ABSTRACT MACHINE FOR SAFE A -TERMS

1 Second simulation (completeness)

1.1 Syntax

1.1.1 Index, indices and tables

%datatype index
%name index n «

n == 0
| n+1

%datatype wvector
%name vector T

Z ==
| n:Z

%datatype table
Y%name table I,

Z, == |
| 7217,

1.1.2 Term

%datatype term
%name term t

t = n

tl tQ

At

get-context ¢
set-context ot

1.2 Subtraction
%judgment n; - ny=ns

ni=0=mn, [minus;]

(n1+1) = (no+1)=ng [minuss] —hen  py 2 ng=ns

Y%mode +4ni-- +ng=-—ns
%worlds () n;-~ns=ngs
%terminates (n1) n1-—na=ngs
Y%unique +ni;—- +mny=—1ns

%lemma VYn - n-n=( [minusequals]

Proof.
&1
0: inder - 0 (= [minusi]  [minus-equals] (&)
n:index - L [minus-equals]
D [&2]
nonl [mi ls]
+1:2 d . minus minus-equals
n index CES ;(n—i—l)ZO[ 2]
%mode +n - —D [mir.lus-equals]
%worlds () n - D .[mlnus'equals]
%total n n-D [minus-equals]
1.3 Equality
%judgment n=ny
n=n [reﬂ]
%mode +n=+m
%worlds () n=m
%lemma ni-no=n3 A ni-ne=ny = ng=n} [Minusunique]
Proof.
[&1]
. ) _ [refl] [minus-unique]
ny—nz=n3 A ny-—-ng=ns3 = nz3=ng

%mode +D; A +Dy = D, minusunique]
%worlds () Dy A Dy = Dy [minusunique
%terminates {} D; A Dy = D3 [minusunique]
%total {} D1 A Dy = D [minus-unique]

1.3.1 Fetch (indices)
%judgment Z(ni)=no

(n::7)(0) = p lFeteh]
(n:Z)(n1+1)=nq [fetch3]  1phen Z(n1) =ne

Y%mode +Z(+n1)=-—ns
%worlds () Z(n1)=n2
%terminates n; Z(ni)=ns
Y%unique +Z(+n;)=—1ny

1.3.2 Fetch (table)
%judgment Z,(n)=T

(T:7,)(0) =7 L]

fetchg“]

(I’::Iﬂ)(a—kl):I{ when I,(o)=T

%mode +7,(+a)=-7
Y%oworlds () Z,(o)=
Y%terminates o Z,(a)=7
Y%unique +Z7,(+a)=-17

1.3.3 Compute
%judgment nj = Z(ng)=ns

n=I(l)=glomputel  yhen T()=k, n-k=g

%mode +nj - +Z(+n2)=—n3
%worlds () ni—-Z(n)=ns
%terminates {} n1-=Z(ng)=mng
%unique +nj - +Z(+n)=—1ns

1.3.4 Closure, environment and stack

%datatype clos Y%name clos c
%datatype Il-env Y%name l-env L
%datatype [-table  %mname [-table L,
%datatype k-env Y%name k-env &,
%datatype stack Y%name stack S

c u= (t,L,Lu,EL)
L == ()
| (¢ L)
Ly == ()
| £:L,
En = ()
| (8580
S u= |
| ¢=8

%datatype state
%name state o

o L= <t7£7[’#78#a8>

1.4 Judgments

1.4.1 Fetch a local closure

%judgment L(n)=c

(e £)(0) = el

(¢, L)(n+1)=clfetehal yhen L(n)=c
Y%mode +L(+n)=—c

%worlds () L(n)=c

Y%terminates L L(n)=c
%unique +L(+n)=-1c

1.4.2 Fetch a local environment

%judgment L, (n)=L

([,5 [’u) (O) -7 [1-fetchq]
(L L) (n41) =L Metehl yhen £, (n)=L

%mode +L,(+n)=-L
%worlds () Lu(n)=L
%terminates L, L,(n)=L
Y%unique +L,(+n)=-1L

1.4.3 Fetch a stack
%judgment &,(n)=8

(8:£,)(0) =8 etett]
(8%E)(n+1) =8 fetehsl  yhen £,(n)=8
%mode +E&,(+n)=-S
%worlds () Eu.(n)=S
%terminates &, &,(n)=S8
Y%unique +E&,(+n)=-1S
1.4.4 Evaluation rules

%judgment o1~ 09

(By Ly L0y £, S) o (t, L1, L7, €4, S) I when L(k)=(t, L', L}, E])

<(tu)a£7[’#,gu,$> ~ <t’£7£l"78ﬂ7 (u’£,£#78u) ::$> [k-app]

ALy Ly EpyeS) s (t, (6 L), L, Epy S) Teabs]

(get-context t, L, L,,,E,,S)~ (t,L,(L: L), (S;E,),S) lecateh]

(set-context at, L, L, €, S) s (t, L1 Loy, €, S BN yhen £ (a) =L, Eu(a)=8

%mode 401~ —0y
%worlds () o1~ 02
%unique 4o~ —10

2 Abstract machine for safe A\ .i-terms

2.0.5 Syntax

%datatype clos

%datatype c-env
%datatype k-env
%datatype stack
%mname clos ¢

%name c-env &
Y%name k-env &,

%name stack S

L= (t,n,I,IM,g,gﬂ)

™



2
E = O )
| (6:€)
gu = ()
| (S7gp)
S ==
| ¢:=8

%datatype state
%name state &

o = (t,n7I7IN75~'75~M73>

2.0.6 Fetch a closure
%judgment & (n)=¢é

(CN, (O) —¢ [i-fetchq]
: ~

°)
(¢ E)(n41)=¢ [fetchal  ypen E(n)=¢é

Y%mode +E&(4+n)=—
%worlds () E(n)=

Y%terminates & &(n)=
%unique +&(+n)=-1¢

D

¢

2.0.7 Compute
%judgment £ (n; ~ny)=¢

E(n=k)=cglicomputed yhen n-k=g E(g)=

(e}

Y%mode +&(+n-= +k)=—¢
%worlds () E(n—k)=¢
%terminates {} E(n-k)=¢
%unique +E&(+n - +k)=—1¢
2.0.8 Fetch a stack
%judgment E,(n)=8

(37 u)(o) :SN [i-fetch}]
(3/; gu)(n +1)= S lfetchs] o hen gu(n) =S

Y%mode +&,(+n)=-S
Y%worlds () £,(n)=S8
%terminates &, &,(n)=S
%unique +E,(+n)=—-18

2.1 Evaluation rules

%judgment 61~ 59

(1,0, T,T,,E,E,,8)~ (t,n', 1", T,,E"E,,S) vl

I ad V2]

when n-I()=g, &E(g9)= (t,n’,I’,IL,c‘f/,c‘:';i)

((tu),n, 1,05, £, £, 8) = (t.1, L, T, &, &y (u,n, T, L, €, ) 2 ) oPP)
M0, T, L, €€, 6 S) ~ (t,n+1, (n4+1:1),Z,, (6;€),E,, S) babsl

(get-context t,n,Z,T,,E,E,,8) ~ (t,n,T,(Z:1,),E,(S;E,),S) reatchl

(set-contextat,n,I,Iu,g, s >W<t»”71’71u7575u75/> [i-throw]
when T, (o) =1', éu(a):g’

%mode +o1~ —03
%worlds () o1~ 02
%unique 4o~ —10

3 Translation
%judgment c°=c
%judgment S°=S8
%judgment E£,°=E,

%judgment flatten n £ I = L
%judgment map (ﬂatten n 8) Z,=L,

(t,n,I,Iu,g,gu)oz (t, L, L. E) (€105l when flattenn € T=L, map (ﬂatten n ff) I,=L,, E.L°=E
[]o: H [stack§]

(6::S)°=czzS[StaCkg] when & =c¢, S§°=S8

()o: () [k-env?]

(§;:€.)°=(S; E ) o™il when S°=8, £,°=E€,

flatten n & [) = () Mattend]

fatten n € (k:T) = (¢; £) Mattenzl  yhen E(n=k)=¢, & =c, flattenn E IT=L

map (ﬂatten n ff) =0 [map:]
map (ﬂatten n é) Z=IZ,)=L:L, mapz]  yphen  flattenn € T=L, map (ﬂatten n c‘:') I,=L,

%mode
+c®=—c
+8°=-8
LEo— -8,

flatten +n +& +I1=-L
map (flatten +n +&) +I,=—L,

%worlds ()

c’=c
§o=s
& =Ey

flatten n € T= L
map (flattenn €) L, =L,
Remark. To do.

%terminates (6 S c‘fﬂ IIu)

~O

c’=c
§o=s
& =Ey

flattenn € T= L
map (ﬂatten n 8) ,=L,

%unique
+co=—lc
+85°=-18
+&.°0=-1E,

flatten +n +& +1=-1L
map (ﬂatten +n —|—€) +7Z,=-1L,

%judgment 7°=0
<tan7IaI,uag7g,u7‘§>0:<t/a£7ﬁp,gu,s>[Stateo] when (t,n,I,Ip,g,g#)O:(t/,ﬁ,ﬁﬂ,gﬂ), SNOZS

<>:

%mode +5°=—0c
%worlds () ¢°=0c
%unique +5°=-10

4 Completeness

%lemma n-k=g = (n + 1) “k=g+1 [minus-succ]

Proof.
i : - [&1]
n=-—0=n [minusi] = (n + 1) 0= (n + 1) [minus] [minus-succ]
Dl D2 [minus-succ]
nik=g T (n+D)-k=g+1
D D [&1]
! 2
; [minus,] = - [minus,)] [minus-succ]

(n+1)=(k+1)=g (n+1+1) = (k+1)=g+1

%mode -|—D1 = _ D2 [minus-succ]

%worlds () D = D, [minus-succ]
%total (Dl) D = Dy [minus-succ]

%lemma Vé' - flattenn € T=L = flatten (n+1) (¢";E) T=L [veakenflatten]

Proof.
~ 5 3 -Hlatten [&1]
&l clos - ﬂatten n & [] _ () [Aatten;] = ﬂatten (ﬂ+ 1) (5/; g) [] _ () [Aatten:] [weaken-flatten]
s D23 D3
el . > = 5 [weaken-flatten]
oS flattenn € T=L flatten (n+1) (¢, ) I=L
Donx Da [minus-succ]
ntk=g = (n+1l)~k=g+1
Doz
Do11 D212 D4 Elg)=¢ [i-fetchy]
ntk=g E(g)=¢ Das Dos (n+1) “k=g+1 (&) (g+1)=¢ c Do Ds
= i-compute ~ = = i-compute ~ ~
En-k)=¢ [ putes  go— flattenn € IT=L (eE)(n+1-k)=¢ [ el oo flatten (n+1) (¢;€) IT=L
¢’:clos - = [flatten,] = = [flatten,)] [weaken-flatten]
flatten n € (k1) =(c; L) flatten (n+1) (¢5€) (k=I)= (¢ L)
%mode ¢’ - - D = —D, [weaken-flatten]

%worlds () &' - Dy = D, [weakenfatten]
%%total (Dl) ¢l ’D1 = DQ [weaken-flatten]

%lemma Vé' - map (flatten n E)I,=L, = map (flatten (n+1) (6’;5')) Z,=L, [veaken-map]

Proof.

— — [&1]
¢’ clos - map (ﬂatten n 5) =0 [mapi] = map (ﬂatten (n+1) (¢ 5‘)) =0 [mapi]  [weaken-map]

¢’: clos - D12 ~ = Dy ~ [weaken-map]
' map (flattenn €) T, =L, map (flatten (n+1) (¢";€)) Tu=Ly
. Dn Ds .
el . ~ = _ [weaken-flatten]
el flattenn € T=L flatten (n+1) (¢5E)I=L
[&2]
Dy Dia D3 Do i
A0 el flattenn € I=L  map (flattenn €) I, =L, s flatten (n+1) (¢;€) I=L  map (flatten (n+1) (¢’ €)) Lu=L, U S—
C': CclLoSs - = ma = ma,
map (flatten n €) (Z::7,) = (L:L,,) v map (flatten (n+1) (¢;€)) (Z::Z,)=(L:L,) "
%mode ¢! - + D = —D, [weaken-map]
%worlds () ¢ Dy = Do [weaken-map)
%total (Dl) é¢ - Dy = Dy [weaken-map]
%lemma map (ﬂatten n (‘j) Z,=L, N Lula)=L" = (flattenn ET'=L" A Z,(a)=T" for some I’ [map-complete]
Proof.
[&1]
D1 P
tt EI=L ma attenn £) L, =L D
flatten n i, p (ﬂ ) 1z IS (map,] A (ﬁiﬁu)(o) _ [ [1fetch] - 11 A (T:7,)(0) _I[fetchf“] [map-complete]
map (flatten n €) (Z:T,) = (L:L,,) flattenn € I=L dp)\V) =
D12 R A D4 - D?i A DQ [map-complete]
map (flattenn £) I, =L, Lula)=L" flattenn € T' =L’ T,(a)=1"
P D12 Dy Do
flattenn € T=L  map (flatten n €) T, =L, ul) =2’ Dy Tu(a)=T"

[map,] A [L-fetch,] =

L
map (flatten n €) (Z:7,) = (L: L) (L:Ly)(a+1)=L1 flatten n € T' =L’ " Z:Z,)(a+1)=1"

Y%mode +D; A +Dy = —D3 A —Dy [map-complete]
% worlds () Dl A D2 = D3 A D4 [map-complete]

[fetchz“] [map-complete]
2

[&2]

(&2]

SECTION 4



COMPLETENESS 3
%total (Dy) Dy A Dy = Dy A D, [mapcomplete] O
%lemma flattenn € I=L A LIO)=c = g(nék)zé AN ¢®=c AN Z(l)=k for somek,c [fetch-complete]
Proof.
[&1]
~ 231 D32 :
En-k)=¢ ¢é°=c  flattenn E I=L D3, D
etc 32 etc fetch-complete
ﬂattenné(k::z):(c'ﬁ) [atten] A (C;ﬁ)(o):C[Hhﬂ = En-k)=¢ A fo=¢ A (k::I)(O):k[fthﬂ et plete]
D33~ D5 = B D2 A D4 A Dl [fetch-complete]
flattenn € T=L L({)=c En~k)=¢ c®=c () =k
(&2]
) D3} Dss Dss Ds D11
. — A/ 10 L
S(H—k)—c cm=c ﬂattennEIZE (atten,] A (Z)ZC ffotch,] - D2 A D4 I(l):k [fetchz] [fetch-complete]
flatten n € (k'=:T)=(c'; L) ’ (s L)(I+1)=c ? E(n-k)=¢c c°=c (k= T)(1+1)=k 2
%mode +D; A +Dy = -D3 A —Dy A —D; Hetcheomplete]
%worlds () D; A Dy = D3 A Dy A Dy [etchcomplete]
%total (D) Dy A Dy = Dy A Dy A Dy [fetchcomplete] O
Y%lemma E,°=E, A Efa)=S = 8§°=S A E.(a)=S8 for someS [fetch-complete]
Proof.
D ; [&1]
11 :
S°=8 E.°=¢ D - . ,
Giypose) i N SE)0)=stel = Gorg N (SiE(0)=§liet]  etehcomple
sep) = \O5¢u
D12 Dy D3 D, [fetch#- lete]
- /\ :> - /\ etc complete
EL=E, En(a) =S8 S°=8 (o) = )
E D12 Da Do
S=8" =€ Eula) = En(a)=8
—— E P kenvs] A p2) [fetch?] = D — (o)  [ifotchy]  [feteh”-complete]
(7807 = (S"E,) (ShE)a+1)=38 §o=5 " et -
% mode +Dl A + D2 = _ Dg A _ D4 [fetch#-complete]
%worlds () D1 A Dy = Dy A D, [etch complete]
%total (Dy) Dy A Dy = Dy A Dy [fetchcomplete] 0
%theorem o1~~00 A G1°=01 = G162 A G2°=09 for some G, [completeness]
Proof.
D112 Dia
. _ -t s &1
Dle A Dy N n*k—g 5(9):(t,n',Il,I;lug 78#) i o] A ~ p?)l A D111 [fetch-complete]
flattenn € T=L L) =(t', L', L}, EL) Em=—k)=(t.n' 71,8 &) (.0, T T, € E0)° = (t', £, £, EL) (1) ="k
[&1]
Da11 17212~ : D111 D112
Dy flattenn € T=L  map (flattenn €) Ty=Ly  E,°=E, o] Das I()=k n-k=g [ . D1 Dy Dos
— clos® ~ - compute ~ ~) = ) o~ -
L()=(t', L' L, EL) ] A (1, T, T, 8,€,)° = (1, £, L, E) 8°=8 el = n-I(l)=g Y E(g) = (1,0, T, 1), &) A (t,n", T, 1,,E" E,)° = (. L', L}, &) S§°=8 e completenes]
<l’£’£“’gl"8>w<t/’£/’£tl’gl/“8> <l,’I’L,I,IH,(§,(§H,g§>°=<t,£,£p,gu,8> <lanazazﬂaéaéﬂa‘§>w<t7n/71-/71-;lug/agl:a‘§> <t7nl7Il7IL7‘c’~‘I’g}/L"§>o:<tl7£/7£;u€;/us>
(&2]
Do11 Doz Da13
Don Doz Doz Do Doz Do flattenn € T=L  map (flattenn £) Ty=Ly,  E,°=E, o] Das
flatten n € T=L  map (flattenn E) Ty=L, E.°=E, s Da3 flattenn € T=L  map (flattenn £) L,=L,  E,°=E, o] (u,n,Z,Z,,,€,8,)° = (u, L, L1, E,) S°=8 T
(tu)anal—7zﬂ7é7£‘#)o:((tu)7£a£#a5#) §°=S§ c & o i 5 & S [i (t,n,I,Iu,g,Ej'u)O:(t,L,L’u,E#) ((uanazazﬂag7gu)::S)O:(u"C"CH’gH)::S ’
tu), £, Ly, Eu,S) > (L Ly Epy (W, L, L, E,) S Toappl A ( e stated) = ((tu),n,T,L,,E,E0,8) > (6,0, T, 1y, € Epy (u,n, T, Ly, E,E,) 1 S) PPl A — — fstates] [completeness]
((tw), £, L0, &0 S) o (£ L €28 (tw),n, T, T, &, 6,4, 8)° = ((tu), £, Ly, Ep, S) ()., 1330 €80, 8) = (b T T €, 6y (i T T €,80) 25 (1T, 1 €80, (un, T, 0, €,€,) 2 8)° = (8, £, Ly Epy (u, £, L, €,) 12 S)
n+ 1:index - Dl [minus-equals]
: (n+1) = (n+1)=0
¢: clos - D21} Dy o [weaken-flatten]
flattenn € T=L flatten (n+1) (&;E)I=L
5 D212 Ds [weaken-map]
¢: clos - 5 o P
map (flatten n £) I,,=L, map (flatten (n+1) (¢;€)) Zy=~L,
(&3]
Dy o o
(n+1)=(n+1)=0 (€ €)(0) = ¢ lifetehal Doy Dy
——= - — [i-compute,] o ~ &
Da11 Doz D213 Daan D222 (GE)((n+1)=(n+1))=  G=c fatten(n+l) (BE) T-L [Ratten,] Ps = Dors
flattenn € T=L  map (flattenn €) Ly=L,  E,°=E, o] =c 8°=S8 ek flatten (n+1) (6:€) (n+ 1:7) = (& L) * map (flatten (n+1) (6;€)) Tu=L, E,°= - Doy
M1, T Ty €, E0) = (ML L, Ly, ) (628 =cns Y L o (tn+1, (n+127), L, (6:€),€0)° = (t, (¢ £), L s Ep) L Se=s
XL L, Ly En S t.(c; L), L, E,, S) eabsl A (2,7, 7, €, Eu e e [state] = (M,n,T,Z,,E,E4,6:8S t,n+1, 1:7),Z,,(¢;€),E,,S) absl A ’ i T DT TR A D T TR [states] [completeness]
WL L By €5:8) 2 (66 L), Ly 8051 N1 T, T €80 628)7 = (N £ Ly By 5 5) oo oL €58, €:5) o (bt 1 (b 152), 1 (58, £, ) (o4 1, (15D 2 (G €), 80 8 ) = (£ (65 £), Ly b S)
[&4]
Don Doz D2 D2z
Dglz D212~ ~'29213 D21} ﬂattenn ET=L 7{Lap (ﬂattenn 5) IH:‘C# (map,] SQNZ:S' Suozgu flemv?]
flattenn E T=L  map (ﬂatten n 8) Iu=Ly E°=Eu o] ~Dgz flattenn € T=L map (ﬂatten n 5) (Z:Z,)=(L:L,) : (S;E.)°=(S;&) : los?] ~7722
get-context 1,1,7,7,,, &, £,) = (get-context 1, £, £, E,)  S°=$ N e a (6,0, 7, (21,0, €, (5:60))° = (1L, (£:£,),(5:€,)) §o=5 1
t-context t, L, L, E,,S) ~ (t,L,(L:L,),(S;E,),S) keatehl A ( o 2 Bs [state?] = t-context t,n,7,Z,,,£,£,,8) ~ (t,n,L,(T:1,),E,(S5;E,),S) eatehl A " AL " & [statee] [comPpleteness]
(get-context . £, L b, S)r &, £, (£ L), (86, 8) (get-context 1,n,7,1,,.€,&,.,8)° = (get-context £, £, £,,,E,.,S) (getrcontext i, 1, L &, 80 ) (b 1, (L), £, (8580), 5) (6 T (T T0), 8 (51800, 8 )0 = (1, £, (£: £10), (S E0), S)
~D213 A Dy = ~D32 5 D2 [fetch#-complete]
Eu” = Eu Epla)=8' S=s' Eu(a) =8
Doi12 ~ A Dg Dfl A D1y [map-complete]
map (flatten n €) I,,=L, Lula)=L" flattenn € ' =L’ Zula)=1"
[&5]
: Doz Do1s Ds Doz D213
D D, flattenn € T=L map (ﬂatten n 8) Iu=L, EL°=E&, : Di Dis flattenn € T'=L"  map (ﬂatten n 5‘) T,=Ly, E.°=E, Dss
— clos® ~ ~ ~ — clos® ~
Lyla)=L"  Eua)=8' fethrow] A (set-contextat,n,I,Iﬂ,E,Eu)oz(set-contextat,ﬁ,ﬁu,é'u)[ ] §°=8 : = Zu(@)=T"  Eula)=8’ ithrow] A (t,n,I’,Iﬂ,E,(‘:H)Oz(t,L’,L’H,Eﬂ) fetos”] Se=s' [ | lcompletencss
-throw ——= = state® ——= = ——= = i-throw ~——= = state®
(set-context at, L, Ly, Eu,S) > (t, L, L1y, €, S') (set-context o t,n,Z,Z,,E,E,,S)°= (set-context a t,L,L,,E,,S) (set-contextat,n,I,Iﬂ,S,gﬂ,S>w(t,n,I’,Iu,é',Su,S'> <t7n,I/,Img75mS'><>:<t,£/7£mgmsl>
Y%mode +D; A +Dy = —D3 A —Dy [completeness]
%worlds () Dy A Dy = Dy A D, completeness]
%%total (Dl) Di N Dy = D3 N Dy [completeness] O




\documentclass{article}
\usepackage{geometry,amsmath,amssymb}
\usepackage{twelf}
\usepackage{kam_ct_4}
\geometry{a0paper}

%%%%%%%%%% Start TeXmacs macros
\newcommand{\cdummy}{\cdot}
\newcommand{\tmop}[1]{\ensuremath{\operatorname{#1}}}
\newcommand{\tmrsub}[1]{\ensuremath{_{\textrm{#1}}}}
\newcommand{\tmrsup}[1]{\ensuremath{^{\textrm{#1}}}}
\newenvironment{proof}{\noindent\textbf{Proof\ }}{\hspace*{\fill}$\Box$\medskip}
%%%%%%%%%% End TeXmacs macros

\begin{document}

\section{Second simulation (completeness)}

\subsection{Syntax}

\subsubsection{Index, indices and tables}

{\metadeclrev{{\unary}}{{\metatypedatatype}}}

{\metaname{{\unary}}{n{\hspace{1em}}{\alpha}}}



{\metadeclgrammar{{\unaryZ}}{{\unary}}}

{\metadeclentry{{\unaryS{{\unary}}}}{$\unary$}}



{\metadeclrev{{\unaries}}{{\metatypedatatype}}}

{\metaname{{\unaries}}{{\mathcal{I}}}}



{\metadeclgrammar{{\unariesempty}}{{\unaries}}}

{\metadeclentry{{\unariescons{{\unary}}{{\unaries}}}}{{\unaries}}}



{\metadeclrev{{\itable}}{{\metatypedatatype}}}

{\metaname{{\itable}}{{\mathcal{I}}\tmrsub{{\mu}}}}



{\metadeclgrammar{{\itableempty}}{{\itable}}}

{\metadeclentry{{\itablecons{{\unaries}}{{\itable}}}}{{\itable}}}



\subsubsection{Term}

{\metadeclrev{{\term}}{{\metatypedatatype}}}

{\metaname{{\term}}{t}}



{\metadeclgrammar{{\tvar{{\unary}}}}{{\term}}}

{\metadeclentry{{\tapp{{\termone}}{{\termtwo}}}}{$\term$}}

{\metadeclentry{{\tlam{{\term}}}}{$\term$}}

{\metadeclentry{{\tcatch{{\term}}}}{$\term$}}

{\metadeclentry{{\tthrow{{\unaryalpha}}{{\term}}}}{$\term$}}



\subsection{Subtraction}

{\metadeclrev{{\opminus{{\unaryone}}{{\unarytwo}}{{\unary}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\opminus{n\tmrsub{1}}{{\unaryZ}}{n\tmrsub{1}}}}{minus\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{$\opminus{n_1}{n_2}{n_3}$}{{\opminus{{\metaparen{{\unaryS{n\tmrsub{1}}}}}}{{\metaparen{{\unaryS{n\tmrsub{2}}}}}}{n\tmrsub{3}}}}{minus\tmrsub{2}}}}}



{\metamode{{\opminus{+n\tmrsub{1}}{+n\tmrsub{2}}{-n\tmrsub{3}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\opminus{n\tmrsub{1}}{n\tmrsub{2}}{n\tmrsub{3}}}}}

{\metaterminates{{\metaparen{n\tmrsub{1}}}{\hspace{1em}}{\opminus{n\tmrsub{1}}{n\tmrsub{2}}{n\tmrsub{3}}}}}

{\metaunique{{\opminus{+n\tmrsub{1}}{+n\tmrsub{2}}{-1n\tmrsub{3}}}}}



{\metadeclrev{{\minusequals{{\metabracesforall{n}}}{{\opminus{n}{n}{{\unaryZ}}}}}}{{\metatypelemma}}}

\paragraph{Proof.}



{\metadefnleft{{\metarule{}{{\minusequals{{\metatermbefore{{\unary}}{{\unaryZ}}}}{{\metaruleaxiom{}{{\opminus{{\unaryZ}}{{\unaryZ}}{{\unaryZ}}}}{minus\tmrsub{1}}}}}}{\&1}}}}





{\metadefnleft{{\metarule{{\minusequals{{\metatermbefore{{\unary}}{n}}}{{\metaterm{{\opminus{n}{n}{{\unaryZ}}}}{{\mathcal{D}}}}}}}{{\minusequals{{\metatermbefore{{\unary}}{{\unaryS{n}}}}}{{\metarule{{\metaterm{{\opminus{n}{n}{{\unaryZ}}}}{{\mathcal{D}}}}}{{\opminus{{\metaparen{{\unaryS{n}}}}}{{\metaparen{{\unaryS{n}}}}}{{\unaryZ}}}}{minus\tmrsub{2}}}}}}{\&2}}}}









{\metamode{{\minusequals{+n}{-{\mathcal{D}}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\minusequals{n}{{\mathcal{D}}}}}}

{\metatotal{n{\hspace{1em}}{\minusequals{n}{{\mathcal{D}}}}}}

\subsection{Equality}

{\metadeclrev{{\indexeq{{\unaryone}}{{\unarytwo}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\indexeq{n}{n}}}{refl}}}}



{\metamode{{\indexeq{+n}{+m}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\indexeq{n}{m}}}}



{\metadeclrev{{\minusunique{{\opminus{n\tmrsub{1}}{n\tmrsub{2}}{n\tmrsub{3}}}}{{\opminus{n\tmrsub{1}}{n\tmrsub{2}}{n'\tmrsub{3}}}}{{\indexeq{n\tmrsub{3}}{n'\tmrsub{3}}}}}}{{\metatypelemma}}}



\paragraph{Proof.}



{\metadefnleft{{\metarule{}{{\minusunique{{\metaterm{{\opminus{n\tmrsub{1}}{n\tmrsub{2}}{n\tmrsub{3}}}}{{\metawildcarddots}}}}{{\metaterm{{\opminus{n\tmrsub{1}}{n\tmrsub{2}}{n\tmrsub{3}}}}{{\metawildcarddots}}}}{{\metaruleaxiom{}{{\indexeq{n\tmrsub{3}}{n\tmrsub{3}}}}{refl}}}}}{\&1}}}}





{\metamode{{\minusunique{+{\mathcal{D}}\tmrsub{1}}{+{\mathcal{D}}\tmrsub{2}}{-{\mathcal{D}}\tmrsub{3}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\minusunique{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}{{\mathcal{D}}\tmrsub{3}}}}}

{\metaterminates{{\metabraces{}}{\hspace{1em}}{\minusunique{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}{{\mathcal{D}}\tmrsub{3}}}}}

{\metatotal{{\metabraces{}}{\hspace{1em}}{\minusunique{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}{{\mathcal{D}}\tmrsub{3}}}}}

\subsubsection{Fetch (indices)}

{\metadeclrev{{\sub{{\unaries}}{{\unaryone}}{{\unarytwo}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\sub{{\metaparen{{\unariescons{n}{{\mathcal{I}}}}}}}{{\unaryZ}}{n}}}{fetch\tmrsup{{\mathcal{I}}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\sub{{\mathcal{I}}}{n\tmrsub{1}}{n\tmrsub{2}}}}{{\sub{{\metaparen{{\unariescons{n}{{\mathcal{I}}}}}}}{{\unaryS{n\tmrsub{1}}}}{n\tmrsub{2}}}}{fetch\tmrsup{{\mathcal{I}}}\tmrsub{2}}}}}



{\metamode{{\sub{+{\mathcal{I}}}{+n\tmrsub{1}}{-n\tmrsub{2}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\sub{{\mathcal{I}}}{n\tmrsub{1}}{n\tmrsub{2}}}}}

{\metaterminates{n\tmrsub{1}{\hspace{1em}}{\sub{{\mathcal{I}}}{n\tmrsub{1}}{n\tmrsub{2}}}}}

{\metaunique{{\sub{+{\mathcal{I}}}{+n\tmrsub{1}}{-1n\tmrsub{2}}}}}

\subsubsection{Fetch (table)}

{\metadeclrev{{\tsub{{\itable}}{{\unary}}{{\unaries}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\tsub{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\unaryZ}}{{\mathcal{I}}}}}{fetch\tmrsup{{\mathcal{I}}\tmrsub{{\mu}}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}}}}{{\tsub{{\metaparen{{\itablecons{{\mathcal{I}}'}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\unaryS{{\alpha}}}}{{\mathcal{I}}}}}{fetch\tmrsup{{\mathcal{I}}\tmrsub{{\mu}}}\tmrsub{2}}}}}



{\metamode{{\tsub{+{\mathcal{I}}\tmrsub{{\mu}}}{+{\alpha}}{-{\mathcal{I}}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}}}}}

{\metaterminates{{\alpha}{\hspace{1em}}{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}}}}}

{\metaunique{{\tsub{+{\mathcal{I}}\tmrsub{{\mu}}}{+{\alpha}}{-1{\mathcal{I}}}}}}

\subsubsection{Compute}

{\metadeclrev{{\compute{{\unaryone}}{{\unaries}}{{\unarytwo}}{{\unary}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhen{{\metahypscomma{{\sub{{\mathcal{I}}}{l}{k}}}{{\opminus{n}{k}{g}}}}}{{\compute{n}{{\mathcal{I}}}{l}{g}}}{compute\tmrsub{1}}}}}



{\metamode{{\compute{+n\tmrsub{1}}{+{\mathcal{I}}}{+n\tmrsub{2}}{-n\tmrsub{3}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\compute{n\tmrsub{1}}{{\mathcal{I}}}{n\tmrsub{2}}{n\tmrsub{3}}}}}

{\metaterminates{{\metabraces{}}{\hspace{1em}}{\compute{n\tmrsub{1}}{{\mathcal{I}}}{n\tmrsub{2}}{n\tmrsub{3}}}}}

{\metaunique{{\compute{+n\tmrsub{1}}{+{\mathcal{I}}}{+n\tmrsub{2}}{-1n\tmrsub{3}}}}}

\subsubsection{Closure, environment and stack}

{\metadeclrev{{\clos}}{{\metatypedatatype}}}{\hspace{8.2em}}{\metaname{{\clos}}{c}}

{\metadeclrev{{\lcenv}}{{\metatypedatatype}}}{\hspace{6.8em}}{\metaname{{\lcenv}}{{\lcenv}}}

{\metadeclrev{{\ltable}}{{\metatypedatatype}}}{\hspace{5.4em}}{\metaname{{\ltable}}{{\ltable}}}

{\metadeclrev{{\kenv}}{{\metatypedatatype}}}{\hspace{6.2em}}{\metaname{{\kenv}}{{\kenv}}}

{\metadeclrev{{\stack}}{{\metatypedatatype}}}{\hspace{6.6em}}{\metaname{{\stack}}{{\stack}}}



{\metadeclgrammar{{\closclosure{{\term}}{{\lcenv}}{{\ltable}}{{\kenv}}}}{{\clos}}}



{\metadeclgrammar{{\lcenvempty}}{{\lcenv}}}

{\metadeclentry{{\lcenvcons{{\lcenv}}{{\clos}}}}{$\lcenv$}}



{\metadeclgrammar{{\ltableempty}}{{\ltable}}}

{\metadeclentry{{\ltablecons{{\lcenv}}{{\ltable}}}}{{\ltable}}}



{\metadeclgrammar{{\kenvempty}}{{\kenv}}}

{\metadeclentry{{\kenvcons{{\kenv}}{{\stack}}}}{{\kenv}}}



{\metadeclgrammar{{\stackempty}}{{\stack}}}

{\metadeclentry{{\stackcons{{\clos}}{{\stack}}}}{$\stack$}}



{\metadeclrev{{\state}}{{\metatypedatatype}}}

{\metaname{{\state}}{{\sigma}}}



{\metadeclgrammar{{\statetriple{{\term}}{{\lcenv}}{{\ltable}}{{\kenv}}{{\stack}}}}{{\state}}}

\subsection{Judgments}

\subsubsection{Fetch a local closure}

{\metadeclrev{{\fetch{{\lcenv}}{{\unary}}{{\clos}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\fetch{{\lcenvcons{{\mathcal{L}}}{c}}}{{\unaryZ}}{c}}}{fetch\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\fetch{{\mathcal{L}}}{n}{c}}}{{\fetch{{\lcenvcons{{\mathcal{L}}}{c'}}}{{\unaryS{n}}}{c}}}{fetch\tmrsub{2}}}}}



{\metamode{{\fetch{+{\mathcal{L}}}{+n}{-c}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\fetch{{\mathcal{L}}}{n}{c}}}}

{\metaterminates{{\mathcal{L}}{\hspace{1em}}{\fetch{{\mathcal{L}}}{n}{c}}}}

{\metaunique{{\fetch{+{\mathcal{L}}}{+n}{-1c}}}}

\subsubsection{Fetch a local environment}

{\metadeclrev{{\lfetch{{\ltable}}{{\unary}}{{\lcenv}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\lfetch{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{{\unaryZ}}{{\mathcal{L}}}}}{l{\cdummy}fetch\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{n}{{\mathcal{L}}}}}{{\lfetch{{\metaparen{{\ltablecons{{\mathcal{L}}'}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{{\unaryS{n}}}{{\mathcal{L}}}}}{l{\cdummy}fetch\tmrsub{2}}}}}



{\metamode{{\lfetch{+{\mathcal{L}}\tmrsub{{\mu}}}{+n}{-{\mathcal{L}}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{n}{{\mathcal{L}}}}}}

{\metaterminates{{\mathcal{L}}\tmrsub{{\mu}}{\hspace{1em}}{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{n}{{\mathcal{L}}}}}}

{\metaunique{{\lfetch{+{\mathcal{L}}\tmrsub{{\mu}}}{+n}{-1{\mathcal{L}}}}}}



\subsubsection{Fetch a stack}

{\metadeclrev{{\kfetch{{\kenv}}{{\unary}}{{\stack}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\kfetch{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\unaryZ}}{{\mathcal{S}}}}}{fetch\tmrsup{{\mu}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{n}{{\mathcal{S}}}}}{{\kfetch{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}'}}}{{\unaryS{n}}}{{\mathcal{S}}}}}{fetch\tmrsup{{\mu}}\tmrsub{2}}}}}



{\metamode{{\kfetch{+{\mathcal{E}}\tmrsub{{\mu}}}{+n}{-{\mathcal{S}}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{n}{{\mathcal{S}}}}}}

{\metaterminates{{\mathcal{E}}\tmrsub{{\mu}}{\hspace{1em}}{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{n}{{\mathcal{S}}}}}}

{\metaunique{{\kfetch{+{\mathcal{E}}\tmrsub{{\mu}}}{+n}{-1{\mathcal{S}}}}}}

\subsubsection{Evaluation rules}

{\metadeclrev{{\evaluation{{\stateone}}{{\statetwo}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhen{{\fetch{{\mathcal{L}}}{k}{{\closclosure{t}{{\mathcal{L}}'}{{\mathcal{L}}'\tmrsub{{\mu}}}{{\mathcal{E}}'\tmrsub{{\mu}}}}}}}{{\evaluation{{\statetriple{{\tvar{k}}}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{L}}'}{{\mathcal{L}}'\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}'}{{\mathcal{S}}}}}}}{k{\cdummy}var}}}}

{\metadefnleft{{\metaruleaxiom{}{{\evaluation{{\statetriple{{\metaparen{{\tapp{t}{u}}}}}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\stackcons{{\closclosure{u}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\mathcal{S}}}}}}}}}{k{\cdummy}app}}}}

{\metadefnleft{{\metaruleaxiom{}{{\evaluation{{\statetriple{{\tlam{t}}}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\stackcons{c}{{\mathcal{S}}}}}}}{{\statetriple{t}{{\lcenvcons{{\mathcal{L}}}{c}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{k{\cdummy}abs}}}}

{\metadefnleft{{\metaruleaxiom{}{{\evaluation{{\statetriple{{\tcatch{t}}}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{L}}}{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\mathcal{S}}}}}}}{k{\cdummy}catch}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{L}}'}}}{{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{S}}'}}}}}{{\evaluation{{\statetriple{{\tthrow{{\alpha}}{t}}}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{L}}'}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}'}}}}}{k{\cdummy}throw}}}}



{\metamode{{\evaluation{+{\sigma}\tmrsub{1}}{-{\sigma}\tmrsub{2}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\evaluation{{\sigma}\tmrsub{1}}{{\sigma}\tmrsub{2}}}}}

{\metaunique{{\evaluation{+{\sigma}\tmrsub{1}}{-1{\sigma}\tmrsub{2}}}}}

\section{Abstract machine for safe $\lambda_{\tmop{ct}}$-terms}

\subsubsection{Syntax}

{\metadeclrev{{\iclos}}{{\metatypedatatype}}}

{\metadeclrev{{\icenv}}{{\metatypedatatype}}}

{\metadeclrev{{\ikenv}}{{\metatypedatatype}}}

{\metadeclrev{{\istack}}{{\metatypedatatype}}}

{\metaname{{\iclos}}{\tilde{c}}}

{\metaname{{\icenv}}{\widetilde{{\cenv}}}}

{\metaname{{\ikenv}}{{\ikenv}}}

{\metaname{{\istack}}{\widetilde{{\stack}}}}



{\metadeclgrammar{{\iclosclosure{{\term}}{{\icenv}}{{\unary}}{{\unaries}}{{\itable}}{{\ikenv}}}}{{\iclos}}}



{\metadeclgrammar{{\icenvempty}}{{\icenv}}}

{\metadeclentry{{\icenvcons{{\icenv}}{{\iclos}}}}{{\icenv}}}



{\metadeclgrammar{{\ikenvempty}}{{\ikenv}}}

{\metadeclentry{{\ikenvcons{{\ikenv}}{{\istack}}}}{{\ikenv}}}



{\metadeclgrammar{{\istackempty}}{{\istack}}}

{\metadeclentry{{\istackcons{{\iclos}}{{\istack}}}}{$\istack$}}



{\metadeclrev{{\istate}}{{\metatypedatatype}}}

{\metaname{{\istate}}{\tilde{{\sigma}}}}



{\metadeclgrammar{{\istatetuple{{\term}}{{\icenv}}{{\unary}}{{\unaries}}{{\itable}}{{\ikenv}}{{\istack}}}}{{\istate}}}



\subsubsection{Fetch a closure}

{\metadeclrev{{\ifetch{{\icenv}}{{\unary}}{{\iclos}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\ifetch{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}}}}{{\unaryZ}}{\tilde{c}}}}{i{\cdummy}fetch\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\ifetch{\tilde{{\mathcal{E}}}}{n}{\tilde{c}}}}{{\ifetch{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\unaryS{n}}}{\tilde{c}}}}{i{\cdummy}fetch\tmrsub{2}}}}}



{\metamode{{\ifetch{+\tilde{{\mathcal{E}}}}{+n}{-\tilde{c}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\ifetch{\tilde{{\mathcal{E}}}}{n}{\tilde{c}}}}}

{\metaterminates{\tilde{{\mathcal{E}}}{\hspace{1em}}{\ifetch{\tilde{{\mathcal{E}}}}{n}{\tilde{c}}}}}

{\metaunique{{\ifetch{+\tilde{{\mathcal{E}}}}{+n}{-1\tilde{c}}}}}

\subsubsection{Compute}

{\metadeclrev{{\icompute{{\icenv}}{{\unaryone}}{{\unarytwo}}{{\iclos}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhen{{\metahypscomma{{\opminus{n}{k}{g}}}{{\ifetch{\tilde{{\mathcal{E}}}}{g}{\tilde{c}}}}}}{{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}{i{\cdummy}compute\tmrsub{1}}}}}



{\metamode{{\icompute{+\tilde{{\mathcal{E}}}}{+n}{+k}{-\tilde{c}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}}

{\metaterminates{{\metabraces{}}{\hspace{1em}}{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}}

{\metaunique{{\icompute{+\tilde{{\mathcal{E}}}}{+n}{+k}{-1\tilde{c}}}}}

\subsubsection{Fetch a stack}

{\metadeclrev{{\ikfetch{{\ikenv}}{{\unary}}{{\istack}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\ikfetch{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\unaryZ}}{\tilde{{\mathcal{S}}}}}}{i{\cdummy}fetch\tmrsup{{\mu}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{n}{\tilde{{\mathcal{S}}}}}}{{\ikfetch{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}'}}}{{\unaryS{n}}}{\tilde{{\mathcal{S}}}}}}{i{\cdummy}fetch\tmrsup{{\mu}}\tmrsub{2}}}}}



{\metamode{{\ikfetch{+\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{+n}{-\tilde{{\mathcal{S}}}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{n}{\tilde{{\mathcal{S}}}}}}}

{\metaterminates{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}{\hspace{1em}}{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{n}{\tilde{{\mathcal{S}}}}}}}

{\metaunique{{\ikfetch{+\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{+n}{-1\tilde{{\mathcal{S}}}}}}}

\subsection{Evaluation rules}

{\metadeclrev{{\ievaluation{{\istateone}}{{\istatetwo}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhenbelow{{\metahypscomma{{\compute{n}{{\mathcal{I}}}{l}{g}}}{{\ifetch{\tilde{{\mathcal{E}}}}{g}{{\iclosclosure{t}{\tilde{{\mathcal{E}}}'}{n'}{{\mathcal{I}}'}{{\mathcal{I}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}'\tmrsub{{\mu}}}}}}}}}{{\ievaluation{{\istatetuple{{\tvar{l}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\istatetuple{t}{\tilde{{\mathcal{E}}}'}{n'}{{\mathcal{I}}'}{{\mathcal{I}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}}}{i{\cdummy}var}}}}



{\metadefnleft{{\metaruleaxiom{}{{\ievaluation{{\istatetuple{{\metaparen{{\tapp{t}{u}}}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\istatetuple{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\istackcons{{\iclosclosure{u}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}}}{\tilde{{\mathcal{S}}}}}}}}}}{i{\cdummy}app}}}}



{\metadefnleft{{\metaruleaxiom{}{{\ievaluation{{\istatetuple{{\tlam{t}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\istackcons{\tilde{c}}{\tilde{{\mathcal{S}}}}}}}}{{\istatetuple{t}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}}}}{{\unaryS{n}}}{{\metaparen{{\unariescons{{\unaryS{n}}}{{\mathcal{I}}}}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}}}{i{\cdummy}abs}}}}



{\metadefnleft{{\metaruleaxiom{}{{\ievaluation{{\istatetuple{{\tcatch{t}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\istatetuple{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{\tilde{{\mathcal{S}}}}}}}}{i{\cdummy}catch}}}}



{\metadefnleft{{\metarulewhenbelow{$\metahypscomma{\tsub{\mathcal{I}_{\mu}}{\alpha}{\mathcal{I}'}}{\ikfetch{\tilde{\mathcal{E}}_{\mu}}{\alpha}{\tilde{\mathcal{S}}'}}$}{{\ievaluation{{\istatetuple{{\tthrow{{\alpha}}{t}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\istatetuple{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}'}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}'}}}}}{i{\cdummy}throw}}}}





{\metamode{{\ievaluation{+{\sigma}\tmrsub{1}}{-{\sigma}\tmrsub{2}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\ievaluation{{\sigma}\tmrsub{1}}{{\sigma}\tmrsub{2}}}}}

{\metaunique{{\ievaluation{+{\sigma}\tmrsub{1}}{-1{\sigma}\tmrsub{2}}}}}

\section{Translation}

{\metadeclrev{{\triclos{{\iclos}}{{\clos}}}}{{\metatypejudgment}}}

{\metadeclrev{{\tristack{{\istack}}{{\stack}}}}{{\metatypejudgment}}}

{\metadeclrev{{\trikenv{{\ikenv}}{{\kenv}}}}{{\metatypejudgment}}}

{\metadeclrev{{\comp{{\unary}}{{\icenv}}{{\unaries}}{{\lcenv}}}}{{\metatypejudgment}}}

{\metadeclrev{{\map{{\unary}}{{\icenv}}{{\itable}}{{\ltable}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhen{{\metahypscomma{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\metahypscomma{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}}}{{\triclos{{\iclosclosure{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}}}{{\closclosure{t}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}{clos\tmrsup{{\diamond}}}}}}



{\metadefnleft{{\metaruleaxiom{}{{\tristack{{\istackempty}}{{\stackempty}}}}{stack\tmrsup{{\diamond}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\triclos{\tilde{c}}{c}}}{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}}}{{\tristack{{\metaparen{{\istackcons{\tilde{c}}{\tilde{{\mathcal{S}}}}}}}}{{\stackcons{c}{{\mathcal{S}}}}}}}{stack\tmrsup{{\diamond}}\tmrsub{2}}}}}



{\metadefnleft{{\metaruleaxiom{}{{\trikenv{{\ikenvempty}}{{\kenvempty}}}}{k{\cdummy}env\tmrsup{{\diamond}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}{{\trikenv{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{k{\cdummy}env\tmrsup{{\diamond}}\tmrsub{2}}}}}



{\metadefnleft{{\metaruleaxiom{}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\unariesempty}}{{\lcenvempty}}}}{flatten\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}{{\metahypscomma{{\triclos{\tilde{c}}{c}}}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}}}}}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\metaparen{{\unariescons{k}{{\mathcal{I}}}}}}}{{\lcenvcons{{\mathcal{L}}}{c}}}}}{flatten\tmrsub{2}}}}}



{\metadefnleft{{\metaruleaxiom{}{{\map{n}{\tilde{{\mathcal{E}}}}{{\itableempty}}{{\ltableempty}}}}{map\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{{\map{n}{\tilde{{\mathcal{E}}}}{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{map\tmrsub{2}}}}}



{\metamode{\\
{\hspace{2em}}{\triclos{+\tilde{c}}{-c}}\\
{\hspace{2em}}{\tristack{+\tilde{{\mathcal{S}}}}{-{\mathcal{S}}}}\\
{\hspace{2em}}{\trikenv{+\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{-{\mathcal{E}}\tmrsub{{\mu}}}}\\
{\hspace{2em}}{\comp{+n}{+\tilde{{\mathcal{E}}}}{+{\mathcal{I}}}{-{\mathcal{L}}}}\\
{\hspace{2em}}{\map{+n}{+\tilde{{\mathcal{E}}}}{+{\mathcal{I}}\tmrsub{{\mu}}}{-{\mathcal{L}}\tmrsub{{\mu}}}}}}



{\metaworlds{{\metaparen{}}\\
{\hspace{2em}}{\triclos{\tilde{c}}{c}}\\
{\hspace{2em}}{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}\\
{\hspace{2em}}{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}\\
{\hspace{2em}}{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}\\
{\hspace{2em}}{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}



{\remark*{To do.



{\metaterminates{{\metaparen{\tilde{c}{\hspace{1em}}\tilde{{\mathcal{S}}}{\hspace{1em}}\tilde{{\mathcal{E}}}\tmrsub{{\mu}}{\hspace{1em}}{\mathcal{I}}{\hspace{1em}}{\mathcal{I}}\tmrsub{{\mu}}}}\\
{\hspace{2em}}{\triclos{\tilde{c}}{c}}\\
{\hspace{2em}}{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}\\
{\hspace{2em}}{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}\\
{\hspace{2em}}{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}\\
{\hspace{2em}}{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}}

{\metaunique{\\
{\hspace{2em}}{\triclos{+\tilde{c}}{-1c}}\\
{\hspace{2em}}{\tristack{+\tilde{{\mathcal{S}}}}{-1{\mathcal{S}}}}\\
{\hspace{2em}}{\trikenv{+\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{-1{\mathcal{E}}\tmrsub{{\mu}}}}\\
{\hspace{2em}}{\comp{+n}{+\tilde{{\mathcal{E}}}}{+{\mathcal{I}}}{-1{\mathcal{L}}}}\\
{\hspace{2em}}{\map{+n}{+\tilde{{\mathcal{E}}}}{+{\mathcal{I}}\tmrsub{{\mu}}}{-1{\mathcal{L}}\tmrsub{{\mu}}}}}}



{\metadeclrev{{\tristate{{\istate}}{{\state}}}}{{\metatypejudgment}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\triclos{{\iclosclosure{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}}}{{\closclosure{t'}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}}}{{\tristate{{\istatetuple{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\statetriple{t'}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{state\tmrsup{{\diamond}}}}}}



{\metamode{{\tristate{+\tilde{{\sigma}}}{-{\sigma}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\tristate{\tilde{{\sigma}}}{{\sigma}}}}}

{\metaunique{{\tristate{+\tilde{{\sigma}}}{-1{\sigma}}}}}

\section{Completeness}



{\metadeclrev{{\minussucc{{\opminus{n}{k}{g}}}{{\opminus{{\metaparen{{\unaryS{n}}}}}{k}{{\unaryS{g}}}}}}}{{\metatypelemma}}}

\begin{proof}
  
  
  
  
  {\metadefnleft{{\metarule{}{{\minussucc{{\metaruleaxiom{}{{\opminus{n}{{\unaryZ}}{n}}}{minus\tmrsub{1}}}}{{\metaruleaxiom{}{{\opminus{{\metaparen{{\unaryS{n}}}}}{{\unaryZ}}{{\metaparen{{\unaryS{n}}}}}}}{minus\tmrsub{1}}}}}}{\&1}}
  
  }}
  
  
  
  
  
  {\metadefnleft{{\metarule{
  
  {\minussucc{{\metaterm{{\opminus{n}{k}{g}}}{{\mathcal{D}}\tmrsub{1}}}}{{\metaterm{{\opminus{{\metaparen{{\unaryS{n}}}}}{k}{{\unaryS{g}}}}}{{\mathcal{D}}\tmrsub{2}}}}}}{{\minussucc{{\metarule{{\metaterm{{\opminus{n}{k}{g}}}{{\mathcal{D}}\tmrsub{1}}}}{{\opminus{{\metaparen{{\unaryS{n}}}}}{{\metaparen{{\unaryS{k}}}}}{g}}}{minus\tmrsub{2}}}}{{\metarule{{\metaterm{{\opminus{{\metaparen{{\unaryS{n}}}}}{k}{{\unaryS{g}}}}}{{\mathcal{D}}\tmrsub{2}}}}{{\opminus{{\metaparen{{\unaryS{{\unaryS{n}}}}}}}{{\metaparen{{\unaryS{k}}}}}{{\unaryS{g}}}}}{minus\tmrsub{2}}}}}}{\&1}}
  
  }}
  
  
  
  
  
  {\metamode{{\minussucc{+{\mathcal{D}}\tmrsub{1}}{-{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metaworlds{{\metaparen{}}{\hspace{1em}}{\minussucc{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metatotal{{\metaparen{{\mathcal{D}}\tmrsub{1}}}{\hspace{1em}}{\minussucc{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}
\end{proof}

{\metadeclrev{{\weakenflatten{{\metabracesforall{\tilde{c}'}}}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\comp{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}}{{\mathcal{L}}}}}}}{{\metatypelemma}}}

\begin{proof}
  
  
  
  
  {\metadefnleft{{\metarule{}{{\weakenflatten{{\metatermbefore{{\iclos}}{\tilde{c}'}}}{{\metaruleaxiom{}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\unariesempty}}{{\lcenvempty}}}}{flatten\tmrsub{1}}}}{{\metaruleaxiom{}{{\comp{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\unariesempty}}{{\lcenvempty}}}}{flatten\tmrsub{1}}}}}}{\&1}}}}
  
  
  
  
  
  {\metadefnleft{{\metarule{
  
  {\metahypsabove{
  
  {\weakenflatten{{\metatermbefore{{\iclos}}{\tilde{c}'}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{23}}}}{{\metaterm{{\comp{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{3}}}}}}{{\minussucc{{\metaterm{{\opminus{n}{k}{g}}}{{\mathcal{D}}\tmrsub{211}}}}{{\metaterm{{\opminus{{\metaparen{{\unaryS{n}}}}}{k}{{\unaryS{g}}}}}{{\mathcal{D}}\tmrsub{4}}}}}}}
  
  }{{\weakenflatten{{\metatermbefore{{\iclos}}{\tilde{c}'}}}{{\metarule{{\metahyps{{\metarule{{\metahyps{{\metaterm{{\opminus{n}{k}{g}}}{{\mathcal{D}}\tmrsub{211}}}}{{\metaterm{{\ifetch{\tilde{{\mathcal{E}}}}{g}{\tilde{c}}}}{{\mathcal{D}}\tmrsub{212}}}}}}{{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}{i{\cdummy}compute\tmrsub{1}}}}{{\metahyps{{\metaterm{{\triclos{\tilde{c}}{c}}}{{\mathcal{D}}\tmrsub{22}}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{23}}}}}}}}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\metaparen{{\unariescons{k}{{\mathcal{I}}}}}}}{{\lcenvcons{{\mathcal{L}}}{c}}}}}{flatten\tmrsub{2}}}}{{\metarule{{\metahyps{{\metarule{{\metahyps{{\metaterm{{\opminus{{\metaparen{{\unaryS{n}}}}}{k}{{\unaryS{g}}}}}{{\mathcal{D}}\tmrsub{4}}}}{{\metarule{{\metaterm{{\ifetch{\tilde{{\mathcal{E}}}}{g}{\tilde{c}}}}{{\mathcal{D}}\tmrsub{212}}}}{{\ifetch{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\unaryS{g}}}{\tilde{c}}}}{i{\cdummy}fetch\tmrsub{2}}}}}}{{\icompute{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\unaryS{n}}}{k}{\tilde{c}}}}{i{\cdummy}compute\tmrsub{1}}}}{{\metahyps{{\metaterm{{\triclos{\tilde{c}}{c}}}{{\mathcal{D}}\tmrsub{22}}}}{{\metaterm{{\comp{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{3}}}}}}}}{{\comp{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\metaparen{{\unariescons{k}{{\mathcal{I}}}}}}}{{\lcenvcons{{\mathcal{L}}}{c}}}}}{flatten\tmrsub{2}}}}}}{\&2}}}}
  
  
  
  
  
  {\metamode{{\weakenflatten{+\tilde{c}'}{+{\mathcal{D}}\tmrsub{1}}{-{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metaworlds{{\metaparen{}}{\hspace{1em}}{\weakenflatten{\tilde{c}'}{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metatotal{{\metaparen{{\mathcal{D}}\tmrsub{1}}}{\hspace{1em}}{\weakenflatten{\tilde{c}'}{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}
\end{proof}

{\metadeclrev{{\weaken{{\metabracesforall{\tilde{c}'}}}{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\map{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{{\metatypelemma}}}

\begin{proof}
  
  
  
  
  {\metadefnleft{{\metarule{}{{\weaken{{\metatermbefore{{\iclos}}{\tilde{c}'}}}{{\metaruleaxiom{}{{\map{n}{\tilde{{\mathcal{E}}}}{{\itableempty}}{{\ltableempty}}}}{map\tmrsub{1}}}}{{\metaruleaxiom{}{{\map{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\itableempty}}{{\ltableempty}}}}{map\tmrsub{1}}}}}}{\&1}}}}
  
  
  
  
  
  {\metadefnleft{{\metarule{{\metahypsabove{{\weaken{{\metatermbefore{{\iclos}}{\tilde{c}'}}}{{\metaterm{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{12}}}}{{\metaterm{{\map{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{2}}}}}}{{\weakenflatten{{\metatermbefore{{\iclos}}{\tilde{c}'}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaterm{{\comp{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{3}}}}}}}}{{\weaken{{\metatermbefore{{\iclos}}{\tilde{c}'}}}{{\metarule{{\metahyps{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaterm{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{12}}}}}}{{\map{n}{\tilde{{\mathcal{E}}}}{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}}}{map\tmrsub{2}}}}{{\metarule{{\metahyps{{\metaterm{{\comp{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{3}}}}{{\metaterm{{\map{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{2}}}}}}{{\map{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}}}{map\tmrsub{2}}}}}}{\&2}}}}
  
  
  
  
  
  
  
  {\metamode{{\weaken{+\tilde{c}'}{+{\mathcal{D}}\tmrsub{1}}{-{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metaworlds{{\metaparen{}}{\hspace{1em}}{\weaken{\tilde{c}'}{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metatotal{{\metaparen{{\mathcal{D}}\tmrsub{1}}}{\hspace{1em}}{\weaken{\tilde{c}'}{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}
\end{proof}

{\metadeclrev{{\simmap{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}'}}{\hspace{1em}}{\metacomment{for
some
$\mathcal{I}'$}}}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}'}{{\mathcal{L}}'}}}{{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{L}}'}}}}}{{\metatypelemma}}}

\begin{proof}
  
  
  
  
  {\metadefnleft{{\metarule{}{{\simmap{{\metarule{{\metahyps{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaterm{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\metawildcarddots}}}}}}{{\map{n}{\tilde{{\mathcal{E}}}}{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}}}{map\tmrsub{2}}}}{{\metaruleaxiom{}{{\tsub{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\unaryZ}}{{\mathcal{I}}}}}{fetch\tmrsup{{\mathcal{I}}\tmrsub{{\mu}}}\tmrsub{1}}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaruleaxiom{}{{\lfetch{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{{\unaryZ}}{{\mathcal{L}}}}}{l{\cdummy}fetch\tmrsub{1}}}}}}{\&1}}}}
  
  
  
  
  
  {\metadefnleft{{\metarule{{\simmap{{\metaterm{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{12}}}}{{\metaterm{{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}'}}}{{\mathcal{D}}\tmrsub{2}}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}'}{{\mathcal{L}}'}}}{{\mathcal{D}}\tmrsub{3}}}}{{\metaterm{{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{L}}'}}}{{\mathcal{D}}\tmrsub{4}}}}}}{
  
  {\simmap{{\metarule{{\metahyps{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\metawildcarddots}}}}{{\metaterm{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{12}}}}}}{{\map{n}{\tilde{{\mathcal{E}}}}{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}}}{map\tmrsub{2}}}}{{\metarule{{\metaterm{{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}'}}}{{\mathcal{D}}\tmrsub{2}}}}{{\tsub{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\unaryS{{\alpha}}}}{{\mathcal{I}}'}}}{fetch\tmrsup{{\mathcal{I}}\tmrsub{{\mu}}}\tmrsub{2}}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}'}{{\mathcal{L}}'}}}{{\mathcal{D}}\tmrsub{3}}}}{{\metarule{{\metaterm{{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{L}}'}}}{{\mathcal{D}}\tmrsub{4}}}}{{\lfetch{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{{\unaryS{{\alpha}}}}{{\mathcal{L}}'}}}{l{\cdummy}fetch\tmrsub{2}}}}}}{\&2}}}}
  
  
  
  
  
  
  
  {\metamode{{\simmap{+{\mathcal{D}}\tmrsub{1}}{-{\mathcal{D}}\tmrsub{4}}{-{\mathcal{D}}\tmrsub{3}}{+{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metaworlds{{\metaparen{}}{\hspace{1em}}{\simmap{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{4}}{{\mathcal{D}}\tmrsub{3}}{{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metatotal{{\metaparen{{\mathcal{D}}\tmrsub{2}}}{\hspace{1em}}{\simmap{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{4}}{{\mathcal{D}}\tmrsub{3}}{{\mathcal{D}}\tmrsub{2}}}}}
\end{proof}



{\metadeclrev{{\simfetch{{\sub{{\mathcal{I}}}{l}{k}}{\hspace{1em}}{\metacomment{for
some $k,
\tilde{c}$}}}{{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\triclos{\tilde{c}}{c}}}{{\fetch{{\mathcal{L}}}{l}{c}}}}}{{\metatypelemma}}}

\begin{proof}
  
  
  
  
  {\metadefnleft{{\metarule{}{{\simfetch{{\metaruleaxiom{}{{\sub{{\metaparen{{\unariescons{k}{{\mathcal{I}}}}}}}{{\unaryZ}}{k}}}{fetch\tmrsup{{\mathcal{I}}}\tmrsub{1}}}}{{\metaterm{{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}{{\mathcal{D}}\tmrsub{31}}}}{{\metarule{{\metahyps{{\metaterm{{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}{{\mathcal{D}}\tmrsub{31}}}}{{\metahyps{{\metaterm{{\triclos{\tilde{c}}{c}}}{{\mathcal{D}}\tmrsub{32}}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\metawildcarddots}}}}}}}}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\metaparen{{\unariescons{k}{{\mathcal{I}}}}}}}{{\lcenvcons{{\mathcal{L}}}{c}}}}}{flatten\tmrsub{2}}}}{{\metaterm{{\triclos{\tilde{c}}{c}}}{{\mathcal{D}}\tmrsub{32}}}}{{\metaruleaxiom{}{{\fetch{{\lcenvcons{{\mathcal{L}}}{c}}}{{\unaryZ}}{c}}}{fetch\tmrsub{1}}}}}}{\&1}}}}
  
  
  
  
  
  
  
  {\metadefnleft{{\metarule{{\simfetch{{\metaterm{{\sub{{\mathcal{I}}}{l}{k}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaterm{{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}{{\mathcal{D}}\tmrsub{2}}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{33}}}}{{\metaterm{{\triclos{\tilde{c}}{c}}}{{\mathcal{D}}\tmrsub{4}}}}{{\metaterm{{\fetch{{\mathcal{L}}}{l}{c}}}{{\mathcal{D}}\tmrsub{5}}}}}}{{\simfetch{{\metarule{{\metaterm{{\sub{{\mathcal{I}}}{l}{k}}}{{\mathcal{D}}\tmrsub{11}}}}{{\sub{{\metaparen{{\unariescons{k'}{{\mathcal{I}}}}}}}{{\unaryS{l}}}{k}}}{fetch\tmrsup{{\mathcal{I}}}\tmrsub{2}}}}{{\metaterm{{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}{{\mathcal{D}}\tmrsub{2}}}}{{\metarule{{\metahyps{{\metaterm{{\icompute{\tilde{{\mathcal{E}}}}{n}{k'}{\tilde{c}'}}}{{\mathcal{D}}\tmrsub{31}}}}{{\metahyps{{\metaterm{{\triclos{\tilde{c}'}{c'}}}{{\mathcal{D}}\tmrsub{32}}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{33}}}}}}}}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\metaparen{{\unariescons{k'}{{\mathcal{I}}}}}}}{{\lcenvcons{{\mathcal{L}}}{c'}}}}}{flatten\tmrsub{2}}}}{{\metaterm{{\triclos{\tilde{c}}{c}}}{{\mathcal{D}}\tmrsub{4}}}}{{\metarule{{\metaterm{{\fetch{{\mathcal{L}}}{l}{c}}}{{\mathcal{D}}\tmrsub{5}}}}{{\fetch{{\lcenvcons{{\mathcal{L}}}{c'}}}{{\unaryS{l}}}{c}}}{fetch\tmrsub{2}}}}}}{\&2}}}}
  
  
  
  
  
  
  
  {\metamode{{\simfetch{-{\mathcal{D}}\tmrsub{5}}{-{\mathcal{D}}\tmrsub{3}}{+{\mathcal{D}}\tmrsub{1}}{-{\mathcal{D}}\tmrsub{4}}{+{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metaworlds{{\metaparen{}}{\hspace{1em}}{\simfetch{{\mathcal{D}}\tmrsub{5}}{{\mathcal{D}}\tmrsub{3}}{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{4}}{{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metatotal{{\metaparen{{\mathcal{D}}\tmrsub{1}}}{\hspace{1em}}{\simfetch{{\mathcal{D}}\tmrsub{5}}{{\mathcal{D}}\tmrsub{3}}{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{4}}{{\mathcal{D}}\tmrsub{2}}}}}
\end{proof}

{\metadeclrev{{\simkfetch{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\alpha}}{\tilde{{\mathcal{S}}}}}{\hspace{1em}}{\metacomment{for
some
$\tilde{\mathcal{S}}$}}}{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{S}}}}}}}{{\metatypelemma}}}

\begin{proof}
  
  
  
  
  {\metadefnleft{{\metarule{}{{\simkfetch{{\metarule{{\metahyps{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaterm{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\metawildcarddots}}}}}}{{\trikenv{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{k{\cdummy}env\tmrsup{{\diamond}}\tmrsub{2}}}}{{\metaruleaxiom{}{{\ikfetch{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\unaryZ}}{\tilde{{\mathcal{S}}}}}}{i{\cdummy}fetch\tmrsup{{\mu}}\tmrsub{1}}}}{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaruleaxiom{}{{\kfetch{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\unaryZ}}{{\mathcal{S}}}}}{fetch\tmrsup{{\mu}}\tmrsub{1}}}}}}{\&1}}}}
  
  
  
  
  
  
  
  {\metadefnleft{{\metarule{{\simkfetch{{\metaterm{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{12}}}}{{\metaterm{{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\alpha}}{\tilde{{\mathcal{S}}}}}}{{\mathcal{D}}\tmrsub{2}}}}{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\mathcal{D}}\tmrsub{3}}}}{{\metaterm{{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{S}}}}}{{\mathcal{D}}\tmrsub{4}}}}}}{{\simkfetch{{\metarule{{\metahyps{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}'}{{\mathcal{S}}'}}}{{\metawildcarddots}}}}{{\metaterm{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{12}}}}}}{{\trikenv{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}'}}}{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}'}}}}}{k{\cdummy}env\tmrsup{{\diamond}}\tmrsub{2}}}}{{\metarule{{\metaterm{{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\alpha}}{\tilde{{\mathcal{S}}}}}}{{\mathcal{D}}\tmrsub{2}}}}{{\ikfetch{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}'}}}{{\unaryS{{\alpha}}}}{\tilde{{\mathcal{S}}}}}}{i{\cdummy}fetch\tmrsup{{\mu}}\tmrsub{2}}}}{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\mathcal{D}}\tmrsub{3}}}}{{\metarule{{\metaterm{{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{S}}}}}{{\mathcal{D}}\tmrsub{4}}}}{{\kfetch{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}'}}}{{\unaryS{{\alpha}}}}{{\mathcal{S}}}}}{fetch\tmrsup{{\mu}}\tmrsub{2}}}}}}{\&2}}}}
  
  
  
  
  
  
  
  {\metamode{{\simkfetch{+{\mathcal{D}}\tmrsub{1}}{-{\mathcal{D}}\tmrsub{4}}{-{\mathcal{D}}\tmrsub{3}}{+{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metaworlds{{\metaparen{}}{\hspace{1em}}{\simkfetch{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{4}}{{\mathcal{D}}\tmrsub{3}}{{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metatotal{{\metaparen{{\mathcal{D}}\tmrsub{2}}}{\hspace{1em}}{\simkfetch{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{4}}{{\mathcal{D}}\tmrsub{3}}{{\mathcal{D}}\tmrsub{2}}}}}
\end{proof}

{\metadeclrev{{\simulation{{\ievaluation{\tilde{{\sigma}}\tmrsub{1}}{\tilde{{\sigma}}\tmrsub{2}}}}{{\tristate{\tilde{{\sigma}}\tmrsub{1}}{{\sigma}\tmrsub{1}}}}{{\tristate{\tilde{{\sigma}}\tmrsub{2}}{{\sigma}\tmrsub{2}}}{\hspace{1em}}{\metacomment{for
some
$\tilde{\sigma}_2$}}}{{\evaluation{{\sigma}\tmrsub{1}}{{\sigma}\tmrsub{2}}}}}}{{\metatypetheorem}}}

\begin{proof}
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