
1 Second simulation (soundness)

1.1 Syntax

1.1.1 Index, indices and tables

%datatype index

%name index n α

n :: = 0

| n+1

%datatype vector

%name vector I

I :: = []

| n:: I

%datatype table

%name table Iµ

Iµ :: = []

| I; Iµ

1.1.2 Term

%datatype term

%name term t

t :: = n

| t1 t2

| λt

| get-context t

| set-context α t

1.2 Subtraction

%judgment n1
.
n2=n3

n1
. 0=n1

[minus1]

(n1+1) . (n2+1)=n3
[minus2] when n1

.
n2=n3

%mode +n1
. +n2=−n3

%worlds () n1
.
n2=n3

%terminates (n1) n1
.
n2=n3

%unique +n1
. +n2=−1n3

%lemma ∀n · n
.
n=0 [minus·equals]

Proof.

0: index · 0 . 0= 0 [minus1] [minus·equals]
[&1]

n: index ·
D

n
.
n=0

[minus·equals]

n+1: index ·

D

n
.
n=0

(n+1) . (n+1)=0
[minus

2
]

[minus·equals]

[&2]

%mode +n · −D [minus·equals]

%worlds () n · D [minus·equals]

%total n n · D [minus·equals]
�

1.2.1 Fetch (indices)

%judgment I(n1)=n2

(n:: I)(0)=n [fetch1
I]

(n:: I)(n1+1)=n2
[fetch2

I] when I(n1)=n2

%mode +I(+n1)=−n2

%worlds () I(n1)=n2

%terminates n1 I(n1)=n2

%unique +I(+n1)=−1n2

1.2.2 Fetch (table)

%judgment Iµ(n)= I

(I; Iµ)(0)=I

[

fetch
1

Iµ

]

(I ′; Iµ)(α+1)= I

[

fetch
2

Iµ

]

when Iµ(α) =I

%mode +Iµ(+α)=−I
%worlds () Iµ(α)= I
%terminates α Iµ(α)= I
%unique +Iµ(+α) =−1I

1.2.3 Compute

%judgment n1
. I(n2)=n3

n
. I(l)= g [compute1] when I(l)= k, n

.
k= g

%mode +n1
. + I(+n2)=−n3

%worlds () n1
. I(n2)=n3

%terminates {} n1
. I(n2)=n3

%unique +n1
. +I(+n2) =−1n3

1.2.4 Closure, environment and stack

%datatype clos %name clos c

%datatype l-env %name l-env L
%datatype l-table %name l-table Lµ

%datatype k-env %name k-env Eµ

%datatype stack %name stack S

c :: = (t,L,Lµ, Eµ)

L :: = ()

| (c;L)

Lµ :: = ()

| L;Lµ

Eµ :: = ()

| (S; Eµ)

S :: = []

| c; S

%datatype state

%name state σ

σ :: = 〈t,L,Lµ, Eµ,S〉

1.3 Judgments

1.3.1 Fetch a local closure

%judgment L(n) = c

(c;L)(0)= c [fetch1]

(c′;L)(n+1)= c [fetch2] when L(n) = c

%mode +L(+n) =−c

%worlds () L(n)= c

%terminates L L(n)= c

%unique +L(+n)=−1c

1.3.2 Fetch a local environment

%judgment Lµ(n)=L

(L;Lµ)(0)=L [l·fetch1]

(L′;Lµ)(n+1)=L [l·fetch2] when Lµ(n) =L

%mode +Lµ(+n)=−L
%worlds () Lµ(n)=L
%terminates Lµ Lµ(n) =L
%unique +Lµ(+n)=−1L

1.3.3 Fetch a stack

%judgment Eµ(n) =S

(S; Eµ)(0)=S [fetch
1

µ]

(S ′; Eµ)(n+1)=S [fetch
2

µ] when Eµ(n) =S

%mode +Eµ(+n)=−S
%worlds () Eµ(n)=S
%terminates Eµ Eµ(n)=S
%unique +Eµ(+n) =−1S

1.3.4 Evaluation rules

%judgment σ1 σ2

〈k,L,Lµ, Eµ,S〉 〈t,L′,Lµ

′ , Eµ
′ ,S〉 [k·var] when L(k)= (t,L′,Lµ

′ , Eµ

′ )

〈(t u),L,Lµ, Eµ,S〉 〈t,L,Lµ, Eµ, (u,L,Lµ, Eµ); S〉 [k·app]

〈λt,L,Lµ, Eµ, c; S〉 〈t, (c;L),Lµ, Eµ,S〉
[k·abs]

〈get-context t,L,Lµ, Eµ,S〉 〈t,L, (L;Lµ), (S; Eµ),S〉
[k·catch]

〈set-context α t,L,Lµ, Eµ,S〉 〈t,L′,Lµ, Eµ,S
′〉 [k·throw] when Lµ(α)=L′, Eµ(α)=S ′

%mode +σ1 −σ2

%worlds () σ1 σ2

%unique +σ1 −1σ2

1.4 Abstract machine for safe λct-terms

1.4.1 Syntax

%datatype clos

%datatype c-env

%datatype k-env

%datatype stack

%name clos c̃

%name c-env Ẽ
%name k-env Ẽµ

%name stack S̃

c̃ :: =
(

t, n, I , Iµ, Ẽ , Ẽµ

)

Ẽ :: = ()

| (c̃ ; Ẽ )

Ẽµ :: = ()

| (S̃ ; Ẽµ)

S̃ :: = []

| c̃; S̃

%datatype state

%name state σ̃

σ̃ :: = 〈t, n, I , Iµ, Ẽ , Ẽµ, S̃ 〉

1.4.2 Fetch a closure

%judgment Ẽ (n) = c̃

(c̃ ; Ẽ )(0)= c̃ [i·fetch1]

(c̃ ′; Ẽ )(n+1)= c̃ [i·fetch2] when Ẽ (n)= c̃
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%mode +Ẽ (+n) =−c̃

%worlds () Ẽ (n)= c̃

%terminates Ẽ Ẽ (n)= c̃

%unique +Ẽ (+n) =−1c̃

1.4.3 Compute

%judgment Ẽ (n1
.
n2) = c̃

Ẽ (n .
k)= c̃ [i·compute1] when n

.
k= g, Ẽ (g)= c̃

%mode +Ẽ (+n
. + k) =−c̃

%worlds () Ẽ (n .
k) = c̃

%terminates {} Ẽ (n .
k)= c̃

%unique +Ẽ (+n
. + k)=−1c̃

1.4.4 Fetch a stack

%judgment Ẽµ(n) = S̃

(S̃ ; Ẽµ)(0)= S̃ [i·fetch
1

µ]

(S̃
′

; Ẽµ)(n+1)= S̃ [i·fetch
2

µ] when Ẽµ(n)= S̃

%mode +Ẽµ(+n)=−S̃

%worlds () Ẽµ(n)= S̃

%terminates Ẽµ Ẽµ(n)= S̃

%unique +Ẽµ(+n) =−1S̃

2 Evaluation rules

%judgment σ̃1 σ̃2

〈l, n, I , Iµ, Ẽ , Ẽµ, S̃ 〉 〈t, n′, I ′, Iµ

′ , Ẽ
′

, Ẽµ

′

, S̃ 〉 [i·var]

when n
. I(l)= g, Ẽ (g) =

(

t, n′, I ′, Iµ

′ , Ẽ
′

, Ẽµ

′
)

〈(t u), n, I , Iµ, Ẽ , Ẽµ, S̃ 〉 〈t, n, I , Iµ, Ẽ , Ẽµ,
(

u, n, I , Iµ, Ẽ , Ẽµ
); S̃ 〉 [i·app]

〈λt, n, I , Iµ, Ẽ , Ẽµ, c̃; S̃ 〉 〈t, n+1, (n+1:: I), Iµ, (c̃ ; Ẽ ), Ẽµ, S̃ 〉 [i·abs]

〈get-context t, n, I , Iµ, Ẽ , Ẽµ, S̃ 〉 〈t, n, I , (I; Iµ), Ẽ , (S̃ ; Ẽµ), S̃ 〉 [i·catch]

〈set-context α t, n, I , Iµ, Ẽ , Ẽµ, S̃ 〉 〈t, n, I ′, Iµ, Ẽ , Ẽµ, S̃
′

〉 [i·throw]

when Iµ(α) =I ′, Ẽµ(α)= S̃
′

%mode +σ1 −σ2

%worlds () σ1 σ2

%unique +σ1 −1σ2

3 Translation

%judgment c̃⋄= c

%judgment S̃ ⋄=S

%judgment Ẽµ
⋄= Eµ

%judgment flatten n Ẽ I =L
%judgment map

(

flatten n Ẽ
)

Iµ=Lµ

(

t, n, I , Iµ, Ẽ , Ẽµ

)

⋄

=(t,L,Lµ, Eµ)
[clos⋄] when flatten n Ẽ I =L, map

(

flatten n Ẽ
)

Iµ=Lµ, Ẽµ
⋄= Eµ

[]⋄= [] [stack1
⋄]

(

c̃; S̃
)

⋄

= c; S [stack2
⋄] when c̃⋄= c, S̃ ⋄=S

()⋄=() [k·env1
⋄]

(S̃ ; Ẽµ)
⋄=(S; Eµ)

[k·env2
⋄] when S̃ ⋄=S , Ẽµ

⋄= Eµ

flatten n Ẽ [] = () [flatten1]

flatten n Ẽ (k:: I) = (c;L) [flatten2] when Ẽ (n .
k)= c̃ , c̃⋄= c, flatten n Ẽ I =L

map
(

flatten n Ẽ
)

[] = () [map1]

map
(

flatten n Ẽ
)

(I; Iµ)=L;Lµ
[map2] when flatten n Ẽ I =L, map

(

flatten n Ẽ
)

Iµ=Lµ

%mode
+ c̃⋄=−c

+ S̃ ⋄=−S
+ Ẽµ

⋄=−Eµ

flatten +n + Ẽ +I =−L

map
(

flatten +n + Ẽ
)

+ Iµ=−Lµ

%worlds ()
c̃⋄= c

S̃ ⋄=S
Ẽµ

⋄= Eµ

flatten n Ẽ I =L

map
(

flatten n Ẽ
)

Iµ=Lµ

Remark. To do.

%terminates
(

c̃ S̃ Ẽµ I Iµ

)

c̃⋄= c

S̃ ⋄=S
Ẽµ

⋄= Eµ

flatten n Ẽ I =L
map

(

flatten n′ Ẽ
′
)

Iµ=Lµ

%unique
+ c̃⋄=−1c
+ S̃ ⋄=−1S
+ Ẽµ

⋄=−1Eµ

flatten +n + Ẽ +I =−1L

map
(

flatten +n + Ẽ
)

+ Iµ=−1Lµ

%judgment σ̃⋄= σ

〈t, n, I , Iµ, Ẽ , Ẽµ, S̃ 〉⋄= 〈t′,L,Lµ, Eµ,S〉
[state⋄] when

(

t, n, I , Iµ, Ẽ , Ẽµ

)

⋄

=(t′,L,Lµ, Eµ), S̃ ⋄=S

%mode +σ̃⋄=−σ

%worlds () σ̃⋄=σ

%unique +σ̃⋄=−1σ

4 Soundness

%lemma n
.
k= g ⇒ (n+1) .

k= g+1 [minus·succ]

Proof.

n
. 0=n [minus1] ⇒ (n+1) . 0= (n+1) [minus1] [minus·succ]

[&1]

D1

n
.
k= g

⇒
D2

(n+1) .
k= g+1

[minus·succ]

D1

n
.
k= g

(n+1) . (k+1)= g
[minus

2
] ⇒

D2

(n+1) .
k= g+1

(n+1+1) . (k+1)= g+1
[minus

2
]

[minus·succ]

[&1]

%mode +D1 ⇒ −D2
[minus·succ]

%worlds () D1 ⇒ D2
[minus·succ]

%total (D1) D1 ⇒ D2
[minus·succ]

�

%lemma ∀ c̃ ′ · flatten n Ẽ I =L ⇒ flatten (n+1) (c̃ ′; Ẽ ) I =L [weaken·flatten]

Proof.

c̃ ′: clos · flatten n Ẽ [] = () [flatten1] ⇒ flatten (n+1) (c̃ ′; Ẽ ) [] = () [flatten1] [weaken·flatten]
[&1]

c̃ ′: clos ·
D23

flatten n Ẽ I =L
⇒

D3

flatten (n+1) (c̃ ′; Ẽ ) I =L
[weaken·flatten]

D211

n
.
k= g

⇒
D4

(n+1) .
k= g+1

[minus·succ]

c̃ ′: clos ·

D211

n
.
k= g

D212

Ẽ (g)= c̃

Ẽ (n .
k)= c̃

[i·compute
1
]

D22

c̃⋄= c

D23

flatten n Ẽ I =L

flatten n Ẽ (k:: I) = (c;L)
[flatten

2
] ⇒

D4

(n+1) .
k= g+1

D212

Ẽ (g)= c̃

(c̃ ′; Ẽ )(g+1)= c̃
[i·fetch

2
]

(c̃ ′; Ẽ )(n+1 .
k) = c̃

[i·compute
1
]

D22

c̃⋄= c

D3

flatten (n+1) (c̃ ′; Ẽ ) I =L

flatten (n+1) (c̃ ′; Ẽ ) (k:: I)= (c;L)
[flatten

2
]

[weaken·flatten]

[&2]

%mode +c̃ ′ · +D1 ⇒ −D2
[weaken·flatten]

%worlds () c̃ ′ · D1 ⇒ D2
[weaken·flatten]

%total (D1) c̃ ′ · D1 ⇒ D2
[weaken·flatten]

�

%lemma ∀ c̃ ′ · map
(

flatten n Ẽ
)

Iµ=Lµ ⇒ map
(

flatten (n+1) (c̃ ′; Ẽ )
)

Iµ=Lµ
[weaken·map]

Proof.

c̃ ′: clos · map
(

flatten n Ẽ
)

[] = () [map1] ⇒ map
(

flatten (n+1) (c̃ ′; Ẽ )
)

[] = () [map1] [weaken·map]
[&1]

c̃ ′: clos ·
D12

map
(

flatten n Ẽ
)

Iµ=Lµ

⇒
D2

map
(

flatten (n+1) (c̃ ′; Ẽ )
)

Iµ=Lµ

[weaken·map]

c̃ ′: clos ·
D11

flatten n Ẽ I =L
⇒

D3

flatten (n+1) (c̃ ′; Ẽ ) I =L
[weaken·flatten]

c̃ ′: clos ·

D11

flatten n Ẽ I =L

D12

map
(

flatten n Ẽ
)

Iµ=Lµ

map
(

flatten n Ẽ
)

(I; Iµ) = (L;Lµ)
[map

2
] ⇒

D3

flatten (n+1) (c̃ ′; Ẽ ) I =L

D2

map
(

flatten (n+1) (c̃ ′; Ẽ )
)

Iµ=Lµ

map
(

flatten (n+1) (c̃ ′; Ẽ )
)

(I; Iµ)= (L;Lµ)
[map

2
]

[weaken·map]

[&2]

%mode +c̃ ′ · +D1 ⇒ −D2
[weaken·map]

%worlds () c̃ ′ · D1 ⇒ D2
[weaken·map]

%total (D1) c̃ ′ · D1 ⇒ D2
[weaken·map]

�

%lemma map
(

flatten n Ẽ
)

Iµ=Lµ ∧ Iµ(α)= I ′ ⇒ flatten n Ẽ I ′=L′ ∧ Lµ(α) =L′ [map·sound]

Proof.

D11

flatten n Ẽ I =L

�
map

(

flatten n Ẽ
)

Iµ=Lµ

map
(

flatten n Ẽ
)

(I; Iµ)= (L;Lµ)
[map

2
] ∧ (I; Iµ)(0)= I

[

fetch
1

Iµ

]

⇒
D11

flatten n Ẽ I =L
∧ (L;Lµ)(0)=L [l·fetch1] [map·sound]

[&1]

D12

map
(

flatten n Ẽ
)

Iµ=Lµ

∧
D2

Iµ(α)= I ′
⇒

D3

flatten n Ẽ I ′=L′
∧

D4

Lµ(α) =L′

[map·sound]�
flatten n Ẽ I =L

D12

map
(

flatten n Ẽ
)

Iµ=Lµ

map
(

flatten n Ẽ
)

(I; Iµ)= (L;Lµ)
[map

2
] ∧

D2

Iµ(α)= I ′

(I; Iµ)(α+1)= I ′

[

fetch
2

Iµ

]

⇒
D3

flatten n Ẽ I ′=L′
∧

D4

Lµ(α) =L′

(L;Lµ)(α+1)=L′
[l·fetch

2
]

[map·sound]

[&2]

%mode +D1 ∧ +D2 ⇒ −D3 ∧ −D4
[map·sound]

%worlds () D1 ∧ D2 ⇒ D3 ∧ D4
[map·sound]

%total (D2) D1 ∧ D2 ⇒ D3 ∧ D4
[map·sound]

�

%lemma I(l) = k ∧ Ẽ (n .
k)= c̃ ∧ flatten n Ẽ I =L ⇒ c̃⋄= c ∧ L(l)= c [fetch·sound]

Proof.

(k:: I)(0)= k [fetch1
I] ∧

D2

Ẽ (n .
k) = c̃

∧

D31

Ẽ (n .
k) = c̃

D32

c̃⋄= c

�
flatten n Ẽ I =L

flatten n Ẽ (k:: I)= (c;L)
[flatten

2
] ⇒

D32

c̃⋄= c
∧ (c;L)(0)= c [fetch1] [fetch·sound]

[&1]

D11

I(l)= k
∧

D2

Ẽ (n .
k) = c̃

∧
D33

flatten n Ẽ I =L
⇒

D4

c̃⋄= c
∧

D5

L(l)= c
[fetch·sound]

D11

I(l)= k

(k ′:: I)(l+1)= k

[

fetch
2

I
]

∧
D2

Ẽ (n .
k) = c̃

∧

D31

Ẽ (n .
k ′)= c̃ ′

D32

c̃ ′⋄= c′
D33

flatten n Ẽ I =L

flatten n Ẽ (k ′:: I)= (c′;L)
[flatten

2
] ⇒

D4

c̃⋄= c
∧

D5

L(l) = c

(c′;L)(l+1)= c
[fetch

2
]

[fetch·sound]

[&2]
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%mode +D1 ∧ +D2 ∧ +D3 ⇒ −D4 ∧ −D5
[fetch·sound]

%worlds () D1 ∧ D2 ∧ D3 ⇒ D4 ∧ D5
[fetch·sound]

%total (D1) D1 ∧ D2 ∧ D3 ⇒ D4 ∧ D5
[fetch·sound]

�

%lemma Ẽµ
⋄= Eµ ∧ Ẽµ(α)= S̃ ⇒ S̃ ⋄=S ∧ Eµ(α) =S [fetchµ

·sound]

Proof.

D11

S̃ ⋄=S

�
Ẽµ

⋄= Eµ

(S̃ ; Ẽµ)⋄=(S; Eµ)

[

k·env
2

⋄
]

∧ (S̃ ; Ẽµ)(0)= S̃ [i·fetch
1

µ] ⇒
D11

S̃ ⋄=S
∧ (S; Eµ)(0)=S [fetch

1

µ] [fetchµ
·sound]

[&1]

D12

Ẽµ
⋄= Eµ

∧
D2

Ẽµ(α)= S̃
⇒

D3

S̃ ⋄=S
∧

D4

Eµ(α) =S
[fetchµ

·sound]�
S̃

′⋄=S ′

D12

Ẽµ
⋄= Eµ

(S̃
′

; Ẽµ)⋄=(S ′; Eµ)

[

k·env
2

⋄
]

∧

D2

Ẽµ(α) = S̃

(S̃
′

; Ẽµ)(α+1)= S̃

[

i·fetch
2

µ
]

⇒
D3

S̃ ⋄=S
∧

D4

Eµ(α) =S

(S ′; Eµ)(α+1)=S
[

fetch
2

µ
] [fetchµ

·sound]

[&2]

%mode +D1 ∧ +D2 ⇒ −D3 ∧ −D4
[fetchµ

·sound]

%worlds () D1 ∧ D2 ⇒ D3 ∧ D4
[fetchµ

·sound]

%total (D2) D1 ∧ D2 ⇒ D3 ∧ D4
[fetchµ

·sound]
�

%theorem σ̃1 σ̃2 ∧ σ̃1
⋄= σ1 ⇒ σ1 σ2 ∧ σ̃2

⋄= σ2
[soundness]

Proof.

D111

I(l)= k
∧

D112

n
.
k= g

D12

Ẽ (g) =
(

t, n′, I ′, Iµ
′ , Ẽ

′

, Ẽµ

′
)

Ẽ (n .
k) =

(

t, n′, I ′, Iµ

′ , Ẽ
′

, Ẽµ

′
) [i·compute

1
] ∧

D211

flatten n Ẽ I =L
⇒

D31
(

t, n′, I ′, Iµ

′ , Ẽ
′

, Ẽµ

′
)

⋄

=(t′,L′,Lµ

′ , Eµ

′ )
∧

D4

L(l) = (t′,L′,Lµ

′ , Eµ

′ )
[fetch·sound]

D111

I(l)= k

D112

n
.
k= g

n
. I(l)= g

[compute
1
]

D12

Ẽ (g)=
(

t, n′, I ′, Iµ

′ , Ẽ
′

, Ẽµ

′
)

〈l, n, I , Iµ, Ẽ , Ẽµ, S̃ 〉 〈t, n′, I ′, Iµ

′ , Ẽ
′

, Ẽµ

′

, S̃ 〉
[i·var] ∧

D211

flatten n Ẽ I =L

D212

map
(

flatten n Ẽ
)

Iµ=Lµ

�
Ẽµ⋄= Eµ

(

l, n, I , Iµ, Ẽ , Ẽµ

)

⋄

=(l,L,Lµ, Eµ)
[clos⋄]

D22

S̃ ⋄=S

〈l, n, I , Iµ, Ẽ , Ẽµ, S̃ 〉⋄= 〈l,L,Lµ, Eµ,S〉
[state⋄] ⇒

D4

L(l)= (t′,L′,Lµ

′ , Eµ
′ )

〈l,L,Lµ, Eµ,S〉 〈t′,L′,Lµ

′ , Eµ

′ ,S〉
[k·var] ∧

D31
(

t, n′, I ′, Iµ

′ , Ẽ
′

, Ẽµ

′
)

⋄

=(t′,L′,Lµ

′ , Eµ
′ )

D22

S̃ ⋄=S

〈t, n′, I ′, Iµ

′ , Ẽ
′

, Ẽµ
′

, S̃ 〉⋄= 〈t′,L′,Lµ

′ , Eµ
′ ,S〉

[state⋄]
[soundness]

[&1]

〈(t u), n, I , Iµ, Ẽ , Ẽµ, S̃ 〉 〈t, n, I , Iµ, Ẽ , Ẽµ,
(

u, n, I , Iµ, Ẽ , Ẽµ

); S̃ 〉 [i·app] ∧

D211

flatten n Ẽ I =L

D212

map
(

flatten n Ẽ
)

Iµ=Lµ

D213

Ẽµ
⋄= Eµ

(

(t u), n, I , Iµ, Ẽ , Ẽµ

)

⋄

=((t u),L,Lµ, Eµ)
[clos⋄]

D23

S̃ ⋄=S

〈(t u), n, I , Iµ, Ẽ , Ẽµ, S̃ 〉⋄= 〈(t u),L,Lµ, Eµ,S〉
[state⋄] ⇒ 〈(t u),L,Lµ, Eµ,S〉 〈t,L,Lµ, Eµ, (u,L,Lµ, Eµ); S〉 [k·app] ∧

D211

flatten n Ẽ I =L

D212

map
(

flatten n Ẽ
)

Iµ=Lµ

D213

Ẽµ
⋄= Eµ

(

t, n, I , Iµ, Ẽ , Ẽµ

)

⋄

=(t,L,Lµ, Eµ)
[clos⋄]

D211

flatten n Ẽ I =L

D212

map
(

flatten n Ẽ
)

Iµ=Lµ

D213

Ẽµ
⋄= Eµ

(

u, n, I , Iµ, Ẽ , Ẽµ
)

⋄

=(u,L,Lµ, Eµ)
[clos⋄]

D23

S̃ ⋄=S
((

u, n, I , Iµ, Ẽ , Ẽµ

); S̃
)

⋄

=(u,L,Lµ, Eµ); S
[stack

2

⋄]

〈t, n, I , Iµ, Ẽ , Ẽµ,
(

u, n, I , Iµ, Ẽ , Ẽµ

); S̃ 〉⋄= 〈t,L,Lµ, Eµ, (u,L,Lµ, Eµ); S〉
[state⋄]

[soundness]

[&2]

n+1: index ·
D1

(n+1) . (n+1)= 0
[minus·equals]

c̃ : clos ·
D211

flatten n Ẽ I =L
⇒

D2

flatten (n+1) (c̃ ; Ẽ ) I =L
[weaken·flatten]

c̃ : clos ·
D212

map
(

flatten n Ẽ
)

Iµ=Lµ

⇒
D3

map
(

flatten (n+1) (c̃ ; Ẽ )
)

Iµ=Lµ

[weaken·map]

〈λt, n, I , Iµ, Ẽ , Ẽµ, c̃; S̃ 〉 〈t, n+1, (n+1:: I), Iµ, (c̃ ; Ẽ ), Ẽµ, S̃ 〉 [i·abs] ∧

D211

flatten n Ẽ I =L

D212

map
(

flatten n Ẽ
)

Iµ=Lµ

D213

Ẽµ
⋄= Eµ

(

λt, n, I , Iµ, Ẽ , Ẽµ
)

⋄

=(λt,L,Lµ, Eµ)
[clos⋄]

D221

c̃⋄= c

D222

S̃ ⋄=S
(

c̃; S̃
)

⋄

= c; S
[stack

2

⋄]

〈λt, n, I , Iµ, Ẽ , Ẽµ, c̃; S̃ 〉⋄= 〈λt,L,Lµ, Eµ, c; S〉
[state⋄] ⇒ 〈λt,L,Lµ, Eµ, c; S〉 〈t, (c;L),Lµ, Eµ,S〉

[k·abs] ∧

D1

(n+1) . (n+1)= 0 (c̃ ; Ẽ )(0)= c̃ [i·fetch1]

(c̃ ; Ẽ )((n+1) . (n+1))= c̃
[i·compute

1
]

D221

c̃⋄= c

D2

flatten (n+1) (c̃ ; Ẽ ) I =L

flatten (n+1) (c̃ ; Ẽ ) (n+1:: I) = (c;L)
[flatten

2
]

D3

map
(

flatten (n+1) (c̃ ; Ẽ )
)

Iµ=Lµ

D213

Ẽµ
⋄= Eµ

(

t, n+1, (n+1:: I), Iµ, (c̃ ; Ẽ ), Ẽµ

)

⋄

=(t, (c;L),Lµ, Eµ)
[clos⋄]

D222

S̃ ⋄=S

〈t, n+1, (n+1:: I), Iµ, (c̃ ; Ẽ ), Ẽµ, S̃ 〉⋄= 〈t, (c;L),Lµ, Eµ,S〉
[state⋄]

[soundness]

[&3]

〈get-context t, n, I , Iµ, Ẽ , Ẽµ, S̃ 〉 〈t, n, I , (I; Iµ), Ẽ , (S̃ ; Ẽµ), S̃ 〉 [i·catch] ∧

D211

flatten n Ẽ I =L

D212

map
(

flatten n Ẽ
)

Iµ=Lµ

D213

Ẽµ⋄= Eµ
(

get-context t, n, I , Iµ, Ẽ , Ẽµ

)

⋄

=(get-context t,L,Lµ, Eµ)
[clos⋄]

D22

S̃ ⋄=S

〈get-context t, n, I , Iµ, Ẽ , Ẽµ, S̃ 〉⋄= 〈get-context t,L,Lµ, Eµ,S〉
[state⋄] ⇒ 〈get-context t,L,Lµ, Eµ,S〉 〈t,L, (L;Lµ), (S; Eµ),S〉

[k·catch] ∧

D211

flatten n Ẽ I =L

D211

flatten n Ẽ I =L

D212

map
(

flatten n Ẽ
)

Iµ=Lµ

map
(

flatten n Ẽ
)

(I; Iµ)= (L;Lµ)
[map

2
]

D22

S̃ ⋄=S

D213

Ẽµ
⋄= Eµ

(S̃ ; Ẽµ)⋄=(S; Eµ)
[k·env

2

⋄]

(

t, n, I , (I; Iµ), Ẽ , (S̃ ; Ẽµ)
)

⋄

=(t,L, (L;Lµ), (S; Eµ))
[clos⋄]

D22

S̃ ⋄=S

〈t, n, I , (I; Iµ), Ẽ , (S̃ ; Ẽµ), S̃ 〉⋄= 〈t,L, (L;Lµ), (S; Eµ),S〉
[state⋄]

[soundness]

[&4]

D213

Ẽµ
⋄= Eµ

∧
D12

Ẽµ(α)= S̃
′ ⇒

D32

S̃
′⋄=S ′

∧
D4

Eµ(α)=S ′

[fetchµ
·sound]

D212

map
(

flatten n Ẽ
)

Iµ=Lµ

∧
D11

Iµ(α)= I ′
⇒

D5

flatten n Ẽ I ′=L′
∧

D6

Lµ(α)=L′

[map·sound]

D11

Iµ(α)= I ′

D12

Ẽµ(α) = S̃
′

〈set-contextα t, n, I , Iµ, Ẽ , Ẽµ, S̃ 〉 〈t, n, I ′, Iµ, Ẽ , Ẽµ, S̃
′

〉
[i·throw] ∧

�
flatten n Ẽ I =L

D212

map
(

flatten n Ẽ
)

Iµ=Lµ

D213

Ẽµ
⋄= Eµ

(

set-context α t, n, I , Iµ, Ẽ , Ẽµ

)

⋄

=(set-context α t,L,Lµ, Eµ)
[clos⋄]

�
S̃ ⋄=S

〈set-context α t, n, I , Iµ, Ẽ , Ẽµ, S̃ 〉⋄= 〈set-context α t,L,Lµ, Eµ,S〉
[state⋄] ⇒

D6

Lµ(α)=L′

D4

Eµ(α)=S ′

〈set-context α t,L,Lµ, Eµ,S〉 〈t,L′,Lµ, Eµ,S ′〉
[k·throw] ∧

D5

flatten n Ẽ I ′=L′

D212

map
(

flatten n Ẽ
)

Iµ=Lµ

D213

Ẽµ
⋄= Eµ

(

t, n, I ′, Iµ, Ẽ , Ẽµ

)

⋄

=(t,L′,Lµ, Eµ)
[clos⋄]

D32

S̃
′⋄=S ′

〈t, n, I ′, Iµ, Ẽ , Ẽµ, S̃
′

〉⋄= 〈t,L′,Lµ, Eµ,S ′〉
[state⋄]

[soundness]

[&5]

%mode +D1 ∧ +D2 ⇒ −D3 ∧ −D4
[soundness]

%worlds () D1 ∧ D2 ⇒ D3 ∧ D4
[soundness]

%terminates (D1) D1 ∧ D2 ⇒ D3 ∧ D4
[soundness]

%total (D1) D1 ∧ D2 ⇒ D3 ∧ D4
[soundness]

�
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\begin{document}

\section{Second simulation (soundness)}

\subsection{Syntax}

\subsubsection{Index, indices and tables}

{\metadeclrev{{\unary}}{{\metatypedatatype}}}

{\metaname{{\unary}}{n{\hspace{1em}}{\alpha}}}



{\metadeclgrammar{{\unaryZ}}{{\unary}}}

{\metadeclentry{{\unaryS{{\unary}}}}{$\unary$}}



{\metadeclrev{{\unaries}}{{\metatypedatatype}}}

{\metaname{{\unaries}}{{\mathcal{I}}}}



{\metadeclgrammar{{\unariesempty}}{{\unaries}}}

{\metadeclentry{{\unariescons{{\unary}}{{\unaries}}}}{{\unaries}}}



{\metadeclrev{{\itable}}{{\metatypedatatype}}}

{\metaname{{\itable}}{{\mathcal{I}}\tmrsub{{\mu}}}}



{\metadeclgrammar{{\itableempty}}{{\itable}}}

{\metadeclentry{{\itablecons{{\unaries}}{{\itable}}}}{{\itable}}}



\subsubsection{Term}

{\metadeclrev{{\term}}{{\metatypedatatype}}}

{\metaname{{\term}}{t}}



{\metadeclgrammar{{\tvar{{\unary}}}}{{\term}}}

{\metadeclentry{{\tapp{{\termone}}{{\termtwo}}}}{$\term$}}

{\metadeclentry{{\tlam{{\term}}}}{$\term$}}

{\metadeclentry{{\tcatch{{\term}}}}{$\term$}}

{\metadeclentry{{\tthrow{{\unaryalpha}}{{\term}}}}{$\term$}}



\subsection{Subtraction}

{\metadeclrev{{\opminus{{\unaryone}}{{\unarytwo}}{{\unary}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\opminus{n\tmrsub{1}}{{\unaryZ}}{n\tmrsub{1}}}}{minus\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{$\opminus{n_1}{n_2}{n_3}$}{{\opminus{{\metaparen{{\unaryS{n\tmrsub{1}}}}}}{{\metaparen{{\unaryS{n\tmrsub{2}}}}}}{n\tmrsub{3}}}}{minus\tmrsub{2}}}}}



{\metamode{{\opminus{+n\tmrsub{1}}{+n\tmrsub{2}}{-n\tmrsub{3}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\opminus{n\tmrsub{1}}{n\tmrsub{2}}{n\tmrsub{3}}}}}

{\metaterminates{{\metaparen{n\tmrsub{1}}}{\hspace{1em}}{\opminus{n\tmrsub{1}}{n\tmrsub{2}}{n\tmrsub{3}}}}}

{\metaunique{{\opminus{+n\tmrsub{1}}{+n\tmrsub{2}}{-1n\tmrsub{3}}}}}



{\metadeclrev{{\minusequals{{\metabracesforall{n}}}{{\opminus{n}{n}{{\unaryZ}}}}}}{{\metatypelemma}}}

\begin{proof}
  
  
  
  
  {\metadefnleft{{\metarule{}{{\minusequals{{\metatermbefore{{\unary}}{{\unaryZ}}}}{{\metaruleaxiom{}{{\opminus{{\unaryZ}}{{\unaryZ}}{{\unaryZ}}}}{minus\tmrsub{1}}}}}}{\&1}}}}
  
  
  
  
  
  {\metadefnleft{{\metarule{{\minusequals{{\metatermbefore{{\unary}}{n}}}{{\metaterm{{\opminus{n}{n}{{\unaryZ}}}}{{\mathcal{D}}}}}}}{{\minusequals{{\metatermbefore{{\unary}}{{\unaryS{n}}}}}{{\metarule{{\metaterm{{\opminus{n}{n}{{\unaryZ}}}}{{\mathcal{D}}}}}{{\opminus{{\metaparen{{\unaryS{n}}}}}{{\metaparen{{\unaryS{n}}}}}{{\unaryZ}}}}{minus\tmrsub{2}}}}}}{\&2}}}}
  
  
  
  
  
  
  
  
  
  {\metamode{{\minusequals{+n}{-{\mathcal{D}}}}}}
  
  {\metaworlds{{\metaparen{}}{\hspace{1em}}{\minusequals{n}{{\mathcal{D}}}}}}
  
  {\metatotal{n{\hspace{1em}}{\minusequals{n}{{\mathcal{D}}}}}}
\end{proof}

\subsubsection{Fetch (indices)}

{\metadeclrev{{\sub{{\unaries}}{{\unaryone}}{{\unarytwo}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\sub{{\metaparen{{\unariescons{n}{{\mathcal{I}}}}}}}{{\unaryZ}}{n}}}{fetch\tmrsup{{\mathcal{I}}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\sub{{\mathcal{I}}}{n\tmrsub{1}}{n\tmrsub{2}}}}{{\sub{{\metaparen{{\unariescons{n}{{\mathcal{I}}}}}}}{{\unaryS{n\tmrsub{1}}}}{n\tmrsub{2}}}}{fetch\tmrsup{{\mathcal{I}}}\tmrsub{2}}}}}



{\metamode{{\sub{+{\mathcal{I}}}{+n\tmrsub{1}}{-n\tmrsub{2}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\sub{{\mathcal{I}}}{n\tmrsub{1}}{n\tmrsub{2}}}}}

{\metaterminates{n\tmrsub{1}{\hspace{1em}}{\sub{{\mathcal{I}}}{n\tmrsub{1}}{n\tmrsub{2}}}}}

{\metaunique{{\sub{+{\mathcal{I}}}{+n\tmrsub{1}}{-1n\tmrsub{2}}}}}

\subsubsection{Fetch (table)}

{\metadeclrev{{\tsub{{\itable}}{{\unary}}{{\unaries}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\tsub{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\unaryZ}}{{\mathcal{I}}}}}{fetch\tmrsup{{\mathcal{I}}\tmrsub{{\mu}}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}}}}{{\tsub{{\metaparen{{\itablecons{{\mathcal{I}}'}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\unaryS{{\alpha}}}}{{\mathcal{I}}}}}{fetch\tmrsup{{\mathcal{I}}\tmrsub{{\mu}}}\tmrsub{2}}}}}



{\metamode{{\tsub{+{\mathcal{I}}\tmrsub{{\mu}}}{+{\alpha}}{-{\mathcal{I}}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}}}}}

{\metaterminates{{\alpha}{\hspace{1em}}{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}}}}}

{\metaunique{{\tsub{+{\mathcal{I}}\tmrsub{{\mu}}}{+{\alpha}}{-1{\mathcal{I}}}}}}



\subsubsection{Compute}

{\metadeclrev{{\compute{{\unaryone}}{{\unaries}}{{\unarytwo}}{{\unary}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhen{{\metahypscomma{{\sub{{\mathcal{I}}}{l}{k}}}{{\opminus{n}{k}{g}}}}}{{\compute{n}{{\mathcal{I}}}{l}{g}}}{compute\tmrsub{1}}}}}



{\metamode{{\compute{+n\tmrsub{1}}{+{\mathcal{I}}}{+n\tmrsub{2}}{-n\tmrsub{3}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\compute{n\tmrsub{1}}{{\mathcal{I}}}{n\tmrsub{2}}{n\tmrsub{3}}}}}

{\metaterminates{{\metabraces{}}{\hspace{1em}}{\compute{n\tmrsub{1}}{{\mathcal{I}}}{n\tmrsub{2}}{n\tmrsub{3}}}}}

{\metaunique{{\compute{+n\tmrsub{1}}{+{\mathcal{I}}}{+n\tmrsub{2}}{-1n\tmrsub{3}}}}}

\subsubsection{Closure, environment and stack}

{\metadeclrev{{\clos}}{{\metatypedatatype}}}{\hspace{8.2em}}{\metaname{{\clos}}{c}}

{\metadeclrev{{\lcenv}}{{\metatypedatatype}}}{\hspace{6.8em}}{\metaname{{\lcenv}}{{\lcenv}}}

{\metadeclrev{{\ltable}}{{\metatypedatatype}}}{\hspace{5.4em}}{\metaname{{\ltable}}{{\ltable}}}

{\metadeclrev{{\kenv}}{{\metatypedatatype}}}{\hspace{6.2em}}{\metaname{{\kenv}}{{\kenv}}}

{\metadeclrev{{\stack}}{{\metatypedatatype}}}{\hspace{6.6em}}{\metaname{{\stack}}{{\stack}}}



{\metadeclgrammar{{\closclosure{{\term}}{{\lcenv}}{{\ltable}}{{\kenv}}}}{{\clos}}}



{\metadeclgrammar{{\lcenvempty}}{{\lcenv}}}

{\metadeclentry{{\lcenvcons{{\lcenv}}{{\clos}}}}{$\lcenv$}}



{\metadeclgrammar{{\ltableempty}}{{\ltable}}}

{\metadeclentry{{\ltablecons{{\lcenv}}{{\ltable}}}}{{\ltable}}}



{\metadeclgrammar{{\kenvempty}}{{\kenv}}}

{\metadeclentry{{\kenvcons{{\kenv}}{{\stack}}}}{{\kenv}}}



{\metadeclgrammar{{\stackempty}}{{\stack}}}

{\metadeclentry{{\stackcons{{\clos}}{{\stack}}}}{$\stack$}}



{\metadeclrev{{\state}}{{\metatypedatatype}}}

{\metaname{{\state}}{{\sigma}}}



{\metadeclgrammar{{\statetriple{{\term}}{{\lcenv}}{{\ltable}}{{\kenv}}{{\stack}}}}{{\state}}}

\subsection{Judgments}

\subsubsection{Fetch a local closure}

{\metadeclrev{{\fetch{{\lcenv}}{{\unary}}{{\clos}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\fetch{{\lcenvcons{{\mathcal{L}}}{c}}}{{\unaryZ}}{c}}}{fetch\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\fetch{{\mathcal{L}}}{n}{c}}}{{\fetch{{\lcenvcons{{\mathcal{L}}}{c'}}}{{\unaryS{n}}}{c}}}{fetch\tmrsub{2}}}}}



{\metamode{{\fetch{+{\mathcal{L}}}{+n}{-c}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\fetch{{\mathcal{L}}}{n}{c}}}}

{\metaterminates{{\mathcal{L}}{\hspace{1em}}{\fetch{{\mathcal{L}}}{n}{c}}}}

{\metaunique{{\fetch{+{\mathcal{L}}}{+n}{-1c}}}}

\subsubsection{Fetch a local environment}

{\metadeclrev{{\lfetch{{\ltable}}{{\unary}}{{\lcenv}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\lfetch{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{{\unaryZ}}{{\mathcal{L}}}}}{l{\cdummy}fetch\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{n}{{\mathcal{L}}}}}{{\lfetch{{\metaparen{{\ltablecons{{\mathcal{L}}'}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{{\unaryS{n}}}{{\mathcal{L}}}}}{l{\cdummy}fetch\tmrsub{2}}}}}



{\metamode{{\lfetch{+{\mathcal{L}}\tmrsub{{\mu}}}{+n}{-{\mathcal{L}}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{n}{{\mathcal{L}}}}}}

{\metaterminates{{\mathcal{L}}\tmrsub{{\mu}}{\hspace{1em}}{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{n}{{\mathcal{L}}}}}}

{\metaunique{{\lfetch{+{\mathcal{L}}\tmrsub{{\mu}}}{+n}{-1{\mathcal{L}}}}}}



\subsubsection{Fetch a stack}

{\metadeclrev{{\kfetch{{\kenv}}{{\unary}}{{\stack}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\kfetch{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\unaryZ}}{{\mathcal{S}}}}}{fetch\tmrsup{{\mu}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{n}{{\mathcal{S}}}}}{{\kfetch{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}'}}}{{\unaryS{n}}}{{\mathcal{S}}}}}{fetch\tmrsup{{\mu}}\tmrsub{2}}}}}



{\metamode{{\kfetch{+{\mathcal{E}}\tmrsub{{\mu}}}{+n}{-{\mathcal{S}}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{n}{{\mathcal{S}}}}}}

{\metaterminates{{\mathcal{E}}\tmrsub{{\mu}}{\hspace{1em}}{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{n}{{\mathcal{S}}}}}}

{\metaunique{{\kfetch{+{\mathcal{E}}\tmrsub{{\mu}}}{+n}{-1{\mathcal{S}}}}}}

\subsubsection{Evaluation rules}

{\metadeclrev{{\evaluation{{\stateone}}{{\statetwo}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhen{{\fetch{{\mathcal{L}}}{k}{{\closclosure{t}{{\mathcal{L}}'}{{\mathcal{L}}'\tmrsub{{\mu}}}{{\mathcal{E}}'\tmrsub{{\mu}}}}}}}{{\evaluation{{\statetriple{{\tvar{k}}}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{L}}'}{{\mathcal{L}}'\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}'}{{\mathcal{S}}}}}}}{k{\cdummy}var}}}}

{\metadefnleft{{\metaruleaxiom{}{{\evaluation{{\statetriple{{\metaparen{{\tapp{t}{u}}}}}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\stackcons{{\closclosure{u}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\mathcal{S}}}}}}}}}{k{\cdummy}app}}}}

{\metadefnleft{{\metaruleaxiom{}{{\evaluation{{\statetriple{{\tlam{t}}}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\stackcons{c}{{\mathcal{S}}}}}}}{{\statetriple{t}{{\lcenvcons{{\mathcal{L}}}{c}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{k{\cdummy}abs}}}}

{\metadefnleft{{\metaruleaxiom{}{{\evaluation{{\statetriple{{\tcatch{t}}}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{L}}}{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\mathcal{S}}}}}}}{k{\cdummy}catch}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{L}}'}}}{{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{S}}'}}}}}{{\evaluation{{\statetriple{{\tthrow{{\alpha}}{t}}}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{L}}'}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}'}}}}}{k{\cdummy}throw}}}}



{\metamode{{\evaluation{+{\sigma}\tmrsub{1}}{-{\sigma}\tmrsub{2}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\evaluation{{\sigma}\tmrsub{1}}{{\sigma}\tmrsub{2}}}}}

{\metaunique{{\evaluation{+{\sigma}\tmrsub{1}}{-1{\sigma}\tmrsub{2}}}}}

\subsection{Abstract machine for safe $\lambda_{\tmop{ct}}$-terms}

\subsubsection{Syntax}

{\metadeclrev{{\iclos}}{{\metatypedatatype}}}

{\metadeclrev{{\icenv}}{{\metatypedatatype}}}

{\metadeclrev{{\ikenv}}{{\metatypedatatype}}}

{\metadeclrev{{\istack}}{{\metatypedatatype}}}

{\metaname{{\iclos}}{\tilde{c}}}

{\metaname{{\icenv}}{\widetilde{{\cenv}}}}

{\metaname{{\ikenv}}{{\ikenv}}}

{\metaname{{\istack}}{\widetilde{{\stack}}}}



{\metadeclgrammar{{\iclosclosure{{\term}}{{\icenv}}{{\unary}}{{\unaries}}{{\itable}}{{\ikenv}}}}{{\iclos}}}



{\metadeclgrammar{{\icenvempty}}{{\icenv}}}

{\metadeclentry{{\icenvcons{{\icenv}}{{\iclos}}}}{{\icenv}}}



{\metadeclgrammar{{\ikenvempty}}{{\ikenv}}}

{\metadeclentry{{\ikenvcons{{\ikenv}}{{\istack}}}}{{\ikenv}}}



{\metadeclgrammar{{\istackempty}}{{\istack}}}

{\metadeclentry{{\istackcons{{\iclos}}{{\istack}}}}{$\istack$}}



{\metadeclrev{{\istate}}{{\metatypedatatype}}}

{\metaname{{\istate}}{\tilde{{\sigma}}}}



{\metadeclgrammar{{\istatetuple{{\term}}{{\icenv}}{{\unary}}{{\unaries}}{{\itable}}{{\ikenv}}{{\istack}}}}{{\istate}}}



\subsubsection{Fetch a closure}

{\metadeclrev{{\ifetch{{\icenv}}{{\unary}}{{\iclos}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\ifetch{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}}}}{{\unaryZ}}{\tilde{c}}}}{i{\cdummy}fetch\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\ifetch{\tilde{{\mathcal{E}}}}{n}{\tilde{c}}}}{{\ifetch{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\unaryS{n}}}{\tilde{c}}}}{i{\cdummy}fetch\tmrsub{2}}}}}



{\metamode{{\ifetch{+\tilde{{\mathcal{E}}}}{+n}{-\tilde{c}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\ifetch{\tilde{{\mathcal{E}}}}{n}{\tilde{c}}}}}

{\metaterminates{\tilde{{\mathcal{E}}}{\hspace{1em}}{\ifetch{\tilde{{\mathcal{E}}}}{n}{\tilde{c}}}}}

{\metaunique{{\ifetch{+\tilde{{\mathcal{E}}}}{+n}{-1\tilde{c}}}}}

\subsubsection{Compute}

{\metadeclrev{{\icompute{{\icenv}}{{\unaryone}}{{\unarytwo}}{{\iclos}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhen{{\metahypscomma{{\opminus{n}{k}{g}}}{{\ifetch{\tilde{{\mathcal{E}}}}{g}{\tilde{c}}}}}}{{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}{i{\cdummy}compute\tmrsub{1}}}}}



{\metamode{{\icompute{+\tilde{{\mathcal{E}}}}{+n}{+k}{-\tilde{c}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}}

{\metaterminates{{\metabraces{}}{\hspace{1em}}{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}}

{\metaunique{{\icompute{+\tilde{{\mathcal{E}}}}{+n}{+k}{-1\tilde{c}}}}}

\subsubsection{Fetch a stack}

{\metadeclrev{{\ikfetch{{\ikenv}}{{\unary}}{{\istack}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metaruleaxiom{}{{\ikfetch{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\unaryZ}}{\tilde{{\mathcal{S}}}}}}{i{\cdummy}fetch\tmrsup{{\mu}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{n}{\tilde{{\mathcal{S}}}}}}{{\ikfetch{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}'}}}{{\unaryS{n}}}{\tilde{{\mathcal{S}}}}}}{i{\cdummy}fetch\tmrsup{{\mu}}\tmrsub{2}}}}}



{\metamode{{\ikfetch{+\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{+n}{-\tilde{{\mathcal{S}}}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{n}{\tilde{{\mathcal{S}}}}}}}

{\metaterminates{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}{\hspace{1em}}{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{n}{\tilde{{\mathcal{S}}}}}}}

{\metaunique{{\ikfetch{+\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{+n}{-1\tilde{{\mathcal{S}}}}}}}

\section{Evaluation rules}

{\metadeclrev{{\ievaluation{{\istateone}}{{\istatetwo}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhenbelow{{\metahypscomma{{\compute{n}{{\mathcal{I}}}{l}{g}}}{{\ifetch{\tilde{{\mathcal{E}}}}{g}{{\iclosclosure{t}{\tilde{{\mathcal{E}}}'}{n'}{{\mathcal{I}}'}{{\mathcal{I}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}'\tmrsub{{\mu}}}}}}}}}{{\ievaluation{{\istatetuple{{\tvar{l}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\istatetuple{t}{\tilde{{\mathcal{E}}}'}{n'}{{\mathcal{I}}'}{{\mathcal{I}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}'\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}}}{i{\cdummy}var}}}}



{\metadefnleft{{\metaruleaxiom{}{{\ievaluation{{\istatetuple{{\metaparen{{\tapp{t}{u}}}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\istatetuple{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\istackcons{{\iclosclosure{u}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}}}{\tilde{{\mathcal{S}}}}}}}}}}{i{\cdummy}app}}}}



{\metadefnleft{{\metaruleaxiom{}{{\ievaluation{{\istatetuple{{\tlam{t}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\istackcons{\tilde{c}}{\tilde{{\mathcal{S}}}}}}}}{{\istatetuple{t}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}}}}{{\unaryS{n}}}{{\metaparen{{\unariescons{{\unaryS{n}}}{{\mathcal{I}}}}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}}}{i{\cdummy}abs}}}}



{\metadefnleft{{\metaruleaxiom{}{{\ievaluation{{\istatetuple{{\tcatch{t}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\istatetuple{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{\tilde{{\mathcal{S}}}}}}}}{i{\cdummy}catch}}}}



{\metadefnleft{{\metarulewhenbelow{$\metahypscomma{\tsub{\mathcal{I}_{\mu}}{\alpha}{\mathcal{I}'}}{\ikfetch{\tilde{\mathcal{E}}_{\mu}}{\alpha}{\tilde{\mathcal{S}}'}}$}{{\ievaluation{{\istatetuple{{\tthrow{{\alpha}}{t}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\istatetuple{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}'}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}'}}}}}{i{\cdummy}throw}}}}





{\metamode{{\ievaluation{+{\sigma}\tmrsub{1}}{-{\sigma}\tmrsub{2}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\ievaluation{{\sigma}\tmrsub{1}}{{\sigma}\tmrsub{2}}}}}

{\metaunique{{\ievaluation{+{\sigma}\tmrsub{1}}{-1{\sigma}\tmrsub{2}}}}}

\section{Translation}

{\metadeclrev{{\triclos{{\iclos}}{{\clos}}}}{{\metatypejudgment}}}

{\metadeclrev{{\tristack{{\istack}}{{\stack}}}}{{\metatypejudgment}}}

{\metadeclrev{{\trikenv{{\ikenv}}{{\kenv}}}}{{\metatypejudgment}}}

{\metadeclrev{{\comp{{\unary}}{{\icenv}}{{\unaries}}{{\lcenv}}}}{{\metatypejudgment}}}

{\metadeclrev{{\map{{\unary}}{{\icenv}}{{\itable}}{{\ltable}}}}{{\metatypejudgment}}}



{\metadefnleft{{\metarulewhen{{\metahypscomma{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\metahypscomma{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}}}{{\triclos{{\iclosclosure{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}}}{{\closclosure{t}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}{clos\tmrsup{{\diamond}}}}}}



{\metadefnleft{{\metaruleaxiom{}{{\tristack{{\istackempty}}{{\stackempty}}}}{stack\tmrsup{{\diamond}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\triclos{\tilde{c}}{c}}}{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}}}{{\tristack{{\metaparen{{\istackcons{\tilde{c}}{\tilde{{\mathcal{S}}}}}}}}{{\stackcons{c}{{\mathcal{S}}}}}}}{stack\tmrsup{{\diamond}}\tmrsub{2}}}}}



{\metadefnleft{{\metaruleaxiom{}{{\trikenv{{\ikenvempty}}{{\kenvempty}}}}{k{\cdummy}env\tmrsup{{\diamond}}\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}{{\trikenv{{\ikenvcons{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\kenvcons{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{k{\cdummy}env\tmrsup{{\diamond}}\tmrsub{2}}}}}



{\metadefnleft{{\metaruleaxiom{}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\unariesempty}}{{\lcenvempty}}}}{flatten\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}{{\metahypscomma{{\triclos{\tilde{c}}{c}}}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}}}}}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\metaparen{{\unariescons{k}{{\mathcal{I}}}}}}}{{\lcenvcons{{\mathcal{L}}}{c}}}}}{flatten\tmrsub{2}}}}}



{\metadefnleft{{\metaruleaxiom{}{{\map{n}{\tilde{{\mathcal{E}}}}{{\itableempty}}{{\ltableempty}}}}{map\tmrsub{1}}}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{{\map{n}{\tilde{{\mathcal{E}}}}{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{map\tmrsub{2}}}}}



{\metamode{\\
{\hspace{2em}}{\triclos{+\tilde{c}}{-c}}\\
{\hspace{2em}}{\tristack{+\tilde{{\mathcal{S}}}}{-{\mathcal{S}}}}\\
{\hspace{2em}}{\trikenv{+\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{-{\mathcal{E}}\tmrsub{{\mu}}}}\\
{\hspace{2em}}{\comp{+n}{+\tilde{{\mathcal{E}}}}{+{\mathcal{I}}}{-{\mathcal{L}}}}\\
{\hspace{2em}}{\map{+n}{+\tilde{{\mathcal{E}}}}{+{\mathcal{I}}\tmrsub{{\mu}}}{-{\mathcal{L}}\tmrsub{{\mu}}}}}}



{\metaworlds{{\metaparen{}}\\
{\hspace{2em}}{\triclos{\tilde{c}}{c}}\\
{\hspace{2em}}{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}\\
{\hspace{2em}}{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}\\
{\hspace{2em}}{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}\\
{\hspace{2em}}{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}

{\remark*{To do.



{\metaterminates{{\metaparen{\tilde{c}{\hspace{1em}}\tilde{{\mathcal{S}}}{\hspace{1em}}\tilde{{\mathcal{E}}}\tmrsub{{\mu}}{\hspace{1em}}{\mathcal{I}}{\hspace{1em}}{\mathcal{I}}\tmrsub{{\mu}}}}\\
{\hspace{2em}}{\triclos{\tilde{c}}{c}}\\
{\hspace{2em}}{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}\\
{\hspace{2em}}{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}\\
{\hspace{2em}}{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}\\
{\hspace{2em}}{\map{n'}{\tilde{{\mathcal{E}}}'}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}}

{\metaunique{\\
{\hspace{2em}}{\triclos{+\tilde{c}}{-1c}}\\
{\hspace{2em}}{\tristack{+\tilde{{\mathcal{S}}}}{-1{\mathcal{S}}}}\\
{\hspace{2em}}{\trikenv{+\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{-1{\mathcal{E}}\tmrsub{{\mu}}}}\\
{\hspace{2em}}{\comp{+n}{+\tilde{{\mathcal{E}}}}{+{\mathcal{I}}}{-1{\mathcal{L}}}}\\
{\hspace{2em}}{\map{+n}{+\tilde{{\mathcal{E}}}}{+{\mathcal{I}}\tmrsub{{\mu}}}{-1{\mathcal{L}}\tmrsub{{\mu}}}}}}



{\metadeclrev{{\tristate{{\istate}}{{\state}}}}{{\metatypejudgment}}}

{\metadefnleft{{\metarulewhen{{\metahypscomma{{\triclos{{\iclosclosure{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}}}{{\closclosure{t'}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}}}{{\tristate{{\istatetuple{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\statetriple{t'}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{state\tmrsup{{\diamond}}}}}}



{\metamode{{\tristate{+\tilde{{\sigma}}}{-{\sigma}}}}}

{\metaworlds{{\metaparen{}}{\hspace{1em}}{\tristate{\tilde{{\sigma}}}{{\sigma}}}}}

{\metaunique{{\tristate{+\tilde{{\sigma}}}{-1{\sigma}}}}}

\section{Soundness}



{\metadeclrev{{\minussucc{{\opminus{n}{k}{g}}}{{\opminus{{\metaparen{{\unaryS{n}}}}}{k}{{\unaryS{g}}}}}}}{{\metatypelemma}}}

\begin{proof}
  
  
  
  
  {\metadefnleft{{\metarule{}{{\minussucc{{\metaruleaxiom{}{{\opminus{n}{{\unaryZ}}{n}}}{minus\tmrsub{1}}}}{{\metaruleaxiom{}{{\opminus{{\metaparen{{\unaryS{n}}}}}{{\unaryZ}}{{\metaparen{{\unaryS{n}}}}}}}{minus\tmrsub{1}}}}}}{\&1}}
  
  }}
  
  
  
  
  
  {\metadefnleft{{\metarule{
  
  {\minussucc{{\metaterm{{\opminus{n}{k}{g}}}{{\mathcal{D}}\tmrsub{1}}}}{{\metaterm{{\opminus{{\metaparen{{\unaryS{n}}}}}{k}{{\unaryS{g}}}}}{{\mathcal{D}}\tmrsub{2}}}}}}{{\minussucc{{\metarule{{\metaterm{{\opminus{n}{k}{g}}}{{\mathcal{D}}\tmrsub{1}}}}{{\opminus{{\metaparen{{\unaryS{n}}}}}{{\metaparen{{\unaryS{k}}}}}{g}}}{minus\tmrsub{2}}}}{{\metarule{{\metaterm{{\opminus{{\metaparen{{\unaryS{n}}}}}{k}{{\unaryS{g}}}}}{{\mathcal{D}}\tmrsub{2}}}}{{\opminus{{\metaparen{{\unaryS{{\unaryS{n}}}}}}}{{\metaparen{{\unaryS{k}}}}}{{\unaryS{g}}}}}{minus\tmrsub{2}}}}}}{\&1}}
  
  }}
  
  
  
  
  
  {\metamode{{\minussucc{+{\mathcal{D}}\tmrsub{1}}{-{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metaworlds{{\metaparen{}}{\hspace{1em}}{\minussucc{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metatotal{{\metaparen{{\mathcal{D}}\tmrsub{1}}}{\hspace{1em}}{\minussucc{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}
\end{proof}

{\metadeclrev{{\weakenflatten{{\metabracesforall{\tilde{c}'}}}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\comp{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}}{{\mathcal{L}}}}}}}{{\metatypelemma}}}

\begin{proof}
  
  
  
  
  {\metadefnleft{{\metarule{}{{\weakenflatten{{\metatermbefore{{\iclos}}{\tilde{c}'}}}{{\metaruleaxiom{}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\unariesempty}}{{\lcenvempty}}}}{flatten\tmrsub{1}}}}{{\metaruleaxiom{}{{\comp{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\unariesempty}}{{\lcenvempty}}}}{flatten\tmrsub{1}}}}}}{\&1}}}}
  
  
  
  
  
  {\metadefnleft{{\metarule{
  
  {\metahypsabove{
  
  {\weakenflatten{{\metatermbefore{{\iclos}}{\tilde{c}'}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{23}}}}{{\metaterm{{\comp{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{3}}}}}}{{\minussucc{{\metaterm{{\opminus{n}{k}{g}}}{{\mathcal{D}}\tmrsub{211}}}}{{\metaterm{{\opminus{{\metaparen{{\unaryS{n}}}}}{k}{{\unaryS{g}}}}}{{\mathcal{D}}\tmrsub{4}}}}}}}
  
  }{{\weakenflatten{{\metatermbefore{{\iclos}}{\tilde{c}'}}}{{\metarule{{\metahyps{{\metarule{{\metahyps{{\metaterm{{\opminus{n}{k}{g}}}{{\mathcal{D}}\tmrsub{211}}}}{{\metaterm{{\ifetch{\tilde{{\mathcal{E}}}}{g}{\tilde{c}}}}{{\mathcal{D}}\tmrsub{212}}}}}}{{\icompute{\tilde{{\mathcal{E}}}}{n}{k}{\tilde{c}}}}{i{\cdummy}compute\tmrsub{1}}}}{{\metahyps{{\metaterm{{\triclos{\tilde{c}}{c}}}{{\mathcal{D}}\tmrsub{22}}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{23}}}}}}}}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\metaparen{{\unariescons{k}{{\mathcal{I}}}}}}}{{\lcenvcons{{\mathcal{L}}}{c}}}}}{flatten\tmrsub{2}}}}{{\metarule{{\metahyps{{\metarule{{\metahyps{{\metaterm{{\opminus{{\metaparen{{\unaryS{n}}}}}{k}{{\unaryS{g}}}}}{{\mathcal{D}}\tmrsub{4}}}}{{\metarule{{\metaterm{{\ifetch{\tilde{{\mathcal{E}}}}{g}{\tilde{c}}}}{{\mathcal{D}}\tmrsub{212}}}}{{\ifetch{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\unaryS{g}}}{\tilde{c}}}}{i{\cdummy}fetch\tmrsub{2}}}}}}{{\icompute{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\unaryS{n}}}{k}{\tilde{c}}}}{i{\cdummy}compute\tmrsub{1}}}}{{\metahyps{{\metaterm{{\triclos{\tilde{c}}{c}}}{{\mathcal{D}}\tmrsub{22}}}}{{\metaterm{{\comp{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{3}}}}}}}}{{\comp{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\metaparen{{\unariescons{k}{{\mathcal{I}}}}}}}{{\lcenvcons{{\mathcal{L}}}{c}}}}}{flatten\tmrsub{2}}}}}}{\&2}}}}
  
  
  
  
  
  {\metamode{{\weakenflatten{+\tilde{c}'}{+{\mathcal{D}}\tmrsub{1}}{-{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metaworlds{{\metaparen{}}{\hspace{1em}}{\weakenflatten{\tilde{c}'}{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metatotal{{\metaparen{{\mathcal{D}}\tmrsub{1}}}{\hspace{1em}}{\weakenflatten{\tilde{c}'}{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}
\end{proof}

{\metadeclrev{{\weaken{{\metabracesforall{\tilde{c}'}}}{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\map{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{{\metatypelemma}}}

\begin{proof}
  
  
  
  
  {\metadefnleft{{\metarule{}{{\weaken{{\metatermbefore{{\iclos}}{\tilde{c}'}}}{{\metaruleaxiom{}{{\map{n}{\tilde{{\mathcal{E}}}}{{\itableempty}}{{\ltableempty}}}}{map\tmrsub{1}}}}{{\metaruleaxiom{}{{\map{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\itableempty}}{{\ltableempty}}}}{map\tmrsub{1}}}}}}{\&1}}}}
  
  
  
  
  
  {\metadefnleft{{\metarule{{\metahypsabove{{\weaken{{\metatermbefore{{\iclos}}{\tilde{c}'}}}{{\metaterm{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{12}}}}{{\metaterm{{\map{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{2}}}}}}{{\weakenflatten{{\metatermbefore{{\iclos}}{\tilde{c}'}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaterm{{\comp{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{3}}}}}}}}{{\weaken{{\metatermbefore{{\iclos}}{\tilde{c}'}}}{{\metarule{{\metahyps{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaterm{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{12}}}}}}{{\map{n}{\tilde{{\mathcal{E}}}}{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}}}{map\tmrsub{2}}}}{{\metarule{{\metahyps{{\metaterm{{\comp{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{3}}}}{{\metaterm{{\map{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{2}}}}}}{{\map{{\metaparen{{\unaryS{n}}}}}{{\icenvcons{\tilde{{\mathcal{E}}}}{\tilde{c}'}}}{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}}}{map\tmrsub{2}}}}}}{\&2}}}}
  
  
  
  
  
  
  
  {\metamode{{\weaken{+\tilde{c}'}{+{\mathcal{D}}\tmrsub{1}}{-{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metaworlds{{\metaparen{}}{\hspace{1em}}{\weaken{\tilde{c}'}{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}
  
  {\metatotal{{\metaparen{{\mathcal{D}}\tmrsub{1}}}{\hspace{1em}}{\weaken{\tilde{c}'}{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}}}}
\end{proof}

{\metadeclrev{{\simmap{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}'}}}{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}'}{{\mathcal{L}}'}}}{{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{L}}'}}}}}{{\metatypelemma}}}

\begin{proof}
  
  
  
  
  {\metadefnleft{{\metarule{}{{\simmap{{\metarule{{\metahyps{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaterm{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\metawildcarddots}}}}}}{{\map{n}{\tilde{{\mathcal{E}}}}{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}}}{map\tmrsub{2}}}}{{\metaruleaxiom{}{{\tsub{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\unaryZ}}{{\mathcal{I}}}}}{fetch\tmrsup{{\mathcal{I}}\tmrsub{{\mu}}}\tmrsub{1}}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaruleaxiom{}{{\lfetch{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{{\unaryZ}}{{\mathcal{L}}}}}{l{\cdummy}fetch\tmrsub{1}}}}}}{\&1}}}}
  
  
  
  
  
  {\metadefnleft{{\metarule{{\simmap{{\metaterm{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{12}}}}{{\metaterm{{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}'}}}{{\mathcal{D}}\tmrsub{2}}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}'}{{\mathcal{L}}'}}}{{\mathcal{D}}\tmrsub{3}}}}{{\metaterm{{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{L}}'}}}{{\mathcal{D}}\tmrsub{4}}}}}}{
  
  {\simmap{{\metarule{{\metahyps{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\metawildcarddots}}}}{{\metaterm{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{12}}}}}}{{\map{n}{\tilde{{\mathcal{E}}}}{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}}}{map\tmrsub{2}}}}{{\metarule{{\metaterm{{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}'}}}{{\mathcal{D}}\tmrsub{2}}}}{{\tsub{{\metaparen{{\itablecons{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}}}}}{{\unaryS{{\alpha}}}}{{\mathcal{I}}'}}}{fetch\tmrsup{{\mathcal{I}}\tmrsub{{\mu}}}\tmrsub{2}}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}'}{{\mathcal{L}}'}}}{{\mathcal{D}}\tmrsub{3}}}}{{\metarule{{\metaterm{{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{L}}'}}}{{\mathcal{D}}\tmrsub{4}}}}{{\lfetch{{\metaparen{{\ltablecons{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}}}{{\unaryS{{\alpha}}}}{{\mathcal{L}}'}}}{l{\cdummy}fetch\tmrsub{2}}}}}}{\&2}}}}
  
  
  
  
  
  
  
  {\metamode{{\simmap{+{\mathcal{D}}\tmrsub{1}}{+{\mathcal{D}}\tmrsub{2}}{-{\mathcal{D}}\tmrsub{3}}{-{\mathcal{D}}\tmrsub{4}}}}}
  
  {\metaworlds{{\metaparen{}}{\hspace{1em}}{\simmap{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}{{\mathcal{D}}\tmrsub{3}}{{\mathcal{D}}\tmrsub{4}}}}}
  
  {\metatotal{{\metaparen{{\mathcal{D}}\tmrsub{2}}}{\hspace{1em}}{\simmap{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}{{\mathcal{D}}\tmrsub{3}}{{\mathcal{D}}\tmrsub{4}}}}}
\end{proof}
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  {\metadefnleft{{\metarule{{\metahypsabove{{\simkfetch{{\metaterm{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{213}}}}{{\metaterm{{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\alpha}}{\tilde{{\mathcal{S}}}'}}}{{\mathcal{D}}\tmrsub{12}}}}{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}'}{{\mathcal{S}}'}}}{{\mathcal{D}}\tmrsub{32}}}}{{\metaterm{{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{S}}'}}}{{\mathcal{D}}\tmrsub{4}}}}}}{{\simmap{{\metaterm{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{212}}}}{{\metaterm{{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}'}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}'}{{\mathcal{L}}'}}}{{\mathcal{D}}\tmrsub{5}}}}{{\metaterm{{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{L}}'}}}{{\mathcal{D}}\tmrsub{6}}}}}}}}{{\simulation{{\metarule{{\metahyps{{\metaterm{{\tsub{{\mathcal{I}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{I}}'}}}{{\mathcal{D}}\tmrsub{11}}}}{{\metaterm{{\ikfetch{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\alpha}}{\tilde{{\mathcal{S}}}'}}}{{\mathcal{D}}\tmrsub{12}}}}}}{{\ievaluation{{\istatetuple{{\tthrow{{\alpha}}{t}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\istatetuple{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}'}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}'}}}}}{i{\cdummy}throw}}}{{\metarule{{\metahyps{{\metarule{{\metahyps{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}}{{\mathcal{L}}}}}{{\metawildcarddots}}}}{{\metahyps{{\metaterm{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{212}}}}{{\metaterm{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{213}}}}}}}}{{\triclos{{\iclosclosure{{\tthrow{{\alpha}}{t}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}}}{{\closclosure{{\tthrow{{\alpha}}{t}}}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}{clos\tmrsup{{\diamond}}}}}{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}}{{\mathcal{S}}}}}{{\metawildcarddots}}}}}}{{\tristate{{\istatetuple{{\tthrow{{\alpha}}{t}}}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}}}}{{\statetriple{{\tthrow{{\alpha}}{t}}}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}}}{state\tmrsup{{\diamond}}}}}{{\metarule{{\metahyps{{\metarule{{\metahyps{{\metaterm{{\comp{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}'}{{\mathcal{L}}'}}}{{\mathcal{D}}\tmrsub{5}}}}{{\metahyps{{\metaterm{{\map{n}{\tilde{{\mathcal{E}}}}{{\mathcal{I}}\tmrsub{{\mu}}}{{\mathcal{L}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{212}}}}{{\metaterm{{\trikenv{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}{{\mathcal{D}}\tmrsub{213}}}}}}}}{{\triclos{{\iclosclosure{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}'}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}}}{{\closclosure{t}{{\mathcal{L}}'}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}}}}}{clos\tmrsup{{\diamond}}}}}{{\metaterm{{\tristack{\tilde{{\mathcal{S}}}'}{{\mathcal{S}}'}}}{{\mathcal{D}}\tmrsub{32}}}}}}{{\tristate{{\istatetuple{t}{\tilde{{\mathcal{E}}}}{n}{{\mathcal{I}}'}{{\mathcal{I}}\tmrsub{{\mu}}}{\tilde{{\mathcal{E}}}\tmrsub{{\mu}}}{\tilde{{\mathcal{S}}}'}}}{{\statetriple{t}{{\mathcal{L}}'}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}'}}}}}{state\tmrsup{{\diamond}}}}}{{\metarule{{\metahyps{{\metaterm{{\lfetch{{\mathcal{L}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{L}}'}}}{{\mathcal{D}}\tmrsub{6}}}}{{\metaterm{{\kfetch{{\mathcal{E}}\tmrsub{{\mu}}}{{\alpha}}{{\mathcal{S}}'}}}{{\mathcal{D}}\tmrsub{4}}}}}}{{\evaluation{{\statetriple{{\tthrow{{\alpha}}{t}}}{{\mathcal{L}}}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}}}}{{\statetriple{t}{{\mathcal{L}}'}{{\mathcal{L}}\tmrsub{{\mu}}}{{\mathcal{E}}\tmrsub{{\mu}}}{{\mathcal{S}}'}}}}}{k{\cdummy}throw}}}}}{\&5}}}}
  
  
  
  
  
  {\metamode{{\simulation{+{\mathcal{D}}\tmrsub{1}}{+{\mathcal{D}}\tmrsub{2}}{-{\mathcal{D}}\tmrsub{4}}{-{\mathcal{D}}\tmrsub{3}}}}}
  
  {\metaworlds{{\metaparen{}}{\hspace{1em}}{\simulation{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}{{\mathcal{D}}\tmrsub{4}}{{\mathcal{D}}\tmrsub{3}}}}}
  
  {\metaterminates{{\metaparen{{\mathcal{D}}\tmrsub{1}}}{\hspace{1em}}{\simulation{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}{{\mathcal{D}}\tmrsub{4}}{{\mathcal{D}}\tmrsub{3}}}}}
  
  {\metatotal{{\metaparen{{\mathcal{D}}\tmrsub{1}}}{\hspace{1em}}{\simulation{{\mathcal{D}}\tmrsub{1}}{{\mathcal{D}}\tmrsub{2}}{{\mathcal{D}}\tmrsub{4}}{{\mathcal{D}}\tmrsub{3}}}}}
\end{proof}
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