SIMPLY TYPED A-CALCULUS
1 Simply typed A-calculus

1.1 Syntax

1.1.1 Types

%datatype type
Y%name type T

T =
| unit
| T —> T2
1.1.2 Terms

%datatype term
Y%name term t

%binding 1—3 in Ay:y.4
%binding 1—3 in [,+y]y

1.2 Typing judgment
%judgment  t:7

W [of _empty]

{2} FaiT — b tz]:7!
Fz:r.t[z]:m— 71!

[of lam]

Ftir—7" FtoT
FtthZ’T/

[of _app]

1.3 Values

%judgment t value

<> value [value empty]

Az: 7.t[z] value [Value_lam]



1.4 Equality

%judgment t;=ts
t=t [equal _refl]

1.5 Inductively defined meta-substitution
%judgment [z ti]ta=t3
%binding 1—3 in [y+ylu=0u

[SC — u]z = [subst_ var]

[.’L‘ s u]t = [subst _term]

[zultafz]) =t1 [wu](tsfz]) =
[ ul(t[a] tala]) = 11 85

{y} el =ty o
[ < u](Ay: T.t[y][z]) = Ay: 7.t[y] -

2 [subst _app]

%solve [r+<+ A\y:unit.ylz=
%solve [r+< Ay:unit.y|\y: unit.yz =

%block W : block {x:term}
%mode [u <—+t1] +to=—1t3

Y%worlds (W) [u<«ti]ta=t3
%terminates (t2) [L<+ti]ta=t3

Zlemma ({y} t[y]=¢t'[y]) Fam {7} Ay:7tly]=Ay: 7.ty

Proof.

[&1]

——— [equal refl equal refl
[y]t[y]:t[y][qa; ] ry] el el

Flam 7] Ay Tt[y] = Ay Tty
{y} tlyl =t[y] {7} My:7tly] = Ay: 7ty

Y%mode +D; tiam —Ds
%worlds (W) D1 Fam Da
%total {} D1 Fiam Do

%lemma ti=t] A to=th Fapp tit2= t1th
Proof.

[&1]
t =1 [equal _refl] A to =t lequal _refl] Fapp tita=t1to lequal _refl]

%mode +D1 A\ + DQ Fapp — Dg
%worlds (W) D; A Dy btapp D3
%total {} Dl A\ D2 l_app D3

P%lemma [z ul(t1]z]) =t] Fequiv ti[u]=1t1
Proof.

1
[subst _var] lequal _refl] (&)

[z ulz=u Fequiv. u=u
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[t ult=t [subst_term] - 4t [equal_refl (2]
D, . De,
[ u](t1]z]) = 1 equv ti[u] = th
D, . D
[7 < u](ta[z]) =5 A to[u] =th
De, A oo - De.
t[u] =t} tafu] =t5 PP tq[u] tafu] =11 th
'Dsl 'DSZ [&3]
o u)(tife) = [oeul(tala]) =t D.
o] (L] tal]) = £ 7 bubst_epe] - Feantv 4y o) = 4 1
Ds, y ) De, y
(v} ( wed@l) =t T iyl =ty )
De, |—1 De,
{v} tlyllu] =t"Ty] T} Ay rtfy][u] = My 7.ty e
Dsl

{y} [z ul(t]y][z]) =t"[y]
[ u)(Ay: T.t[y][z]) = Ay: 7.ty

] [subst_lam] Fequiv

%mode +D;
%worlds (W)
%terminates
%covers +D;
%total (Dy)

Fequiv - DQ
Dl I_equiv
(D1) D
l_equiv

D,

Do
Fequiv

_ D2

D,

D,

Fequiv

1.6 Explicit substitution

1.6.1 One step reduction

%judgment ¢~ t,

t~t] ot |
titg~t)ty o =P
to ~ th

()\.T: T.t[m]) U~ [.T — u] (t[m]) [step_betal

————— [step_subst_var]
[ u]z~~>u - -

m [step _subst_term)]

[ al(tfa] tfa]) ~ o= al(B o) [o — alafe]) *F ="

[ u] Oy T ]e]) — O 7w ] (gl e



1.6.2 Full evaluation
%judgment t;~*ty

Ax: T.t[z] ~* Az 7.t [7] [step_star,]

t"’“)t/ t/ ~x t”

For 1 [step_star,)]

%solve A\y:unit.y \y: unit.y ~*
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\begin{document}

\section{Simply typed $\lambda$-calculus}

\subsection{Syntax}

\subsubsection{Types}

{\metadeclzero{{\tp}}{{\metatypetwo}}}

{\metaname{{\tp}}{{\tau}}}



{\metadeclone{{\unit}}{{\tpzero}}}

{\metadecltwo{{\arrow{{\tpone}}{{\tptwo}}}}{{\tp}}}



\subsubsection{Terms}

{\metadeclzero{{\tm}}{{\metatypetwo}}}

{\metaname{{\tm}}{t}}



{\metadeclone{{\single}}{{\tmzero}}}

{\metadecltwo{{\app{{\tmone}}{{\tmtwo}}}}{{\tm}}}

{\metadecltwo{{\lam{{\tmx}}{{\tpzero}}{{\tmzero}}}}{{\tm}}}

{\metadecltwo{{\expsubst{{\tmx}}{{\tmone}}{{\tmtwo}}}}{{\tm}}}



{\metabind{1}{3}{{\lam{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}}

{\metabind{1}{3}{{\expsubst{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}}

\subsection{Typing judgment}

{\metadeclzero{{\typing{{\tmzero}}{{\tpzero}}}}{{\metatypeone}}}



{\metadefn{{\metarule{}{{\typing{{\single}}{{\unit}}}}{of\_empty}}}}





{\metadefn{{\metarule{{\metaall{x}{{\metaimp{{\typing{x}{{\tau}}}}{{\typing{{\metaappzero{t}{x}}}{{\tau}'}}}}}}}{{\typing{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}{{\arrow{{\tau}}{{\tau}'}}}}}{of\_lam}}}}





{\metadefn{{\metarule{{\metahyps{{\typing{t\tmrsub{1}}{{\arrow{{\tau}}{{\tau}'}}}}}{{\typing{t\tmrsub{2}}{{\tau}}}}}}{{\typing{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\tau}'}}}{of\_app}}}}



\subsection{Values}

{\metadeclzero{{\tmvalue{{\tmzero}}}}{{\metatypeone}}}





{\metadefn{{\metarulezero{}{{\tmvalue{{\single}}}}{value\_empty}}}}



{\metadefn{{\metarulezero{}{{\tmvalue{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}}}{value\_lam}}}}





\subsection{Equality}

{\metadeclzero{{\tmequal{{\tmone}}{{\tmtwo}}}}{{\metatypeone}}}

{\metadefn{{\metarulezero{}{{\tmequal{t}{t}}}{equal\_refl}}}}

\subsection{Inductively defined meta-substitution}

{\metadeclzero{{\tmsubst{{\tmx}}{{\tmone}}{{\tmtwo}}{{\tm}}}}{{\metatypeone}}}

{\metabind{1}{3}{{\tmsubst{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}{{\metawildcard}}}}}



{\metadefn{{\metarulezero{}{{\tmsubst{x}{u}{x}{u}}}{subst\_var}}}}

{\metadefn{{\metarulezero{}{{\tmsubst{x}{u}{t}{t}}}{subst\_term}}}}

{\metadefn{{\metarule{{\metahyps{{\tmsubst{x}{u}{{\metaparen{{\metaappzero{t\tmrsub{1}}{x}}}}}{t\tmrsub{1}'}}}{{\tmsubst{x}{u}{{\metaparen{{\metaappzero{t\tmrsub{2}}{x}}}}}{t\tmrsub{2}'}}}}}{{\tmsubst{x}{u}{{\metaparen{{\app{{\metaappzero{t\tmrsub{1}}{x}}}{{\metaappzero{t\tmrsub{2}}{x}}}}}}}{{\app{t'\tmrsub{1}}{t'\tmrsub{2}}}}}}{subst\_app}}}}

{\metadefn{{\metarule{{\metaall{y}{{\tmsubst{x}{u}{{\metaparen{{\metaappzero{{\metaappzero{t}{y}}}{x}}}}}{{\metaappzero{t'}{y}}}}}}}{{\tmsubst{x}{u}{{\metaparen{{\lam{y}{{\tau}}{{\metaappzero{{\metaappzero{t}{y}}}{x}}}}}}}{{\lam{y}{{\tau}}{{\metaappzero{t'}{y}}}}}}}{subst\_lam}}}}





{\metasolve{{\tmsubst{x}{{\lam{y}{{\unit}}{y}}}{x}{{\metawildcard}}}}}

{\metasolve{{\tmsubst{x}{{\lam{y}{{\unit}}{y}}}{{\lam{y}{{\unit}}{{\app{y}{x}}}}}{{\metawildcard}}}}}



{\metablockdecl{{\mathcal{W}}}{{\metablock{{\metabraces{{\metatypedvar{x}{{\tm}}}}}}{}}}}

{\metamode{{\tmsubst{{\metawildcard}}{+t\tmrsub{1}}{+t\tmrsub{2}}{-t\tmrsub{3}}}}}

{\metaworlds{{\metaparen{{\mathcal{W}}}}{\hspace{1em}}{\tmsubst{{\metawildcard}}{t\tmrsub{1}}{t\tmrsub{2}}{t\tmrsub{3}}}}}

{\metaterminates{{\metaparen{t\tmrsub{2}}}{\hspace{1em}}{\tmsubst{{\metawildcard}}{t\tmrsub{1}}{t\tmrsub{2}}{t\tmrsub{3}}}}}



{\metadeclzero{{\equallam{{\metaparen{{\metaall{y}{{\tmequal{{\metaappzero{t}{y}}}{{\metaappzero{t'}{y}}}}}}}}}{{\metaall{{\tau}}{{\tmequal{{\lam{y}{{\tau}}{{\metaappzero{t}{y}}}}}{{\lam{y}{{\tau}}{{\metaappzero{t'}{y}}}}}}}}}}}{{\metatypezero}}}



\paragraph{Proof.}

{\metadefn{{\metarule{}{{\equallam{{\metaterm{{\metaall{y}{{\tmequal{{\metaappzero{t}{y}}}{{\metaappzero{t}{y}}}}}}}{{\metaabs{y}{{\metarule{}{{\tmequal{{\metaappzero{t}{y}}}{{\metaappzero{t}{y}}}}}{equal\_refl}}}}}}}{{\metaterm{{\metaall{{\tau}}{{\tmequal{{\lam{y}{{\tau}}{{\metaappzero{t}{y}}}}}{{\lam{y}{{\tau}}{{\metaappzero{t}{y}}}}}}}}}{{\metaabs{{\tau}}{{\metarule{}{{\tmequal{{\lam{y}{{\tau}}{{\metaappzero{t}{y}}}}}{{\lam{y}{{\tau}}{{\metaappzero{t}{y}}}}}}}{equal\_refl}}}}}}}}}{\&1}}}}



{\metamode{{\equallam{+{\mathcal{D}}\tmrsub{1}}{-{\mathcal{D}}\tmrsub{2}}}}}

{\metaworlds{{\metaparen{{\mathcal{W}}}}{\hspace{1em}}{\equallam{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}

{\metatotal{{\metabraces{}}{\hspace{1em}}{\equallam{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}



{\metadeclzero{{\equalapp{{\tmequal{t\tmrsub{1}}{t'\tmrsub{1}}}}{{\tmequal{t\tmrsub{2}}{t'\tmrsub{2}}}}{{\tmequal{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\app{t'\tmrsub{1}}{t'\tmrsub{2}}}}}}}}{{\metatypezero}}}

\paragraph{Proof.}

{\metadefn{{\metarule{}{{\equalapp{{\metarulezero{}{{\tmequal{t\tmrsub{1}}{t\tmrsub{1}}}}{equal\_refl}}}{{\metarulezero{}{{\tmequal{t\tmrsub{2}}{t\tmrsub{2}}}}{equal\_refl}}}{{\metarulezero{}{{\tmequal{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}}}{equal\_refl}}}}}{\&1}}}}



{\metamode{{\equalapp{+{\mathcal{D}}\tmrsub{1}}{+{\mathcal{D}}\tmrsub{2}}{-{\mathcal{D}}\tmrsub{3}}}}}

{\metaworlds{{\metaparen{{\mathcal{W}}}}{\hspace{1em}}{\equalapp{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}{{\mathcal{D}}\tmrsub{3}}}}}

{\metatotal{{\metabraces{}}{\hspace{1em}}{\equalapp{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}{{\mathcal{D}}\tmrsub{3}}}}}



{\metadeclzero{{\substequiv{{\tmsubst{x}{u}{{\metaparen{{\metaappzero{t\tmrsub{1}}{x}}}}}{t'\tmrsub{1}}}}{{\tmequal{{\metaappzero{t\tmrsub{1}}{u}}}{t'\tmrsub{1}}}}}}{{\metatypezero}}}

\paragraph{Proof.}



{\metadefn{{\metarule{}{{\substequiv{{\metarulezero{}{{\tmsubst{x}{u}{x}{u}}}{subst\_var}}}{{\metarulezero{}{{\tmequal{u}{u}}}{equal\_refl}}}}}{\&1}}}}





{\metadefn{{\metarule{}{{\substequiv{{\metarulezero{}{{\tmsubst{x}{u}{t}{t}}}{subst\_term}}}{{\metarulezero{}{{\tmequal{t}{t}}}{equal\_refl}}}}}{\&2}}}}





{\metadefn{{\metarule{{\metahypszero{{\substequiv{{\metaterm{{\tmsubst{x}{u}{{\metaparen{{\metaappzero{t\tmrsub{1}}{x}}}}}{t'\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{s\tmrsub{1}}}}}{{\metaterm{{\tmequal{{\metaappzero{t\tmrsub{1}}{u}}}{t'\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{e\tmrsub{1}}}}}}}{{\metahypszero{{\substequiv{{\metaterm{{\tmsubst{x}{u}{{\metaparen{{\metaappzero{t\tmrsub{2}}{x}}}}}{t'\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{s\tmrsub{2}}}}}{{\metaterm{{\tmequal{{\metaappzero{t\tmrsub{2}}{u}}}{t'\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{e\tmrsub{2}}}}}}}{{\equalapp{{\metaterm{{\tmequal{{\metaappzero{t\tmrsub{1}}{u}}}{t'\tmrsub{1}}}}{{\mathcal{D}}\tmrsub{e\tmrsub{1}}}}}{{\metaterm{{\tmequal{{\metaappzero{t\tmrsub{2}}{u}}}{t'\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{e\tmrsub{2}}}}}{{\metaterm{{\tmequal{{\app{{\metaappzero{t\tmrsub{1}}{u}}}{{\metaappzero{t\tmrsub{2}}{u}}}}}{{\app{t'\tmrsub{1}}{t'\tmrsub{2}}}}}}{{\mathcal{D}}\tmrsub{e}}}}}}}}}}{{\substequiv{{\metarule{{\metahyps{{\metaterm{{\tmsubst{x}{u}{{\metaparen{{\metaappzero{t\tmrsub{1}}{x}}}}}{t\tmrsub{1}'}}}{{\mathcal{D}}\tmrsub{s\tmrsub{1}}}}}{{\metaterm{{\tmsubst{x}{u}{{\metaparen{{\metaappzero{t\tmrsub{2}}{x}}}}}{t\tmrsub{2}'}}}{{\mathcal{D}}\tmrsub{s\tmrsub{2}}}}}}}{{\tmsubst{x}{u}{{\metaparen{{\app{{\metaappzero{t\tmrsub{1}}{x}}}{{\metaappzero{t\tmrsub{2}}{x}}}}}}}{{\app{t'\tmrsub{1}}{t'\tmrsub{2}}}}}}{subst\_app}}}{{\metaterm{{\tmequal{{\app{{\metaappzero{t\tmrsub{1}}{u}}}{{\metaappzero{t\tmrsub{2}}{u}}}}}{{\app{t'\tmrsub{1}}{t'\tmrsub{2}}}}}}{{\mathcal{D}}\tmrsub{e}}}}}}{\&3}}}}





{\metadefn{{\metarule{{\metahypsabove{{\metaall{y}{{\metaparen{{\substequiv{{\metaterm{{\tmsubst{x}{u}{{\metaparen{{\metaappzero{{\metaappzero{t}{y}}}{x}}}}}{{\metaappzero{t'}{y}}}}}{{\metaapp{{\mathcal{D}}\tmrsub{s\tmrsub{1}}}{y}}}}}{{\metaterm{{\tmequal{{\metaappzero{{\metaappzero{t}{y}}}{u}}}{{\metaappzero{t'}{y}}}}}{{\metaapp{{\mathcal{D}}\tmrsub{e\tmrsub{1}}}{y}}}}}}}}}}}{{\equallam{{\metaterm{{\metaall{y}{{\tmequal{{\metaappzero{{\metaappzero{t}{y}}}{u}}}{{\metaappzero{t'}{y}}}}}}}{{\mathcal{D}}\tmrsub{e\tmrsub{1}}}}}{{\metaterm{{\metaall{{\tau}}{{\tmequal{{\lam{y}{{\tau}}{{\metaappzero{{\metaappzero{t}{y}}}{u}}}}}{{\lam{y}{{\tau}}{{\metaappzero{t'}{y}}}}}}}}}{{\mathcal{D}}\tmrsub{e\tmrsub{2}}}}}}}}}{{\substequiv{{\metarule{{\metaterm{{\metaall{y}{{\tmsubst{x}{u}{{\metaparen{{\metaappzero{{\metaappzero{t}{y}}}{x}}}}}{{\metaappzero{t'}{y}}}}}}}{{\mathcal{D}}\tmrsub{s\tmrsub{1}}}}}{{\tmsubst{x}{u}{{\metaparen{{\lam{y}{{\tau}}{{\metaappzero{{\metaappzero{t}{y}}}{x}}}}}}}{{\lam{y}{{\tau}}{{\metaappzero{t'}{y}}}}}}}{subst\_lam}}}{{\metaterm{{\tmequal{{\lam{y}{{\tau}}{{\metaappzero{{\metaappzero{t}{y}}}{u}}}}}{{\lam{y}{{\tau}}{{\metaappzero{t'}{y}}}}}}}{{\metaapp{{\mathcal{D}}\tmrsub{e\tmrsub{2}}}{{\tau}}}}}}}}{\&4}}}}





{\metamode{{\substequiv{+{\mathcal{D}}\tmrsub{1}}{-{\mathcal{D}}\tmrsub{2}}}}}

{\metaworlds{{\metaparen{{\mathcal{W}}}}{\hspace{1em}}{\substequiv{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}

{\metaterminates{{\metaparen{{\mathcal{D}}\tmrsub{1}}}{\hspace{1em}}{\substequiv{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}

{\metacovers{{\substequiv{+{\mathcal{D}}\tmrsub{1}}{-{\mathcal{D}}\tmrsub{2}}}}}

{\metatotal{{\metaparen{{\mathcal{D}}\tmrsub{1}}}{\hspace{1em}}{\substequiv{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}

\subsection{Explicit substitution}

\subsubsection{One step reduction}

{\metadeclzero{{\step{{\tmone}}{{\tmtwo}}}}{{\metatypeone}}}





{\metadefn{{\metarule{{\step{t\tmrsub{1}}{t'\tmrsub{1}}}}{{\step{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\app{t'\tmrsub{1}}{t\tmrsub{2}}}}}}{step\_app\tmrsub{1}}}}}



{\metadefn{{\metarule{{\step{t\tmrsub{2}}{t'\tmrsub{2}}}}{{\step{{\app{t\tmrsub{1}}{t\tmrsub{2}}}}{{\app{t\tmrsub{1}}{t'\tmrsub{2}}}}}}{step\_app\tmrsub{2}}}}}



{\metadefn{{\metarule{}{{\step{{\app{{\metaparen{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}}}{u}}}{{\expsubst{x}{u}{{\metaparen{{\metaappzero{t}{x}}}}}}}}}{step\_beta}}}}



{\metadefn{{\metarule{}{{\step{{\expsubst{x}{u}{x}}}{u}}}{step\_subst\_var}}}}

{\metadefn{{\metarule{}{{\step{{\expsubst{x}{u}{t}}}{t}}}{step\_subst\_term}}}}

{\metadefn{{\metarule{}{{\step{{\expsubst{x}{u}{{\metaparen{{\app{{\metaappzero{t\tmrsub{1}}{x}}}{{\metaappzero{t\tmrsub{2}}{x}}}}}}}}}{{\app{{\expsubst{x}{u}{{\metaparen{{\metaappzero{t\tmrsub{1}}{x}}}}}}}{{\expsubst{x}{u}{{\metaparen{{\metaappzero{t\tmrsub{2}}{x}}}}}}}}}}}{step\_subst\_app}}}}

{\metadefn{{\metarule{}{{\step{{\expsubst{x}{u}{{\metaparen{{\lam{y}{{\tau}}{{\metaappzero{{\metaappzero{t}{y}}}{x}}}}}}}}}{{\metaparen{{\lam{y}{{\tau}}{{\expsubst{x}{u}{{\metaparen{{\metaappzero{{\metaappzero{t}{y}}}{x}}}}}}}}}}}}}{step\_subst\_lam}}}}



\subsubsection{Full evaluation}

{\metadeclzero{{\stepstar{{\tmone}}{{\tmtwo}}}}{{\metatypeone}}}



{\metadefn{{\metarule{}{{\stepstar{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}{{\lam{x}{{\tau}}{{\metaappzero{t}{x}}}}}}}{step\_star\tmrsub{1}}}}}

{\metadefn{{\metarule{{\metahyps{{\step{t}{t'}}}{{\stepstar{t'}{t''}}}}}{{\stepstar{t}{t''}}}{step\_star\tmrsub{2}}}}}



{\metasolve{{\stepstar{{\app{{\lam{y}{{\unit}}{y}}}{{\lam{y}{{\unit}}{y}}}}}{{\metawildcard}}}}}

\end{document}


