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Abstract

We formally specified a program logic for higher-order procedural variables and non-local jumps with Ott and Twelf.
Moreover, the dependent type systems and the translation are both executable specifications thanks to Twelf’s logic
programming engine. In particular, relying on Filinski’s encoding of shift/reset using callcc/throw and a global meta-
continuation (simulated in state passing style), we have mechanically checked the correctness of a few examples (all source

files are available on request).

1 Introduction

We formally specified the formal systems described in
[Cro10l [CP11] with Ott [SNO™07| and the Twelf proof as-
sistant [PS99]. These formal systems are:

e The functional language F (which is our formulation
of Godel System T) equipped with two usual type sys-
tems, a simple type system IS and a dependent type
system ID which is akin to Leivant’s M1LP [Lei90].
In particular, dependent types include arbitrary for-
mulas of first-order arithmetic.

e The imperative language I (essentially LOoOP* from
[CPV09)]) is an extension of Meyer and Ritchie’s Loop
language [MRT6] with higher-order procedural vari-
ables. Language I is also equipped with two (unusual)
type systems, a pseudo-dynamic simple type system
IS and a dependent type system ID.

e A compositional translation from I to F is also defined
[CPV09] in both the pseudo-dynamic and dependent
frameworks.

The main difference from the description given in [CPII]
comes from the fact that the dependently-typed programs
contain proof annotations and are actually isomorphic to
proof derivations (this is required to obtain executable
proof checkers from the specification of the dependent type

systems in Twelf). As a simple example of such proof an-
notations, the dependently-typed imperative procedure for
addition is given in Figure 1.

A second minor difference is a consequence of our en-
coding of first-order quantifiers using Twelf higher-order
abstract syntax. Quantified variables have to be dealt with
separately, and the elimination rule for the existential quan-
tifier is thus split into a cut rule and a left introduction rule.

Moreover, the type systems and the translation are all
executable specifications thanks to Twelf’s logic program-
ming engine. In particular, the imperative counterpart of
Filinski’s encoding of shift/reset [DEF89, [F1194] described in
[CP11] and the examples from [Wad94] have been mechan-
ically checked. The correctness of third example (which
requires the more general type system) is shown in full in
Figure 2.

In Section 2, we present syntax of I and F, the func-
tional simple type system FS (Section 2.1), the imperative
pseudo-dynamic type system IS (Section 2.2) and the trans-
lation form IS to F'S (Section 2.3). In Section 3, we present
syntax of languages I and F extended with dependent types
and proof annotations, the functional dependent type sys-
tem FS (Section 3.1), the pseudo-dynamic imperative de-
pendent type system ID (Section 3.2) and the translation
form ID to FD (Section 3.3).

cst p_add = proc YnVm[z:nat(n), y:nat(m)] out [z:nat(add(n,m))] {
z =y > {i/nat(i)} [add(0, m) = m];

for I:nat(l) := 0 until = {
inc(z);

z =z :> {i/nat(i)} [add(succ(l),m) = succ(add(l,m))];

tzmat(add(l,m));
b

Figure 1: Dependently-typed addition



cst shift = proc [p:proc ([proc Vn([nat(n), ~A] out [nat(Fsz(n)), ~A]), ~proc Vn([nat(n), ~A] out [nat(Fsz(n)), ~A])]
out [proc Vn([nat(n), ~A] out [nat(Fsz2(n)), ~A]), ~proc Vn([nat(n), ~A] out [nat(Fsz(n)), ~A])]),
mk2:~proc Vn([nat(n), ~A] out [nat(Fzz(n)), ~A])] out Ju[r:nat(u), mk:~nat(Fzz(u))] {
mk := mk2;
cst r(zsei: ;]z;oc Vz[p:proc ([~nat(Fs2(z))] out [H, ~H]), mk2:~A] out [r:nat(Fsz2(z)), mk:~A] {
ki
cst m = mk;
mk := proc [r:nat(Fsz(z))] out [Z: 1] {
jump(k, r, m)[Z:1];

var y = *;

p(mk; y, mk);

jump(mk, y)[rmat(Fs2(z)), mk:~Al;
Hrmat(Fs2(z)), mk:~Al;

k;:{

cst ¢ = proc Vz[v:nat(z), mk2:~A] out [r:nat(Fsz(z)), mk:~A] {
mk := mk2;
cst anonym = proc [mk2:~nat(Fs2(z))] out [z:H, mk:~H] {
mk := mk2;

jump(k <: {u/[nat(u), ~nat(Fsz(u))]}{z}, v, mk)[z:H, mk:~H];
réset{z}(anonym, mk; r, mk);

var y 1= *;
p(q, mk; y, mk);
jump(mk, y)[r:nat(0), mk:~nat(F32(0))];
[0 € 3u[r:nat(u), mk:~nat(Fsz(u))]]
}3u[rmat(u), mk:~nat(Fsz2(u))];7u.
[uw € Ju[rmat(u), mk:~nat(Fsz(u))]]

cst reset = proc [p:proc ([~proc Vn([nat(n), ~A] out [nat(Fs2(n)), ~A])] out v[nat(v), ~nat(v)]), mk2:~A]
out [r:proc Vn([nat(n), ~A] out [nat(Fszz(n)), ~A]), mk:~A] {
mk := mk2;
k:{
cst m = mk;
mk := proc [r:proc Vn([nat(n), ~A] out [nat(Fs2(n)), ~A])] out [Z: L] {
jump(k, r, m)[Z:L];

var y 1= *;

p(mk; y, mk);?v.

jump(mk, y)[r:proc Vn([nat(n), ~A] out [nat(Fsz(n)), ~A]), mk:~AJ;
}Hr:proc Vn([nat(n), ~A] out [nat(Fsz(n)), ~A]), mk:~AJ;

c;st a = proc [mk2:~A] out [z:nat(add (3, 2)), mk:~A] {
cst p_add = proc {z}Vy[X:nat(z), Y:nat(y), mk2:~A] out [Z:nat(add(z, y)), mk:~A] {
mk := mk2;
Z := X :> {var_2 /nat(var_2) }[add(z, 0) = z];
for i : nat(i) := O until Y {
inc(Z);
(:> {var_3}[Z:nat(var_-3)|[add(z, succ(i)) = succ(add(z, 1))])
y HZ:nat(add(z, 1))];
c;t q = proc [mk2:~proc Vn([nat(n), ~A] out [nat(Fsz2(n)), ~A])] out Jv[r:nat(v), mk:~nat(v)] {
mk := mk2;
cst p = proc [f:proc Vn([nat(n), ~A] out [nat(Fs2(n)), ~A]), mk2:~proc Vn([nat(n), ~A] out [nat(Fsz2(n)), ~A])]
out [h:proc Vn([nat(n), ~A] out [nat(Fs2(n)), ~A]), mk:~proc Vn([nat(n), ~A] out [nat(Fsz(n)), ~A])] {
mk := mk2;
h:=f;
5
var b := x;
shift(p, mk; b, mk);7u.
r:=3:> {var_4 /nat(var_4)}[Fs2(0) = 3];
for i : nat(z) := 0 until b {
r:=2:>{var.5 /nat(var_5)}[Fsz2(succ(z)) = 2];
}remat(Fya (3))];
y [ F32(u) € Jv[r:nat(v), mk:~nat(v)] ]
v’ar mk := mk2;
var g := %;
reset(q;mk; g, mk);
9{0}(0, mks 2, mk);
var y = x;
g{1}(1, mk; y, mk);
p-add{3}{2}(z :> {var_6 /nat(var_6)}[3 = F32(0)], y :> {var_7/mnat(var-7)}[2 = F32(1)], mk; z, mk);

Figure 2: Dependently-typed example with shift/reset (imperative version of example 3 from [Wad94])



2 Grammars and judgments for FS and IS

ident, xz, y, z

idents, T, y, Z

fenv, %

né —
terms, t, U

term, t, u

lyp, T

typs, T

env, I';, Q, v, w

variable

T
0

11 b2
fnz:7=>1
m(@:7)=>t
succ (t)
pred (¢)

rec (tl, tz, t3)
let Tr = t1 in t2
let <f> = tl in tz
(t)

(1)

nat
T=7
~T
(™)

(1)

S

n n

n ununom

" unuvonm

variable:

variables:

Environments:
empty environment

ident declaration

Variables:

Term:
var
Z€ero
application
abstraction
multi-abstraction
successor
predecessor
recursor
let
match
tuple

Type:
unit
void
nat
imply
not
tuple

Types:

Environments:
empty environment



command, ¢

sequence, S

number, q

expression, e, P

expressions, €

prop, T, O

props, T, &

primitives

fory :=Ountileb

yi=e
inc (y)
dec (y)
e(&9)

c; 8
csty =e;s
vary :=e;s
var y; s

T W N = O

succ (q)

x
*

q

proc [y] out [w]|{s}

o o
(99

Q)

T
nat
proc ([7] out [7'])

(]

nunmumoueonm

wn

(0]

ident declaration
ident declaration

block:
block

command:
block
for
assign
inc
dec
call

sequence:
empty sequence
empty sequence
command
constant
variable
variable

number:
Z€ero

successor

expression:
variable
star
number
procedure

expressions:

proposition:
unit
nat
proc

propositions:



f-typing BES

| =17 Formulas equality

| t=1t Terms equality

| z:TEYX Lookup

| YHt:T Type check

| N7 7T=Y Append

| Sy :ThHt T Type check term in extended environment

| SE@: (P Type check terms
typing =

| T=1 Propositions equality

| z:7€l Lookup ident

| Z:7CT Lookup idents

| Qz:7]=¢ Update

| Qz:7]=¢ Multi-update

| I,y=I' Append

| wCQ Subset

| Qz=w Restriction

| Q=z:7 Split

| 7T =w Init

| I;QkFe:r Typecheck expression

| ;0 (@) : () Typecheck expressions

| 0Ok s Q Typecheck sequence
translation n=

| () =7 Types translation

| (™) = (_, T) Types translation

| (@)=t Sequence translation

| - =t Number translation

| (e) =t Expression translation

| @ =t Expressions translation

| ()=t Sequence translation
judgement n=

| primitives

| f-typing

| typing

| translation



2.1 Functional simple type system FS

Formulas equality

Terms equality

Lookup

Type check

Append

N
I
o

r:TEXN T T

TFyYy x:TEX
z:TEX YT

T:TEY
Yktax:T

Y F0: nat

Y+ t:nat
¥ F succ () : nat

Y t:nat
3+ pred (¢) : nat

SxiTthkt:T

Yrfnz:7r=t:7—> 71

SkFth:t—=17 Xkt:T

YXhtite: 7’

Y F ¢t : nat Skt:T Ykt :nat — (7t —> 1)

St rec(t,ta,l3): T

SE@):(F)
S E (@) (7

Yt T Syt

Yhlety=tint : 7/

Skt T SAT) Tt T

Ykhlet(X) =tiinty : 7

Type check term in extended environment

(FORM_EQ_REFL)

t=1

(TERM_EQ_REFL)

(F-LOOKUP_I)

(F_.LOOKUP_II)

(TC_VAR)

(TC_ZERO)

(Tc_succ)

(TC_PRED)

(TC_LAM)

(TC_APP)

(TC_REC)

(TC_TUPLE)

(TC_LET)

(TC_MATCH)

(app_11)
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l YAT) Tt T ‘




Type check terms

,&8:7=% YXhkt:7
S AE) ATVt T (TCTE_PRODUCT)
SE(t): ()
SEO:() (TCTS_EMPTY)

Sht:r  SE(@): (D

SE®E ) (7 7) (TCTS_CONS)



2.2 Imperative simple type system IS

Propositions equality =7

T=71 (PROP_EQ-ID)
Lookup ident
z:Telz:T (LOOKUP_I)

r#2 x:7€l
z:rel a7

(LOOKUP_II)

Lookup idents

0:0cT (LOOKUP_IDENTS_I)

(LOOKUP_IDENTS_II)

Update Qlz: 7] =

(Qz:m)z:7]=(Qz:7) (UPDATE.I)

z#£z  Qz:7]=

Q2 [z :7] = (U, 2 : 1) (UPDATE_IN)
Multi-update [ Qz: 7= |
QO : 0l =9 (MULTI_UPDATE_I)

Qz: 7] = ANz :7]=9Q"
Qz,z: 7, 7] = Q (MULTI_UPDATE_II)

Append

r,)=r (APPEND.I)

(APPEND_II)

Subset wC

HcQ (TC_SUBSET.I)

wC r:7TEN

(wyz:7)CQ (TC_SUBSET_II)
Restriction Qz=w
Qp=0 (TC_RESTRICT-I)

Qz=w y:7EQ
Qzy = (w,y:7)

(TC_RESTRICT_II)



Split

Init

Typecheck expression

Typecheck expressions

Typecheck sequence

0=0:0 (TC_SPLIT_I)
Q=z:7
(Qz:7)= (& z): (F,7) (TC_SPLIT_II)
Z:T=w
0:T=0 (TCINIT.I)
T =w
(Z,y): T =(wy:T) (TCNIT_II)
z:T7el
TQra:r (T-BNV.1)
r:TEQ
T Qra:ir (_BNV_11)
T;QF%:T (T_UNIT)
;QF ¢:nat (T_NUM)
y=¢:0 w=2Z:7T 7T =u Iy=I" T%WwFsbw
(T-PROC)

I';Q F proc[y] out [w]{s} : proc ([c] out [7])

[ DoF@: () |

5ok(: 0 (T_EXPS.I)

ok @E):(7) IiQFe:rT
;Q k(6 e): (7,7) (T-EXPS_II)

[;OFssQ
T;QFerQ (T_EMPTY)
Qe Ty:mQFs>Q
D;QFcsty =e;s>Q (T_CST)
QFe:m iQy:7hsp QL y: 7
QFvary :=e; s> QY (T-VAR)
wCQ w==F:0¢ Nwrspd w'=Z:7 Qz:7]=0 L;AFsd>Q”

T;QF {s}w;s > QY (T_BLOCK)

y:nateQ T;QF s>
(T-INC)

I;QFine (y); s>



y:mate Q) T;QFs>Q
[;QF dec (y); s>

y:7€Q T;QFe:7 Qy:7]=0" T;QFs>Q”
Ok y:=e s> Q”

wCQ I;QFe:nat TI,y:natiwhksbw ;OFs>Q
IQF fory := Ountil e {s},; s >

[;QFp:proc([dlout[7]) T;QF(@):(F) QzZ:7]=Q T;QFs>Q”

;QF p(e;2); s> Q"

10

(T_DEC)

(T-ASSIGN)

(T_FOR)

(T_CALL)



2.3 Translation from IS to FS

Types translation

Types translation

Sequence translation

Number translation

Expression translation

Expressions translation

Sequence translation

(nat)* = nat

(@) =t
(T a)" = (£,x)
0 =0
f =t

¢ =t
(@)=t
() ==

11

(r)y"=r

(TR-TYPE_1)

(TR-TYPE_2)

(TR-TYPE_3)

& =0

(TR-TYPES_1)

(TR-TYPES_2)

(@) =t

(TR_IDENTS_1)

(TR_IDENTS_2)

=t

(TR-NUM_1)

(TR-EXP_1)

(TR-EXP_2)

(TR_EXP_3)

(TR-EXP_4)

(TR-EXPS_I)

(TR_EXPS_II)



—
)
Z
8%
Il

(' =t (5=t
(z:= e;s); =letz =tint’

()3 =t
(inc(z); s)% = letz = succ (z)int
(s)z =1
(dec(z);s)% =letz = pred (z)int

w=z:¢ (@)=d (@)= ()=t (s)z=t (s2)i=1th
(fory :=Ountile {s1}w; 52)% = let (2) =rec(to, (¥),fny :nat = (Z:7) = t)int
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(TR-SEQ-1)

(TR-SEQ-2)

(TR-SEQ-3)

(TR-SEQ-4)

(TR-SEQ_5)

(TR_SEQ_-6)

(TR_SEQ-T7)

(TR-SEQ-8)

(TR-SEQ-9)



3 Grammars and judgments for FD and ID

ident, xz, y, z

idents, T, y, Z

fenv, X

terms, t, U

term, t, u

form, ¢

variable

it
t,ta

0]

T W N~ O8R

t1 t2
fhz:p=1

An.t

n.t

t{:}

succ ()

pred (t)
rec(tl, t2, tg)
letz = t1ints
11 = 92

t:> o[t']
(i,t:¢)

{#

(1)

let <f> = tl in tz
thrOW¢ t1 tQ
callcct

(1)

e

(]

wunvmouvonmn

nouvuunmoueom

(9]

variable:

variables:

Environments:

empty environment
ident declaration

variables:

term:

var
zero

application
abstraction
multi-abstraction
meta-application
generalization
any

instance
successor
predecessor
recursor

let

axiom

subst

witness

tuple
degenerated tuple
match

throw

callcc

formula:

var
true
false

13



forms, ¢

absterm, t

absforms, @

ind, i

env, I', Q, v, w

absenv, 6

genv, O, 6

nat(l)
o — ¢
—p

Vn ¢
dn @
o]
{n/e}
plz = i]

(¥)

n— g

Tk W N~ O

succ(i)
pred (1)
add(il, iz)
sub(i1,12)
mult(il, iQ)
Fso(1)

n

T,z

L[]
{n/T}
Tn =1
()

(]
dn ©
o[i]
(©)

nuunmoueonm

(0]

nuouvunmoueom

nuunmunumoueonm

nuunmoueom

wn

nat

equals

imply

not

forall

exists
meta-application
meta-abstraction
meta-substitution
tuple

formulas:

meta-application

Parametrized term:

Parametrized formulas:

individuals:
Zero

successor
predecessor
addition
subtraction
multiplication
F32

variable

Environment:
empty environment
ident declaration
ident declaration
meta-application
meta-abstraction
meta-substitution

Parametrized existentially quantified environments:

Existentially quantified environments:
simple
binder
meta-application

14



absgenv, 0

command, ¢

sequence, s

body, b

number, q

expression, e

header, h

expressions, €

Parametrized existentially quantified environments:

{z/0} S

Command:
{s}o block
for y : nat (n) :=Ountile{s}[w] S for
for y : nat(n) :=0until e {s}, S for
y:=e assign
inc (y) inc
dec (y) dec
e(&y) call
jump (e, €)o jump
y:{s}te label

Sequence:

S implicit empty sequence
€ S explicit empty sequence
c; s S command
csty =e;s S constant
vary :=e; s S variable
var y; s S variable
s[d] S meta-application
n.s S abstraction
[i € 0]s S witness
s> 0[e] S subst
(s) S

Parametrized sequence:

ns S meta-abstraction
Number:

0 Z€ero

1 S

2 S

3 S

4 S

5 S

s(q) successor
Expression:

x variable

* star

q number

e[1] S meta-application

e{i} procedure instance

e <: qg{z} continuation instance

e > [e] S subst

i1 = 2 axiom

proch procedure
Header:

[v] out 6{s} parameters

hi] S meta-application

Vn h S generalization
Expressions:

S

!
)
wn

15



prop, ¥, p

-

absprop,

props, ¥, p

absprops, 1;

output, ¢

absoutput, (5

prototype, p

primitives

axiomes

[-typing

¢li]
(¢)

{n/¢}

-

([¢] out ¢)
Vn p

pli]

{n/p}

T:ip €N
Yt
SIGIE)

Y. E:g=3%

S B bty

wn num n ununuonounmn n unvuom

wn num

Dependent type:

var

equality

true

true

false

false

nat

proc

meta-application

Parametrized dependent type:

Dependent types:

meta-application

Parametrized dependent types:

Existentially quantified dependent type:
dependent types
existential quantification
meta-application

Parametrized existentially quantified dependent type:

Universally quantified prototype:
in/out parameters
universal quantification
meta-application
meta-abstraction

Axioms

Formulas equality

Lookup

Type check term

Type check terms

Append environments

Type check term in extended environment

16



typing

translation

Judgement

Axioms

Axioms

Y =1
7=
z:pel
z¢gT
y¢ O
y€oO
a?:?ECF
Qz ] =
Q[z: ¢] =

L;Qz ks>
Q7] Fs>0

Q] Fs>0
Iy=T
wCQ

=
I
. E

[OeNOoNeNe
TR
€ é\@wﬁ<@¢

B .
;QE (@) : ()
~ =1

IOk s>0
Q0] F s>’

20w
SE-PERS
T T

8]

Y=
() = (&)
(M =(@): (P
0y =7:¢
(W) =¢
() = ()
(@) =

0) =(@):¢
(n)" =

@ =t

L
>+
el

CIOTIOC
I
~
]

Bk B
I
-+ o

*
Il

*
~ o+

Py

primitives
azriomes
f-typing
typing
translation

Formula equality

Environment equality

Lookup ident

Not in environment

Not in quantified environment

Lookup ident

Lookup idents

Update

Multi-update

Type check with updated environment
Type check with updated environment
Type check with updated environment
Append

Subset

Restriction

Split

Split quantified environment

Zip

Zip quantified environment

Init

Typecheck expression

Typecheck expressions

Defined negation

Typecheck sequence

Typecheck sequence with updated environment

Type translation

Types translation
Environment translation
Parametrized environment translation
Parametrized type translation
Parametrized types translation
Quantified types translation
Quantified types translation
Prototype translation

Idents translation

Number translation

Header translation

Expression translation
Expressions translation
Sequence translation

Loop body translation

Fi=1d

Fi=1 (AX_REFL)

(AX_PRED_0)

17



F pred(succ(i)) =4

- add(0, ) = ¢/

F add(succ(1), i) = succ(add (i, i'))

 add(i’,0) = @'

F add (i, succ(i)) = succ(add(i’, 1))

F mult(0,d) = ¢

F mault (suce(), ') = add(mult(i, '), ")

F Fi(0) =3

F Fsa(suce(i)) = 2

18

(AX_PRED_S)

(AX_ADD_0)

(AX_ADD_S)

(AX_ADD2.0)

(AX_ADD2.5)

(AX-MULT-0)

(AX-MULT_S)

(Ax_F32.0)

(AX_F32.s)



3.1 Functional dependent type system FD

Formulas equality

Lookup

Type check term

TipEXN, T

TFY T:ipEX
TipEXN Y

TipEXN
DIR o A

3+ 0: nat(0)

Y+ ¢ : nat(7)
3 F succ (t) : nat(succ(z))

Sz:ipkt:y
YkEfnz:p=>1t:0— ¢

Yhth:p—¢ Zhkt:p
YFEtt:y

VISt : ol
Y F An.t[n] : Vn ¢[n]

Y Ft:Vn p[n]
S t{i} : [i]

Sk () (f)
SH(E (@)

Yhthip Zy:pkt:y
Yhlety=tiinty: ¢’

Shtip X,(@:pkt:¢
Yhlet(X) =tint : ¢’

Skl
S+ (i,t: 3In p[n]) : In ¢[n]

Ykt:p[0] VN3, y:nat(N)F t3[N]: ¢[N] — ¢[succ(N)]

Y+ & : nat(i)
Y Frec(t, t2, An.fny : nat(n) = t3[n]) : ¢[i]

Fia =i
EFi1:i22i1=’i2

Fia =i
ZFiQZZiIiQ:’L'l
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/7

p=¢

(FORM_EQ_I)

(F_LOOKUP_I)

(F_LOOKUP_II)

Yt

(TC_VAR)

(TC_ZERO)
(Tc_succ)
(TC_LAM)
(TC_APP)
(TC_FORALL.I)
(TC_FORALL_E)
(TC_TUPLE)
(TC_LET)
(TC_MATCH)
(TC_EXISTS_I)
(TC_REC)
(TC_AX_T)

(TC_AX_II)



Shtrplip] ThHtii=1

S Et:>3n en][t] : o]

Z"tlt‘!(p El‘tz:(p
Y+ throw, & t2 : ¢’

YEt:np =
Y callect : ¢

Type check terms
E0:0

Sht:p SF@: (D)
S (&) ()

Append environments

%50:0=%
,7:4=5%
5 (@) (ge) =Yz
Type check term in extended environment
S, @

VIS (Z) QI F tI]: ¢
X, (%) : In p[n] F In.t[n] : ¢
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(TC_EQUAL_E)

(TC_THROW)

(TC_CALLCC)

YSE():(P)

(TC_EMPTY)

(TC_CONS)

(APP_II)

l AT bt ‘

(TC_PRODUCT)

(TC_EXISTS)



3.2 Imperative dependent type

Formula equality

Environment equality

Lookup ident

system ID

z:pel,z:

r#2 z:el

Not in environment

Not in quantified environment

Lookup ident

Lookup idents

z:y el z

8
R
Z

r#4x ¢l

g,z !

ygrl
y & [T

vI-y & O[]
y & In O[n]

y:ypel
y € [I]

VI -y € O[]
y € dn O[n]

Update

Multi-update

21

Y=y

(PROP_EQ-ID)

Y=7

(ENV_EQ_ID)

(LOOKUP_I)

(LOOKUP_II)

z gD

(NOTIN.I)

(NOTIN-II)

y¢go

(NOTIN_QENVI)

(NOTIN_QENVII)

y €O

(BELONGS_I)

(BELONGS_II)

(LOOKUP_IDENTS_I)

(LOOKUP_IDENTS_II)

[ QL ¢[=9 |

(UPDATE.I)

(UPDATE_II)

[ Qz:9]=9" |




QE: Y] =9  V[z:y]=9"

Q7,2 : 6, 4] = O

Type check with updated environment

QY= ;Y +Fss0

D;Qz: ¢ Fs>0O

Type check with updated environment

QIz: P =9 T;QFs>O

L;Q[E: Y] F s> O

Type check with updated environment

w==&:9 T;QE:P]Fs>0

D Quw]Fs>0
Append
r,)=r
Ly=1'
L(v,z:) =T1"2:9
Subset
Oca
wCQ z:Ye
(W, z:9) CQ
Restriction
Qo =0
Qe=w y:Yen
Qi = (w,y:9)
Split

Split quantified environment

Q==F:79
Q) =& : ]
VN - (O[N] =Z: ¢[N])
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(MULTI_UPDATE_I)

(MULTI_UPDATE_II)

[ T;Q[z:¢]Fs>O |

(PRE_UPDATE-I)

| T;0[Z:d]FspO |

(M_PRE_UPDATE_I)

l D;Qw] - s>© ‘

(M_UPDATE_SHORT_I)

(APPEND_I)

(APPEND_II)

wCN

(TC_SUBSET.I)

(TC_SUBSET_II)

Q|g:w

(TC_RESTRICT.I)

(TC_RESTRICT-II)

Q=29

(TC_SPLIT_I)

(TC_SPLIT_II)

O=Z7:¢

(TC_QSPLIT.I)

(TC_QSPLIT-1I)



Zip

Zip quantified environment

Init

Typecheck expression

z:ypel
iQFx

z:P e
IQFz: vy

QFx: T

I';QF 0: nat (0)

I;QF g :nat(7)

T30+ s(q) : nat (suce(i))

Fia =i
F;QFilziztilziz

Fia =i
F;Q}—izzill’b:h

Lk e:yli] T;QFe 40 =i

L F e:> {n/y[n]}e’] : ¢[n]

I;QF e: procVn p[n]

I;QF ef{i} : procp[i]

~ 3dn ¢[n] = procVn p[n] T;QF e:procVn p[n]

Q¢ e < {n/¢[n]}{i} : procp[i]

y=g:p 0=Z:¢ Z:T=w T,y=T'

I':whksp>b

I';Q F proc[y] out 0{s} : proc ([5] out ¢)
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(TC_zIP.I)

(Tc_z1p_11)

(TC_QzIP.I)

(TC_QzIP_II)

(TCNIT.I)

(TCoINIT_II)

Qe

(T_ENV_I)

(T-ENV_II)
(T_TRUE)

(T-ZERO)
(T_succ)
(T_AX.1)
(T_AX_I1)
(T_EQUAL_E)
(T_PROC_INST)
(T_CONT_INST)

(T_PROC_DECL)



VI -T;QF proch|I] : procp|l]
I';Q F procVn hln] : procVn p[n]

Typecheck expressions

Defined negation

VN - (~ ¢[N] = procp[N])
~ 3dn ¢[n] = procVn p[n]

Typecheck sequence
Q'cQ
Qe [QV]

I;QF s> Ofi]
;QF [¢ € 3n On]]s>3n O[n]

F;Ql—elilzig F;Q}_SD@[iQ}
I;QF s:> 3n On][e] > Olu]

I;Qke:yy Ty:¢9;QFs>0
IQFcsty=e;5>0

QkFe:y ITiQy:YpkFsrO® yg&O
I'QFvary :=e;5>0

OFs>0 T;Q0)F s'>0
I;QF {s}s;s' >0

0=7:¢ ~p=1 T,y:;QFspf T;Q[0)F s >0

DOk y:{s}e;s'>0

-,

[QF e~y T;QF@): (W) T;QFs>0
[;QF jump (e, €)p;8' > O

y:nat (1) € Q I Q[y: nat (succ(i))| F s> O
IQFinc(y); s> 0

y:nat (i) € Q T;Q[y : nat (pred(i))] - s> ©
IQF dec(y);s>©

y:peQ T;QFe:y T;Qy:¢]Fs>0
IOFy:=es>0

wlc QFe:nat(i) VN-T,y:nat(N);w[N]t s[N]>[w[succ(N)]]

[ Q[wli]] F s’ >©

I QF for y : nat(n) := 0 until e {s[n]} ;s >©
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(T_PROC_ABS)

| Tior(@: @) |

(T_EXPS_I)

(T_EXPS_II)

~o=9

(T_-NEG_DEF_I)

(T_NEG_DEF_II)

T;0F s> 0

(T_EMPTY)

(T_WITNESS)

(T_SUBST)

(T_CST)

(T_VAR)

(T_BLOCK)

(T-LABEL)

(T_JUMP)

(T_INC)

(T_-DEC)

(T-ASSIGN)

(T_FOR)



I'QF e:proc([ploutg) TIiQE(e):(p) O6<=zZ:¢ T;Q0]Fs>0
[QF e(6,2);s>0 (T_CALL)

Typecheck sequence with updated environment l Q0] F s> 0 ‘

Q[ F s> 0
L; QU F s> O (TC_UPDATE_SEQ.I)

VI-T; QO[] F s|I]> e
[;Q[3n ©[n]] F ?n.s[n] > ©’ (TC_UPDATE_SEQ-II)
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3.3 Translation from ID to FD

Type translation

nat (i)* = nat(1)

¥ =
T =T
1*=1
(i1 = t2)* =1 = 42
() =¢
(procp)* =

Types translation

Environment translation

Parametrized environment translation

Parametrized type translation

VN - g[N]* = [N]
({n/%mID* = 3n pln]

Parametrized types translation

Quantified types translation

VN - (¢[N])" = ¢[N]
(3n ¢[n])* = 3n p[n]
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P =

(TR-TYPE_NAT)

(TR-TYPE_VAR)

(TR-TYPE_TRUE)

(TR_TYPE_FALSE)

(TR_TYPE_EQUALS)

(TR_TYPE_PROCQ)

(V)" =(P)

(TR-TYPES_I)

(TR_TYPES_II)

L ' =@):(®

(TR-ENV_I)

(TR-ENV_II)

(TR_ABS_ENV_I)

W)=

(TR-ABS_TYPE_I)

(TR-ABS_TYPES_I)

(@) =

(TR-QTYPES_I)

(TR_QTYPES_II)



Quantified types translation

Prototype translation

Idents translation

Number translation

Header translation

Expression translation

0 =(
@ =7
(%, 2)* = (t, )
0*=0

n.t[n]
¢ =t
()=t
(z)* ==
()=

(W)=t
(proch)* =
(e)' =t
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(TR-QENV_I)

(TR_QENV_II)

() =¢

(TR-PROTOTYPE-I)

(TR-PROTOTYPE_II)

@ =1

(TR-IDENTS_I)

(TR_IDENTS_II)

=t

(TR-NUM.I)

(TR_NUM_II)

() =1

(TR_HEADER.I)

(TR_HEADER_II)

(e =1t

(TR_EXP_NUM)

(TR_EXP_VAR)

(TR_EXP_STAR)

(TR-EXP_AXIOM)

(TR-EXP_PROC)

(TR-EXP_INST)



() =t VN-(¢[N])* = g[N] 7
(e <: {n/[n]Hi})* = for : [i] = (¢ (3,01 : 3n @[n])) (TR-EXP-INST’)

(e =t ()=t ({n/¢ln]}) =

(> (n/UllHeD)" = > olt] (TR-EXP_SUBST)

Expressions translation (e =1
0*=0) (TR-EXPS_I)
@ =@ ()=t (TR-EXPS_II)

(€ e) = (f,1) o

Sequence translation (s)z=t
((i)*_:g (TR_SEQ-EMPTY)

() =t ()=t

(TR-SEQ_VAR)

(TR_SEQ_CST)

=t (=t
r:=¢;s)k=letx =tint’
x

(TR_SEQ-ASSIGN)

()2 = ¢

(inc(z); s)t = letz = succ (z)int

(TR_SEQ-INC)

() =1

(dec (z);5)% =letz = pred (z)int (TR-SEQ-DEC)

(TR-SEQ-CALL)

=Z:¢ (5122151 (s2)5 =12
({51}6; 82)% <Z> —tint (TR,SEQ,BLOCK)

(n—=wln])* =2:n— Jln] e u &) =u Eanl[ n)e=nrtn] (s2)b=t

) =
(for y : nat(n) := 0 until e {s1[n]}um); s2)% = let (2) = rec(vw’, (@), An.fny : nat(n) = fn (Z: g[n]) = t[n]) int’ (TR-SEQ-FOR)

i[n (TR-SEQ-ANY)

()=t O) =(2):¢
([t € 0]s)s = (i, t : ) (TR-SEQ-WITNESS)
(s)g=t (e)f=u (0)"=(3):¢
(s> 0[e])z =t :> ¢[u] (TR-SEQ_SUBST)

(=t @=@ (p=t O =0

(jump (e, €)o; s et (Z) = throw,, ¢ () in# (TR-SEQ-JUMP)

N
sk
I

(0)" =(2) : (s)p=t (sHp=t
(y:{s}e;s")x=1e (Z)—callcc(fny - =t)int’

(TR_SEQ_LABEL)
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Loop body translation (b)z=t

(TR-BODY_ABS)
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