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Abstract

Functional coroutines are a restricted form of control mechanism, where each continuation
comes with its local environment. This restriction was originally obtained by considering a
constructive version of Parigot's classical natural deduction which is sound and complete for
the Constant Domain logic. In this article, we present a refinement of de Groote's abstract
machine which is proved to be correct for functional coroutines. Therefore, this abstract
machine also provides a direct computational interpretation of the Constant Domain logic.

This companion technical report contains the full Coq formalization (all the proofs are avail-
able in the Coq source file). The section numbering is the same as in the article for easy cross
referencing.

1 Introduction
2 Dependency relations

3 Abstract machines

Require Import UtfS.
Add LoadPath "~ /Sources/Coq/Tactics".
Require Import CpdtTactics LibTactics TwelfTactics.

Require Import Arith List String.
Require Import Cog.extraction.ExtrOcamliString.

Definition ble_nat (n : nat) (m : nat) : bool := beq_nat (n — m) 0.
Notation "n == m" := (beq_nat n m) (at level 70, no associativity).
Notation "n < m" := (ble_nat n m) (at level 70, no associativity).
Reserved Notation "m; — my = m" (at level 30).

Inductive minus : nat - nat — nat — Prop :=

| Minus, : ¥ my,

nt —0=m1

| Minusy : ¥ my mp m,
mp—my=m
S(my) — S(mp)=m




where "m; — my = m" := (minus m; my m).
Fixpoint f (m : nat) : (m — m=0) :=
match m with
| 0 => Minus, 0
| S(n) => Minus, nn 0 (fn)
end.
Lemma minus_trivial : V n, not (0=Sn).
Lemma minus_id : ¥ m, m — m=0.
Hint Resolve minus_id.
Lemma minus_unique :¥ mymymm’, m; —mpy=m — my —my=m’ - m=m'.
Hint Resolve minus_unique : gen_subst_db.
Lemma minus_succ : V n3 np ny, ny —(Sny)=n3 — n; — np=(Sn3).
Lemma minus_swap : V n3 np ny, ny — np=ns — n| — n3==mn,.
Definition vector := list nat.
Definition table := list vector.
Reserved Notation "7 (n) = m" (at level 30).

Inductive fetch {A : Type} : list A — nat - A — Prop =

| Fetch) : ¥V % (n:A),
(n:: F)0)=n

| Fetchy : ¥ 7 (n:A) ny na,
J(n1)=n2
(n:: F)(Sny)=ny

where "7 (n) = m" := (@ fetch _ ¥ n m).

Lemma fetch_unique : ¥ An 7 (y:A) (v"A), F(n)=y > FS(m)=y - y=y"
Hint Resolve fetch_unique : gen_subst_db.

Reserved Notation "n — % (/) = g" (at level 30).

Inductive compute : list nat — nat — nat — nat — Prop :=

| Compute; : V¥V S nlgk,

J(D=k n—k=g
n—J()=g

where "'n — 7 (1) =g" := (compute F nlg).

Lemma compute_unique : ¥ Fnlyy,n— F()=y > n—F()=y - y=y"



Hint Resolve compute_unique : gen_subst_db.
Reserved Notation "n € 7" (at level 30).
Inductive member : list nat — nat — Prop =

| Member, : ¥V 7 n,
nen:J)

| Membery, : N F nn’,
neJyJs
nen:z)

where "'n € " := (member 7 n).

Lemma domain :V % k, k€ ¥ — 3n, F(n)=k.

3.1 Safe A -terms

Inductive term : Type :=

| Var (n : nat)

| App (t; : term) (t, : term)
| Lambda (t : term)

| Catch (t : term)

| Throw (a : nat) (t : term).

Notation "' x """ := (Var x) (at level 80).
Notation "t; " 1," := (App 1 1) (at level 80).
Notation "'2' " := (Lambda ) (at level 80).

Notation "'catch' := Catch (at level 80).
Notation "'throw' := Throw (at level 80).
Notation "'get-context'" := Catch (at level 80).
Notation "'set-context'" := Throw (at level 80).

Reserved Notation "Safe_''('n "Y' .7, .7, ") ()" (at level 30).
Inductive safe : term — list nat — list (list nat) — nat — Prop :=
| Safe, : ¥V & J,ngk,

n-g=k kes
Safe;] 7" ('g")

| Safe; :V 5 S, ntu,
Safe 7"ty Safe:7"w)

Safenj"]”(tu)
| Safe; : ¥V 5 F,nt,
Safe ;""" (1)
Safe;7*(a1)
| Safes :V & S nt,
Safen‘]’(j::f”)(t)
Safe”"*(catch 1)




| Safes :V .7 7' I, nta,
Fua)=F"__ Safe;] ")
Safe””"(throw a 1)

where "Safe ' '( n Y I, F,") (1)" = (safe t I I, n).

3.2 From local indices to global indices
Reserved Notation "'|_"'('n Y(' 7, Fu") (1) =1" (at level 30).
Inductive litogi : term — list nat — list (list nat) — nat — term — Prop =

| Litogi, :¥V F J,ngl,
n—JS)=g
L7y =08
| Litogir : ¥ F Fyntut'u,
L o=r 1w =u
L7 uy=@t'w)

| Litogiz : ¥ F Funtt,
Sn:F), I ’
O

V77nan =)

IthOgl4 .V :] ‘]H nt t/,
FI (TSI ’

lnj‘ J”(get-context t)=(catch t)

| Litogis:¥ F ' I, ntt a,
Iu=5" 1 Tw=r
l‘]’]"

(set-context « t) = (throw a t’)

where "'|_''(n ('S, 7)) (1) =16":=(itogit) F I, nt).

Lemma litogi_unique :¥ % F,nxyy’, an‘J”(x) =y an‘J”(x) =y - y=y.
Hint Resolve litogi_unique : gen_subst_db.

Lemma safe_image : ¥ .5 F, nt’, Safe nj"]“(t’) — 3, lnj"j“(t) =t

3.3 Abstract machine for A, -terms

3.3.1 Closure, environment, stack and state

Inductive clos :=
| CL (¢t : term) (& : list clos) (8, : list (list clos)).

Definition stack := list clos.
Definition c_env := list clos.

Definition k_env := list stack.

Inductive state :=



| St (t : term) (& : c_env) (&, : k_env) (& : stack).

Notation "(1,&,&,, S )" :=(Stt & &, ) (at level 80).
Notation "[ 1, &, &, 1" :=(Clt & &,) (at level 80).

3.3.2 Evaluation rules

Reserved Notation "o, ~ 6," (at level 30).
Inductive szep : state — state — Prop =
|K_var :Vkt&& &, 8,8,

Eh) =11, ", %]
(K. 8,8, 8) ~ (1,8, 8, S)

|K_app :Vtué&é&,S,
((tu), &,8,,8)~=(t,8,8,,[u,&,8,]::5)

|K_abs:Ntc&8,S,
(A, &, & ,,c::8) ~(t,(c::8), 8y, S)

| K_catch:Vt&&,S,
(catch 1,8,8,,8)~(1,8,(5::&,),S)

| K_throw Yta &&,S S,
Eula)=8"
(throw a 1,8,&,,8)~(t,€,8,,S8")

where "6| ~ 0," 1= (step o) 07).
Lemma step_unique : YV 6| 65 63, 61 ~ 6, = 6] ~1 65 = 6,=05.

Hint Resolve step_unique : gen_subst_db.

3.4 Abstract machine for safe A.-terms (with local environments)

3.4.1 Closure, environment, stack and state

Inductive clos_[ :=
| CLL (¢t : term) (Z : list clos_l) (£, : list (list clos_1)) (&, : list (list clos_l)).

Definition stack_[ := list clos_I.
Definition [_env_[ := list clos_l.
Definition m_env_I := list [_env_I.
Definition k_env_[ := list stack_l.

Inductive state_[ :=
| St_1 (¢ : term) (£ : I_env_l) (L : m_env_l) (&, : k_env_l) (8 : stack_l).

Notation "(1, %, %, . 8,, 8 ) :=(St_1t L %, 8, S) (at level 80).
Notation "[ 1, %, Z,, €, 1" :=(Cl_lt £ £, &,) (at level 80).

3.4.2 Evaluation rules



Reserved Notation "6, ~ 'M' 65" (at level 30).
Inductive step_[ : state_l — state_l — Prop :=

\Lvar Nkt L %, %, 8,8, S,

ZLk)=[t, L, L}, 8l
<\k\’$7$ﬂ’ %/ucs))’ql(t,gl,g/,g,;,c?)

|L_app NtuZL £, &, S,
(tw), Z, 2, %ﬂ,é’)ﬂl(t,z,gﬂ, Enlu,2,2,,8,0:8)
|L_abs:NtcZL Ly 8,8,
ML, Ly 8 SY =1, (c: L), L 8, S')
|L_catch:NtZL £, 8,8,
(get-context 1, £, %, 8,,S) v’( L L(L:Ly), (58, S)

|L_throw Nta L L £,8, S S,

Zu)=2"  Eua)=3"
(set-context a 1, L, £, &, S~ N1, L, L. &y, S)

where "o| ~ "N 65" 1= (step_l 01 07).
Lemma step_I_unique : Y 6 03 65, 61 ~' 6y = 61 ~' 65 = o2 =03.

Hint Resolve step_Il_unique : gen_subst_db.

4 Bisimulations

4.1 Abstract machine for safe A.-terms (with indirection tables)

4.1.1 Closure, environment, stack and state

Inductive clos_i :=
| Cl_i (¢ : term) (n : nat) (F : vector) (F, : table) (& : list clos_i) (&, : list (list clos_i)).

Definition stack_i := list clos_i.
Definition c_env_i := list clos_i.

Definition k_env_i := list stack_i.

Inductive state_i :=
| St_i (1 : term) (n : nat) (F : vector) (F, : table) (& : c_env_i) (&, : k_env_i) (S : stack_i).

Notation "(7,n,.7,.7,,€,8,,8) :=@titn I 5, €E,S) atlevel 80).
Notation "[1,n,.7,.7,,8,8,]":=(Clitn.7 .7, & &,) (at level 80).

4.1.2 Evaluation rules



Reserved Notation "6, ~ 'i' 65" (at level 30).
Inductive step_i : state_i — state_i — Prop :=

| I_var :Nnn'lgt 3 7' 7,5,88 8,8,S,

n—JS)=g E)=It,n, 7,5, , &)
rn, S, 5,8,8,8)~t.n,5,5,,8,8,8)

|I_app:Vntus 5,88,S,
((tuw),n, I, 5, 8, %ﬂ,é’)ﬂi(t,n,f,fﬂ, &, 8, un 5, 7,8,8]1:8)

|[_abs:NntcF5,88,S,
(At,n, I, I 4, Epyc: Sy ~i(1,(Sn), ((Sn) 2 F), I yyc:: &, 8, S7)

| I_catch:Vnt S 7,88,8,
(get-context t,n,.7,.7,,&,&,, ) ~(t,n, 7,(I::.7,),8,(S:&),S)

| I_throw :Vnta S 5 7,88,8S,

Jua)=F"  Eua)=8’
(set-context a t,n,.7,.7,,8,8,,S8)~t,n,5,5,,8,8,,8)

where "6| ~ '"Ni' 6," 1= (step_i 61 02).

Lemma step_i_unique : Y 6| 6; 65, 61 ~' 63 = 61 ~' 65 = 62 =05.
Hint Resolve step_i_unique : gen_subst_db.

4.2 Lock-step simulation (—)

Reserved Notation "c '"x=_c' ¢™ (at level 30).

Reserved Notation "§ '""k=_s' &™ (at level 30).

Reserved Notation "& '""x=_¢' &" (at level 30).
Reserved Notation "&, '"x=_k' &," (at level 30).

Inductive translate_clos : clos_i — clos — Prop :=
| T cl:VntuF 5,88 &, 8,

VT =u & =8 &= &
[t,n,J, 5, & & "= [u, &, &l

m

where "c '""k=_c' ¢ := (translate_clos c ¢’
with translate_stack : stack_i — stack — Prop :=
| T _stack; :

nil *=,nil

| T_stack, ¥ cc' S &,
C*:cc/ CS*ZXC‘S)/

(c: 8= (c’:8)

where "S ""x=_s' &' := (translate_stack § §")

with translate_c_env : c_env_i — c_env — Prop =



| T _c_env; :

nil *=,nil

| T c enva:Vcc' & &,
F=cc' & =&
(c::&)* =, (c’:: &)

where "& "x=_¢' &"" := (translate_c_env & &’)

with translate_k_env : k_env_i — k_env — Prop :=
| T k_envy :

nil* =, nil

| T k_env,:V 8§ 88, &,
S*= 8" Ei=k &
(§:8)* = (51 &)

where "8, "x=_k' &," := (translate_k_env &, &}).
Reserved Notation "¢ '"x=_c" ¢"' (at level 30).

Inductive translate_st : state_i — state — Prop :=
| Tst:VntuF 5,68 8,8,8S,

[t,n,],fﬂ,%,%ﬂ]*=c [u,g/,g,;] <§)*=s<§)/
(1. T, T 6. E SV =y (1, &1 S )

where "6 '""k=_c' ¢"' := (translate_st ¢ ¢’).
Scheme rranslate_clos_mut := Induction for translate_clos Sort Prop
with translate_stack_mut := Induction for translate_stack Sort Prop
with translate_c_env_mut := Induction for translate_c_env Sort Prop
with translate_k_env_mut := Induction for translate_k_env Sort Prop.
Lemma translate_clos_unique : ¥ ¢ ¢y ¢5, ¢*=.cy = c*=.c5 = cr=c
with translate_stack_unique : N s 53 55, s* = 50 = §* =, 55 — $5=15
with translate_c_env_unique :V e e €3, e* =, e; > e* =, ¢} > ex=¢5
with translate_k_env_unique : ¥ k ky k3, k* = ko — k* = k3 — ko =k3.
Hint Resolve translate_clos_unique : gen_subst_db.
Hint Resolve translate_stack_unique : gen_subst_db.
Hint Resolve franslate_c_env_unique : gen_subst_db.
Hint Resolve translate_k_env_unique : gen_subst_db.
Lemma translate_st_unique : ¥ 6 65 63, 6* =561 = 6* =, 65 = 6,=03.
Hint Resolve translate_st_unique : gen_subst_db.
4.2.1 Soundness
Lemma fetch_sound : V& &', & =, & >V nc, Em)=c—3Ac’,c*=.c'A&(n)=c".
Lemma fetch_mu_sound : Vn 8§ &,, &,(n)=8 -VE,, &, = &,— 38, 8™ = S'AE,(n)=S".

Theorem soundness : ¥ 6 62 61, 61 ~"'061 = 6f =, 0] — 30}, 6]~065 A 6, =, 05.
1



4.2.2 Completeness
Lemma fetch_complete: N & &', &* =, & >V nc', E(n)=c’—3c,c*=.c'AEn)=c.
Lemma fetch_mu_complete : Y n 8’ &, &,(n)=8">VE,, &, = &,— 35,8 = S'AE,(n)=3S.

Theorem completeness : ¥ ¢i 62’ 61, 61 ~165 = 61 =501 = 03, 61~"02 A 62* =, 0.

4.3 Lock-step simulation (—)°

Reserved Notation "& (n — k) = c" (at level 30).

Inductive compute_l : c_env_i — nat — nat — clos_i — Prop :=
| Compute_ 1, : ¥V & ngkec,

n—k=g &(g=c
En—-k)y=c

where "€ (n — k) =c":= (compute_l & nk c).
Lemma compute_l_unique :¥N Enkcc,En—k)y=c—> &En—k)=c' - c=c".
Hint Resolve compute_I_unique : gen_subst_db.

Reserved Notation "c '"*o=_c' ¢"' (at level 30).
Reserved Notation "S§ "o=_s"' &™ (at level 30).
Reserved Notation "&, ""o=_k' &," (at level 30).

Inductive flatten : nat - c_env_i — vector — I_env_l —Prop :=
| T_flatten, :V n &,

flatten n & nil nil

| T_flatten, N cc'nk & 5 &,

Emn—ky=c °=cc’ flattenn & I &
flattenn & (k:: 7) (¢': &)

with map_flatten : nat — c_env_i — table — m_env_l —Prop :=
| T_map_flatten, :V n &,

map_flatten n & nilnil

| T_map_flatten, :Nn& 5 £ F, %,

flattenn & 5 & map_flattenn & S, Ly
map_flatten n € (S :: 7)) (L2 L))

with translate_clos_l : clos_i — clos_l — Prop :=
\ T cll:Nnt I F, L ZL,EE, 8,

flattenn & 5 L map_flatenn & I, Ly Ei=k &,
[L n3 j7 j/u g& g[,l]O:C [t9 gs g}b g[2]

m

where "c '"No=_c' ¢"" := (translate_clos_I c¢ ¢’)

with translate_stack_l : stack_i — stack_l — Prop =



| T_stack_I, :

nil°=,nil

| T _stack_lhb:Vcc' S S,
C<>=C C/ <§>o=s (5)/
(c:8)°=,(c’"::8)

where "S§ "No=_s' & := (translate_stack_| & ")

with translate_k_env_I : k_env_i — k_env_l — Prop :=
| T _k_env_l; :

nil °=y nil

| T k_env_,:VS S &, &,
§=s 8’ &=k &,
($:8)°=( (81 &))

where "8, No=_k' &," := (translate_k_env_l &, &)).

Reserved Notation "¢ '“o=_c' ¢"' (at level 30).

Inductive translate_st_I : state_i — state_l — Prop =
|\ Tstl:VNntuF 5, 8LZL,8,86,8 S,

[t9n3 j7 jlh g& gll]ozc [u3 g’ gﬂ& gI;] (‘Sx):.)‘ (‘S)/
(t,n, 5, 7,8,8,8) = (uZL,%,,8,,8)

where "6 '""o=_c' ¢"' := (translate_st_l ¢ ¢).

Scheme flatten_mut := Induction for flatten Sort Prop
with map_flatten_mut := Induction for map_flatten Sort Prop
with translate_clos_I_mut := Induction for translate_clos_I Sort Prop
with translate_stack_I_mut := Induction for translate_stack_l Sort Prop
with translate_k_env_I_mut := Induction for translate_k_env_I Sort Prop.

Lemma flatten_unique :Vn & 5 £ &/, flattenn & F & — flattenn & ¥ L' > L =%’
with map_flatten_unique :V n & 5, £, Z,,
map_flatten n & ., £, — map_flattenn & 5, £, - £, =2,
with rranslate_clos_I_unique : ¥ ¢ ¢; ¢5, ¢°=cca = ¢° =, ¢ = ¢2=¢3
with rranslate_stack_I_unique : NV s s, 83, s°=; 85 = s°=¢ 85 — 5, =55
with translate_k_env_I_unique : V¥ k ky k3, k= ko — k° =y k3 — ko=kj.

Hint Resolve flatten_unique : gen_subst_db.

Hint Resolve map_flatten_unique : gen_subst_db.

Hint Resolve translate_clos_I_unique : gen_subst_db.

Hint Resolve translate_stack_l_unique : gen_subst_db.

Hint Resolve translate_k_env_Il_unique : gen_subst_db.

Lemma translate_st_l_unique : ¥ ¢ 6, 63, 6° =, 62 = 6° =, 65 = 6,=0%.
Hint Resolve translate_st_I_unique : gen_subst_db.

4.3.1 Soundness

Lemma minus_next :Vnkg,n—k=g - Sn—k=>Sg.
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Lemma weaken_flatten : ¥V {n & F £}, V ¢/, flatten n & & & — flatten (Sn) (¢':: &) F £.

Lemma weaken_map_flatten :¥ {n & 7, £,},V c’,
map_flatten n & %, £, — map_flatten (Sn) (¢':: &) F, Z,.

Lemma map_flatten_sound :¥Nn & 7' 7, a,
FTa)=F" =N L, map_flattenn & 5, £, —» 3 L', flattenn & 5' L' N £ (a)=Z".

Lemma fetch_sound l: Vnlkc .7,
FID)=k->VE,En—k)=c->VZ, flattenn & F L —3Ic’,c°=. c'ANZL()=c".

Lemma fetch_mu_sound_l: ¥Nn S8 &,, &,(n)=8->VE,, &=, §,— 38, 8°=S'ANE,(n)=S".

Theorem soundness_l : ¥ 6| 63 61, 061 ~'0y = 6% =,0] — 306}, 6] ~'05 A 62°=, 6%.
1= o

4.3.2 Completeness

Lemma map_flatten_complete :N {n & &' £, a},
LW)=2%"—-N Fy, map_flattenn & S, £, —» 3 5, flattenn & ' L' N F (a)=F".

Lemma fetch_complete | : ¥ {nlc' 7 & &},
flatten n & F L > ZLD)=c’'»3Fkc, Em—k)y=c A °=.c'ANF()=k.

Lemma fetch_mu_complete_| : ¥ {n &' &,},
& n=8"->VE,,8,=8,-38,8°=5'AE,m)=S.

Theorem completeness_l : ¥ 61 65 61, 61 ~'6) = 6i=,0] = T, 61~'62 A 62°=, 5.

5 Conclusion and future work
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