
1 Computation and deduction (Chapter 6)

1.1 Syntax

Expressions

%datatype exp

%name exp E

E :: =
| E1E2

| lam x.E

%binding 1� 2 in lam ⊔ .⊔

Modified de Bruijn Expressions

%datatype exp’

%name exp’ F

F :: =
| 1
| F ↑
| ΛF
| F1F2

Environments and values

%datatype env

%name env η

%datatype val

%name val W

η :: =
| ·
| η,W

W :: =
| {η;F }

1.2 Judgments

%judgment ⊢E1� E2

⊢lam x.e[x]� lam x.e[x]
[ev_lam]

⊢e1� lam x.e1
′ [x] ⊢ e2� v2 ⊢ e1

′ [v2]� v

⊢e1 e2� v
[ev_app]

%mode ⊢+E1� −E2

%worlds () ⊢E1� E2

%unique ⊢+E1� −1E2
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%judgment η ⊢F �W

η,W ⊢ 1�W
[fev_1]

η ⊢F �W

η,W ⊢F ↑�W
[fev_↑]

η ⊢ΛF � {η; ΛF }
[fev_lam]

η ⊢F1� {η ′; ΛF1
′} η ⊢F2�W2 η ′,W2⊢F1

′�W

η ⊢F1F2�W
[fev_app]

%mode +η ⊢+F � −W

%worlds () η ⊢F �W

%unique +η ⊢+F � −1W

Example

%solve · ⊢ (Λ(Λ(1↑))) (Λ1)�W

%judgment η ⊢F ↔E

%judgment W ⇔E

{w} {x} w⇔x → η, w ⊢F ↔ e[x]

η ⊢ΛF ↔ lam x.e[x]
[tr_lam]

η ⊢F1↔ e1 η ⊢F2↔ e2
η ⊢F1F2↔ e1 e2

[tr_app]

W ⇔ e

η,W ⊢ 1↔ e
[tr_1]

η ⊢F ↔ e

η,W ⊢F ↑↔ e
[tr_↑]

η ⊢ΛF ↔ lam x.e[x]

{η; ΛF }⇔ lam x.e[x]
[vtr_lam]

%block W0 : block {w : val}{x: exp}{⊔ :w⇔x}

%mode
+ η ⊢+F ↔−e

+W ⇔−v

%worlds (W0)
η ⊢F ↔ e

W ⇔ v

%unique
+ η ⊢+F ↔−1e
+W ⇔−1v

%solve · ⊢ (Λ(Λ(1↑))) (Λ1)↔ (lam x.lam y.x) (lam v.v)

%solve · ⊢F ↔ (lam x.lam y.x) (lam v.v)

%solve · ⊢ (Λ(Λ(1↑))) (Λ1)↔ e

%judgment ⊢ e� v ∧ η ⊢F ↔ e ⊢map η ⊢F �W ∧ W ⇔ v

[ev_lam] ∧

C2
[tr_lam]

[vtr_lam]

[tr_1] ⊢map [fev_1] ∧

C2
[tr_lam]

[vtr_lam]

[mp_1]
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D ∧ C1 ⊢map D1
′ ∧ U1

D ∧
C1

[tr_↑] ⊢map
D1

′

[fev_↑] ∧ U1

[mp_↑]

[ev_lam] ∧
C1

[tr_lam] ⊢map [fev_lam] ∧

C1
[tr_lam]

[vtr_lam]

[mp_lam]

D1 ∧ C1 ⊢map D1
′ ∧

C3
[tr_lam]

[vtr_lam]

D2 ∧ C2 ⊢map D2
′ ∧ U2

D3 ∧ C3 W2 V2 U2 ⊢map D3
′ ∧ U3

D1 D2 D3
[ev_app] ∧

C1 C2
[tr_app] ⊢map

D1
′ D2

′ D3
′

[fev_app] ∧ U3

[mp_app]

Remark. The above rules correspond to the following Twelf code:

mp_1 : map_eval (ev_lam) (tr_1 (vtr_lam (tr_lam C2)))

(fev_1) (vtr_lam (tr_lam C2)).

mp_uparrow : map_eval D (tr_uparrow C1) (fev_uparrow D1’) U1

<- map_eval D C1 D1’ U1.

mp_lam : map_eval (ev_lam) (tr_lam C1)

(fev_lam) (vtr_lam (tr_lam C1)).

mp_app : map_eval (ev_app D3 D2 D1) (tr_app C2 C1) (fev_app D3’ D2’ D1’) U3

<- map_eval D1 C1 D1’ (vtr_lam (tr_lam C3))

<- map_eval D2 C2 D2’ U2

<- map_eval D3 (C3 W2 V2 U2) D3’ U3.

%mode −D ∧ + C ⊢map +D ′ ∧ −U
%block b1 : block {x: exp}
%worlds (b1) D ∧ C ⊢map D ′ ∧ U
%total (D ′) D ∧ C ⊢map D ′ ∧ U

Remark. These properties do not hold:

%mode +D ∧ + C ⊢map −D ′ ∧ −U
%terminates (D) D ∧ C ⊢map D ′ ∧ U

%theorem thm :
∀Γ(pi {x: exp})
∀∗{e}{W }{F }{η}
∀ {D ′: η ⊢F �W }
{C : η ⊢F ↔ e}

∃ {v}{D :⊢e� v}{U :W ⇔ v}

Remark. The theorem prover loops:

%prove 5 D ′ (thm D ′ C v D U)
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\begin{document}

\section{Computation and deduction (Chapter~6)}

{\metabegin}

\subsection{Syntax}

\subsubsection*{Expressions}

{\metadeclzero{{\expr}}{{\metatypetwo}}}

{\metaname{{\expr}}{E}}



{\metadeclone{{\eapp{{\exprone}}{{\exprtwo}}}}{{\expr}}}

{\metadecltwo{{\elam{{\exprx}}{{\expr}}}}{{\expr}}}



{\metabind{1}{2}{{\elam{{\metawildcard}}{{\metawildcard}}}}}

\subsubsection*{Modified de Bruijn Expressions}

{\metadeclzero{{\expr}}{{\metatypetwo}}}

{\metaname{{\expr}}{F}}



{\metadeclone{{\eone}}{{\expr}}}

{\metadecltwo{{\eshift{{\expr}}}}{{\expr}}}

{\metadecltwo{{\elam{{\expr}}}}{{\expr}}}

{\metadecltwo{{\eapp{{\exprone}}{{\exprtwo}}}}{{\expr}}}

\subsubsection*{Environments and values}

{\metadeclzero{{\cenv}}{{\metatypetwo}}}

{\metaname{{\cenv}}{{\eta}}}



{\metadeclzero{{\val}}{{\metatypetwo}}}

{\metaname{{\val}}{W}}



{\metadeclone{{\cenvempty}}{{\cenv}}}

{\metadecltwo{{\cenvcons{{\cenv}}{{\val}}}}{{\cenv}}}



{\metadeclone{{\clo{{\cenv}}{{\expr}}}}{{\val}}}



\subsection{Judgments}

{\metadeclzero{{\eeval{{\exprone}}{{\exprtwo}}}}{{\metatypeone}}}

{\metadefn{{\metarule{}{{\eeval{{\elam{x}{{\metaappzero{e}{x}}}}}{{\elam{x}{{\metaappzero{e}{x}}}}}}}{ev\_lam}}}}

{\metadefn{{\metarule{{\metahyps{{\eeval{e\tmrsub{1}}{{\elam{x}{{\metaappzero{e\tmrsub{1}'}{x}}}}}}}{{\metahyps{{\eeval{e\tmrsub{2}}{v\tmrsub{2}}}}{{\eeval{{\metaappzero{e\tmrsub{1}'}{v\tmrsub{2}}}}{v}}}}}}}{{\eeval{{\eapp{e\tmrsub{1}}{e\tmrsub{2}}}}{v}}}{ev\_app}}}}



{\metamode{{\eeval{+E\tmrsub{1}}{-E\tmrsub{2}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\eeval{E\tmrsub{1}}{E\tmrsub{2}}}}}

{\metaunique{{\eeval{+E\tmrsub{1}}{-1E\tmrsub{2}}}}}



{\metadeclzero{{\feval{{\cenv}}{{\expr}}{{\val}}}}{{\metatypeone}}}

{\metadefn{{\metarule{}{{\feval{{\cenvcons{{\eta}}{W}}}{{\eone}}{W}}}{fev\_1}}}}

{\metadefn{{\metarule{{\feval{{\eta}}{F}{W}}}{{\feval{{\cenvcons{{\eta}}{W}}}{{\eshift{F}}}{W}}}{fev\_{\uparrow}}}}}

{\metadefn{{\metarule{}{{\feval{{\eta}}{{\elam{F}}}{{\clo{{\eta}}{{\elam{F}}}}}}}{fev\_lam}}}}

{\metadefn{{\metarule{{\metahyps{{\feval{{\eta}}{F\tmrsub{1}}{{\clo{{\eta}'}{{\elam{F\tmrsub{1}'}}}}}}}{{\metahyps{{\feval{{\eta}}{F\tmrsub{2}}{W\tmrsub{2}}}}{{\feval{{\cenvcons{{\eta}'}{W\tmrsub{2}}}}{F\tmrsub{1}'}{W}}}}}}}{{\feval{{\eta}}{{\eapp{F\tmrsub{1}}{F\tmrsub{2}}}}{W}}}{fev\_app}}}}

{\metamode{{\feval{+{\eta}}{+F}{-W}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\feval{{\eta}}{F}{W}}}}

{\metaunique{{\feval{+{\eta}}{+F}{-1W}}}}

\subsubsection*{Example}

{\metasolve{{\feval{{\cenvempty}}{{\eapp{{\metaparen{{\elam{{\metaparen{{\elam{{\metaparen{{\eshift{{\eone}}}}}}}}}}}}}}{{\metaparen{{\elam{{\eone}}}}}}}}{W}}}}



{\metadeclzero{{\trans{{\cenv}}{{\expr}}{{\expr}}}}{{\metatypeone}}}

{\metadeclzero{{\vtrans{{\val}}{{\expr}}}}{{\metatypeone}}}

{\metadefn{{\metarule{{\metaall{w}{{\metaall{x}{{\metaimp{{\vtrans{w}{x}}}{{\trans{{\cenvcons{{\eta}}{w}}}{F}{{\metaappzero{e}{x}}}}}}}}}}}{{\trans{{\eta}}{{\elam{F}}}{{\elam{x}{{\metaappzero{e}{x}}}}}}}{tr\_lam}}}}

{\metadefn{{\metarule{{\metahyps{{\trans{{\eta}}{F\tmrsub{1}}{e\tmrsub{1}}}}{{\trans{{\eta}}{F\tmrsub{2}}{e\tmrsub{2}}}}}}{{\trans{{\eta}}{{\eapp{F\tmrsub{1}}{F\tmrsub{2}}}}{{\eapp{e\tmrsub{1}}{e\tmrsub{2}}}}}}{tr\_app}}}}

{\metadefn{{\metarule{{\vtrans{W}{e}}}{{\trans{{\cenvcons{{\eta}}{W}}}{{\eone}}{e}}}{tr\_1}}}}

{\metadefn{{\metarule{{\trans{{\eta}}{F}{e}}}{{\trans{{\cenvcons{{\eta}}{W}}}{{\eshift{F}}}{e}}}{tr\_{\uparrow}}}}}

{\metadefn{{\metarule{{\trans{{\eta}}{{\elam{F}}}{{\elam{x}{{\metaappzero{e}{x}}}}}}}{{\vtrans{{\clo{{\eta}}{{\elam{F}}}}}{{\elam{x}{{\metaappzero{e}{x}}}}}}}{vtr\_lam}}}}

{\metablockdecl{{\mathcal{W}}\tmrsub{0}}{{\metablock{{\metabraces{{\metatypedvar{w}{{\val}}}}}{\metabraces{{\metatypedvar{x}{{\expr}}}}}{\metabraces{{\metatypedvar{{\metawildcard}}{{\vtrans{w}{x}}}}}}}}}}

{\metamode{\\
{\hspace{2em}}{\trans{+{\eta}}{+F}{-e}}\\
{\hspace{2em}}{\vtrans{+W}{-v}}}}

{\metaworlds{{\metaparen{{\mathcal{W}}\tmrsub{0}}}\\
{\hspace{2em}}{\trans{{\eta}}{F}{e}}\\
{\hspace{2em}}{\vtrans{W}{v}}}}

{\metaunique{\\
{\hspace{2em}}{\trans{+{\eta}}{+F}{-1e}}\\
{\hspace{2em}}{\vtrans{+W}{-1v}}}}



{\metasolve{{\trans{{\cenvempty}}{{\eapp{{\metaparen{{\elam{{\metaparen{{\elam{{\metaparen{{\eshift{{\eone}}}}}}}}}}}}}}{{\metaparen{{\elam{{\eone}}}}}}}}{{\eapp{{\metaparen{{\elam{x}{{\elam{y}{x}}}}}}}{{\metaparen{{\elam{v}{v}}}}}}}}}}

{\metasolve{{\trans{{\cenvempty}}{F}{{\eapp{{\metaparen{{\elam{x}{{\elam{y}{x}}}}}}}{{\metaparen{{\elam{v}{v}}}}}}}}}}

{\metasolve{{\trans{{\cenvempty}}{{\eapp{{\metaparen{{\elam{{\metaparen{{\elam{{\metaparen{{\eshift{{\eone}}}}}}}}}}}}}}{{\metaparen{{\elam{{\eone}}}}}}}}{e}}}}



{\metadeclzero{{\mapeval{{\eeval{e}{v}}}{{\trans{{\eta}}{F}{e}}}{{\feval{{\eta}}{F}{W}}}{{\vtrans{W}{v}}}}}{{\metatypeone}}}



{\metadefn{{\metarule{}{{\mapeval{{\metarule{}{}{ev\_lam}}}{{\metarule{{\metarule{{\metarule{{\mathcal{C}}\tmrsub{2}}{}{tr\_lam}}}{}{vtr\_lam}}}{}{tr\_1}}}{{\metarule{}{}{fev\_1}}}{{\metarule{{\metarule{{\mathcal{C}}\tmrsub{2}}{}{tr\_lam}}}{}{vtr\_lam}}}}}{mp\_1}}}}



{\metadefn{{\metarule{{\mapeval{{\mathcal{D}}}{{\mathcal{C}}\tmrsub{1}}{{\mathcal{D}}'\tmrsub{1}}{{\mathcal{U}}\tmrsub{1}}}}{{\mapeval{{\mathcal{D}}}{{\metarule{{\mathcal{C}}\tmrsub{1}}{}{tr\_{\uparrow}}}}{{\metarule{{\mathcal{D}}'\tmrsub{1}}{}{fev\_{\uparrow}}}}{{\mathcal{U}}\tmrsub{1}}}}{mp\_{\uparrow}}}}}



{\metadefn{{\metarule{}{{\mapeval{{\metarule{}{}{ev\_lam}}}{{\metarule{{\mathcal{C}}\tmrsub{1}}{}{tr\_lam}}}{{\metarule{}{}{fev\_lam}}}{{\metarule{{\metarule{{\mathcal{C}}\tmrsub{1}}{}{tr\_lam}}}{}{vtr\_lam}}}}}{mp\_lam}}}}



{\metadefn{{\metarule{{\metahypszero{{\mapeval{{\mathcal{D}}\tmrsub{1}}{{\mathcal{C}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{1}'}{{\metarule{{\metarule{{\mathcal{C}}\tmrsub{3}}{}{tr\_lam}}}{}{vtr\_lam}}}}}{{\metahypszero{{\mapeval{{\mathcal{D}}\tmrsub{2}}{{\mathcal{C}}\tmrsub{2}}{{\mathcal{D}}\tmrsub{2}'}{{\mathcal{U}}\tmrsub{2}}}}{{\mapeval{{\mathcal{D}}\tmrsub{3}}{{\metaapp{{\metaapp{{\metaapp{{\mathcal{C}}\tmrsub{3}}{{\mathcal{W}}\tmrsub{2}}}}{{\mathcal{V}}\tmrsub{2}}}}{{\mathcal{U}}\tmrsub{2}}}}{{\mathcal{D}}\tmrsub{3}'}{{\mathcal{U}}\tmrsub{3}}}}}}}}{{\mapeval{{\metarule{{\metahyps{{\mathcal{D}}\tmrsub{1}}{{\metahyps{{\mathcal{D}}\tmrsub{2}}{{\mathcal{D}}\tmrsub{3}}}}}}{}{ev\_app}}}{{\metarule{{\metahyps{{\mathcal{C}}\tmrsub{1}}{{\mathcal{C}}\tmrsub{2}}}}{}{tr\_app}}}{{\metarule{{\metahyps{{\mathcal{D}}'\tmrsub{1}}{{\metahyps{{\mathcal{D}}'\tmrsub{2}}{{\mathcal{D}}'\tmrsub{3}}}}}}{}{fev\_app}}}{{\mathcal{U}}\tmrsub{3}}}}{mp\_app}}}}



{\remark*{The above rules correspond to the following Twelf code:


\begin{alltt}
mp_1 : map_eval (ev_lam) (tr_1 (vtr_lam (tr_lam C2)))
                  (fev_1) (vtr_lam (tr_lam C2)).

mp_uparrow : map_eval D (tr_uparrow C1) (fev_uparrow D1') U1
               <- map_eval D C1 D1' U1.

mp_lam : map_eval (ev_lam) (tr_lam C1)
                  (fev_lam) (vtr_lam (tr_lam C1)).

mp_app : map_eval (ev_app D3 D2 D1) (tr_app C2 C1) (fev_app D3' D2' D1') U3
               <- map_eval D1 C1 D1' (vtr_lam (tr_lam C3))
               <- map_eval D2 C2 D2' U2
               <- map_eval D3 (C3 W2 V2 U2) D3' U3.
\end{alltt}}}



{\metamode{{\mapeval{-{\mathcal{D}}}{+{\mathcal{C}}}{+{\mathcal{D}}'}{-{\mathcal{U}}}}}}

{\metablockdecl{b\tmrsub{1}}{{\metablock{{\metabraces{{\metatypedvar{x}{{\expr}}}}}}}}}

{\metaworlds{{\metaparen{b\tmrsub{1}}}{\hspace{1em}}{\mapeval{{\mathcal{D}}}{{\mathcal{C}}}{{\mathcal{D}}'}{{\mathcal{U}}}}}}

{\metatotal{{\metaparen{{\mathcal{D}}'}}{\hspace{1em}}{\mapeval{{\mathcal{D}}}{{\mathcal{C}}}{{\mathcal{D}}'}{{\mathcal{U}}}}}}

{\remark*{These properties do not hold:

{\metamode{{\mapeval{+{\mathcal{D}}}{+{\mathcal{C}}}{-{\mathcal{D}}'}{-{\mathcal{U}}}}}}

{\metaterminates{{\metaparen{{\mathcal{D}}}}{\hspace{1em}}{\mapeval{{\mathcal{D}}}{{\mathcal{C}}}{{\mathcal{D}}'}{{\mathcal{U}}}}}}}}

{\metatheorem{thm}{\\
{\hspace{2em}}{\metaforallG{{\metaparen{{\metapi{{\metabraces{{\metatypedvar{x}{{\expr}}}}}}}}}\\
{\hspace{2em}}{\metaforall*{{\metabraces{e}}{\metabraces{W}}{\metabraces{F}}{\metabraces{{\eta}}}\\
{\hspace{2em}}{\metaforall{{\metabraces{{\metatypedvar{{\mathcal{D}}'}{{\feval{{\eta}}{F}{W}}}}}}\\
{\hspace{3em}}{\metabraces{{\metatypedvar{{\mathcal{C}}}{{\trans{{\eta}}{F}{e}}}}}}\\
{\hspace{2em}}{\metaexists{{\metabraces{v}}{\metabraces{{\metatypedvar{{\mathcal{D}}}{{\eeval{e}{v}}}}}}{\metabraces{{\metatypedvar{{\mathcal{U}}}{{\vtrans{W}{v}}}}}}}}}}}}}}}}

{\remark*{The theorem prover loops:

{\metaprove{5{\hspace{1em}}{\mathcal{D}}'{\hspace{1em}}{\metaparen{thm{\hspace{1em}}{\mathcal{D}}'{\hspace{1em}}{\mathcal{C}}{\hspace{1em}}v{\hspace{1em}}{\mathcal{D}}{\hspace{1em}}{\mathcal{U}}}}}}}}



{\metaend}
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