{{\metaappzero{u}{x}}}{y}}}}}{{\metaappzero{{\metaappzero{u}{t\tmrsub{1}}}}{t\tmrsub{2}}}}}}{step\_let}}}{{\metarule{{\metahyps{{\metaterm{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}\tmrsub{1}}}}{{\metaparen{{\metaall{y}{{\metaimp{{\typing{y}{{\tau}\tmrsub{2}}}}{{\typing{{\metaappzero{{\metaappzero{u}{x}}}{y}}}{{\tau}}}}}}}}}}}}}}{{\mathcal{D}}\tmrsub{of}}}}{{\metarule{{\metahyps{{\metaterm{{\typing{t\tmrsub{1}}{{\tau}\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}}}{{\metaterm{{\typing{t\tmrsub{2}}{{\tau}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}}}}}{{\typing{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\product{{\tau}\tmrsub{1}}{{\tau}\tmrsub{2}}}}}}{of\_pair}}}}}{{\typing{{\let{x}{y}{{\pair{t\tmrsub{1}}{t\tmrsub{2}}}}{{\metaappzero{{\metaappzero{u}{x}}}{y}}}}}{{\tau}}}}{of\_let}}}{{\metaterm{{\typing{{\metaappzero{{\metaappzero{u}{t\tmrsub{1}}}}{t\tmrsub{2}}}}{{\tau}}{}}}{{\metaapp{{\metaapp{{\metaapp{{\metaapp{{\mathcal{D}}\tmrsub{of}}{t\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{1}}}}}{t\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{of\tmrsub{2}}}}}}}{}}}{\&\tmrsub{6}}}}}









{\metamode{{\preserv{+{\mathcal{D}}\tmrsub{step}}{+{\mathcal{D}}\tmrsub{of}}{-{\mathcal{D}}\tmrsub{of'}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\preserv{{\mathcal{D}}\tmrsub{step}}{{\mathcal{D}}\tmrsub{of}}{{\mathcal{D}}\tmrsub{of'}}}}}

{\metatotal{{\mathcal{D}}\tmrsub{step}{\hspace{1em}}{\preserv{{\mathcal{D}}\tmrsub{step}}{{\mathcal{D}}\tmrsub{of}}{{\mathcal{D}}\tmrsub{of'}}}}}



\end{document}


