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a b s t r a c t
Petri nets have gained increasing usage and acceptance as a basic model of asynchronous concurrent systems since 1962. As a class of structural objects of Petri nets, siphons play a critical
role in the analysis and control of systems modeled with Petri nets. This paper surveys the
state-of-the-art siphon theory of Petri nets including basic concepts, computation of siphons,
controllability conditions, and deadlock control policies based on siphons. Some open problems on siphons are discussed, such as the maximally permissive supervisor design problems
based on siphons and the application of siphons to robust supervisory control. This survey is
expected to serve as a reference source for the growing number of Petri net researchers and
practitioners.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction
In 1962, Petri invented a net-theoretic approach to model and analyze communication systems in his thesis [146]. This
model was based on the concepts of asynchronous and concurrent operation by the parts of a system and the realization
that relationships between the parts could be represented by a net. A large amount of research has been done on both
the nature [153] and the application of Petri nets, and their application seems to be expanding [43,51,147]. Petri nets have
been proven to be very useful in the modeling, analysis [202,203], simulation, and control of concurrent systems [34,35,
66–81,92,94,98,108,111,113,123,124,133,137,150,151,165,183,184,189,196–198,205–213].
The concurrent ﬂow of multiple jobs in a resource allocation system (RAS), which all compete for a ﬁnite set of resources, can
lead to a deadlock. A deadlock occurs when a set of jobs are in a “circular wait” state [122], where each job in the set is waiting
for a resource being held by another job in the set while occupying a resource that is, in turn, needed by one of the other jobs [3].
The notion of partial or total deadlock is frequent and validation before implementation is preferable to reduce the risks.
Due to the easy and concise description of the concurrent execution of processes and the resource sharing by Petri nets, many
methods to verify deadlock-freeness and to synthesize controllers using structural theory or reachability graph analysis have
been proposed over the past two decades. Traditionally, a deadlock control policy can be evaluated by three performance criteria:
structural complexity, behavioral permissiveness, and computational complexity [25–27]. A maximally permissive supervisor
has great potential to lead to high utilization of system resources. A supervisor with a simple structure can decrease the hardware
and software costs. A policy with low computational complexity means that it can be applied to real-world large-sized systems.
Many researchers have developed deadlock control algorithms that can obtain liveness-enforcing supervisors with maximal permissibility, a simple supervisory structure, and low computational complexity. Generally, deadlock control policies based on the
state space analysis can approach the maximal permissive behavior, but suffer from the state explosion problem [28–31,140,141].
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On the contrary deadlock control policies based on the structural analysis of Petri nets avoid in general the state explosion problem successfully [6,7,11]. Resource circuits and siphons are two typical structural objects which have been widely studied in
deadlock control area. This paper will focus on siphons and their applications to the development of deadlock control policies.
The idea behind siphon was ﬁrst introduced by Commoner and Holt in 1971 for a restricted class of Petri nets called FreeChoice Petri nets [37]. Then Hack in his thesis showed important results for the class of Free-Choice Petri nets and solves the
deadlocks (i.e., siphons) and unpredictability problem for a restricted class of systems called Production Schemata [56]. Most of
the studies on Petri nets around this time were in the form of theses, dissertations, and reports that are neither readily available
nor in wide circulation. From the internet we can ﬁnd the ﬁrst paper which gave the name “siphon” to this special structural
objects in 1975 in [14]. A nonempty subset of places S in a net N is called a siphon (also known as a deadlock or co-trap) if • S⊆S• ,
i.e., every transition having an output place in S has an input place in S. We use a siphon instead of a deadlock since the latter
may lead to terminological misunderstandings and it is used for a circular waiting condition or behavior in computer science
[38,139].
To acquaint the reader with Petri nets, in Section 2, we ﬁrst present their formal deﬁnition and the related concepts, including
structural and behavioral properties. The concepts of elementary and dependent siphons are given in this section. A number of
important subclasses of Petri nets and their relationships are discussed. In Section 3, different methods of siphon computation are
recalled. Section 4 presents controllability conditions of siphons. Section 5 reviews deadlock control policies based on siphons,
including the enumeration of strict minimal siphons, mathematical programming techniques, elementary siphons, deadlock
control combined with reachability graph analysis and that based on siphons in Gadara nets, and robust deadlock control policies.
Their advantages and limitations are discussed. Section 6 shows some open problems. Section 7 concludes this survey.
Because of the breadth of the applications and depth of the investigations into Petri nets, we touch on the results available in
the literature. We refer the interested reader to the original works cited in the references for the proofs and details of the related
research.
2. Preliminary
2.1. Basics of Petri nets
A generalized Petri net [109,139] is a four-tuple N = (P, T , F , W ) where P and T are ﬁnite and non-empty. P is the set of places
and T is the set of transitions with P ∩ T = ∅. F ⊆ (P × T) ∪ (T × P) is called a ﬂow relation of the net, represented by arcs with
arrows from places to transitions or from transitions to places. W : (P × T ) ∪ (T × P ) → N is a mapping that assigns a weight to
an arc: W( f ) > 0 if f ∈ F and W ( f ) = 0 otherwise, where N = {0, 1, 2, . . . }. If ∀f ∈ F, W ( f ) = 1, then N = (P, T , F , W ) is called an
ordinary net and denoted as N = (P, T , F ). A Petri net N = (P, T , F , W ) is pure (self-loop free) if ∀x, y ∈ P ∪ T, W(x, y) > 0 implies
W (y, x) = 0. A pure Petri net N = (P, T , F , W ) can be represented by its incidence matrix [N], where [N] is a |P| × |T| integer matrix
with [N]( p, t ) = W (t, p) − W ( p, t ).
A marking M of a Petri net N assigns to each place a nonnegative integer. To facilitate linear algebraic analysis, a marking M is
usually treated as a |P|-vector. M(p) denotes the number of tokens in place p. For economy of space,  p ∈ P M(p)p is used to denote
vector M. Place p is marked at M if M(p) > 0. Given a subset S ⊆ P, the sum of tokens in all the places in S is denoted by M(S) with

M(S) = p∈S M( p). S is marked (unmarked) at M if M(S) > 0 (M(S) = 0). (N, M0 ) is called a net system and M0 is called an initial
marking of N.
A transition t is enabled (disabled) at M if ∀p ∈ • t (∃p ∈ • t), arc (p, t) is enabled (disabled). This fact can be denoted by M[t .
Firing an enabled transition t reaches a new marking M such that for each place p, M ( p) = M( p) − W ( p, t ) + W (t, p), denoted
by M[t M . Marking M is said reachable from M if there exists a ﬁnite sequence of transitions σ = t0 t1 . . . tn and markings M1 ,
M2 , . . . , and Mn such that M[t0 M1 [t1 . . . Mn [tn M holds. Specially, when σ is an empty sequence, we have M[σ M. The set of
markings reachable from M0 in N is called the reachability set of the marked Petri net (N, M0 ) and denoted as R(N, M0 ). Marking
M ∈ R(N, M0 ) is legal if M0 ∈ R(N, M).
Given a marked Petri net (N, M0 ), a transition t ∈ T is live at M0 if ∀M ∈ R(N, M0 ), ∃M ∈ R(N, M), M [t holds. A transition t ∈ T
is said to be dead at marking M ∈ R(N, M0 ), if ࢜M ∈ R(N, M), M [t . (N, M0 ) is live at M0 if ∀t ∈ T, t is live at M0 . Otherwise, (N, M0 )
is non-live. (N, M0 ) is deadlocked at M if ࢜t ∈ T, M[t , where M ∈ R(N, M0 ) and M is called a dead marking. (N, M0 ) is deadlock-free
if ∀M ∈ R(N, M0 ), ∃t ∈ T, M[t .
A marked net is bounded if ∃k ∈ N, ∀M ∈ R(N, M0 ), ∀p ∈ P, M(p) ≤ k. A net N is structurally bounded if it is bounded for any
initial marking.
A P(T)-vector is a column vector I( J) : P (T ) → Z indexed by P(T), where Z is the set of integers. P-vector I is called a Pinvariant (place invariant [193]) if I = 0 and IT [N] = 0T . Here 0 is a zero vector. A P-vector I is denoted by  p ∈ P I(p)p for economy
of space. For example, I = (1, 0, 0, 0, 2)T is written as I = p1 + 2 p5 . P-invariant I is a P-semiﬂow if every element of I is nonnegative. ||I|| = { p ∈ P |I( p) = 0} is called the support of I. ||I||+ = { p∈ P|I( p) > 0} denotes the positive support of P-invariant
I and ||I||− = { p∈ P|I( p) < 0} denotes the negative one. I is called a minimal P-invariant if ||I|| is not a proper superset of the
support of any other and the greatest common divisor of its elements is one. If I is a P-invariant of (N, M0 ), then ∀M ∈ R(N, M0 ),
I T M = I T M0 .
Let x ∈ P ∪ T be a node of net N. • x = {y ∈ P ∪ T | (y, x) ∈ F } is called the preset of x, while x• = {y ∈ P ∪ T | (x, y) ∈ F } is called
its postset. This notation can be extended to a set of nodes as follows: given S ⊆ P ∪ T, • S = ∪x∈S • x and S• = ∪x∈S x• . Let S be a
non-empty subset of places. S ⊆ P is a siphon (trap) if • S ⊆ S• (S• ⊆ • S) holds.
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Fig. 1. A marked Petri net (N, M0 ).

A siphon that does not contain the support of any P-semiﬂow is called a strict siphon. A strict siphon is called a strict minimal
siphon (SMS) if there is no siphon contained in it as a proper subset. Take Fig. 1 as an example. S1 = { p2 , p4 , p5 , p6 } is an SMS
and S2 = { p1 , p3 , p5 , p6 } is a trap.
Let S ⊆ P be a subset of places of Petri net N = (P, T , F , W ). P-vector λS is called the characteristic P-vector of S if ∀p ∈ S,
λS (p)=1; otherwise λS ( p) = 0. ηS = [N]T λS is called the characteristic T-vector of S, where [N]T is the transpose of incidence
matrix [N].
The physical implication of the T-vector of a subset of places is clear: ηS (t) > 0 means that ηS (t) tokens are removed to S after
t ﬁres; ηS (t ) = 0 indicates that the number of tokens in S does not change after t ﬁres; and ηS (t) < 0 implies that |ηS (t)| tokens
are removed from S after t ﬁres.
Take the Petri net shown in Fig. 1 as an example. Let S1 = { p2 , p4 , p5 , p6 } be a subset of places of the Petri net. We have
λS1 = p2 + p4 + p5 + p6 , i.e., the space-saving version of vector (0 1 0 1 1 1 0 0)T . It is easy to verify that ηS1 = −t1 + t2 − t4 + t5 .
Firing t1 and t4 removes a token from S1 , respectively, while ﬁring t2 and t5 adds a token to S1 , respectively.
Property 1 ([109,153]). Let S1 and S2 are two siphons (traps). Then, S1 ∪ S2 is a siphon (trap).
Corollary 1 ([109,153]). If I is a P-semiﬂow, then ||I|| is both a siphon and trap.
Note that the converse of Corollary 1 is not true since a P-invariant depends on not only the topological structure of a net but
also the weights attached to the arcs. However, a siphon or trap depends on the topological structure only.
If a siphon contains the support of a P-semiﬂow and the support is initially marked, then it can never be emptied. In addition,
traps and siphons have the following marking invariant laws.
Property 2 ([109,153]). Let M ∈ R(N, M0 ) be a marking of net (N, M0 ) and S a trap. If M(S) > 0, then ∀M ∈ R(N, M), M (S) > 0.
This property implies that once a trap is marked under a marking, it is always marked at the subsequent markings that are
reachable from the current one.
Property 3 ([109,153]). Let M ∈ R(N, M0 ) be a marking of net (N, M0 ) and S a siphon. If M(S) = 0, then ∀M ∈ R(N, M), M (S) = 0.
Property 3 indicates that once a siphon loses all its tokens, it remains to be unmarked at any subsequent markings that are
reachable from the current marking. An empty siphon S causes that no transition in S• is enabled. Due to the deﬁnition of siphons,
all transitions connected to S can never be enabled once it is emptied. The transitions are therefore dead, leading to the fact that
the net containing these transitions is not live. As a result, deadlock-freedom and liveness of a Petri net are closely related to its
siphons, which is shown by the following sections.
2.2. Elementary and dependent siphons
Deﬁnition 1 ([95]). Let N = (P, T , F , W ) be a net with |P | = m, |T | = n and  = {S1 , S2 , . . . , Sk } be a set of siphons of N (m, n, k ∈
N+ ). Let λSi (ηSi ) be the characteristic P(T)-vector of siphon Si , i ∈ Nk . [λ]k×m = [λS1 |λS2 | · · · |λSk ]T and [η]k×n = [λ]k×m × [N]m×n =
[ηS1 |ηS2 | · · · |ηSk ]T are called the characteristic P- and T-vector matrices of the siphons in N, respectively.
Deﬁnition 2 ([96]). Let ηSα , ηSβ , . . . , and ηSγ ({α , β , . . . , γ } ⊆ Nk ) be a linearly independent maximal set of matrix [η]. Then

E = {Sα , Sβ , . . . , Sγ } is called a set of elementary siphons in N.
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Fig. 2. Example of elementary and dependent siphons in a Petri net.

Deﬁnition 3 ([96]). S ∈ E is called a strongly dependent siphon if ηS =



Si ∈E

ai ηSi , where ai ≥ 0.

Deﬁnition 4 ([96]). S ∈ E is called a weakly dependent siphon if ∃A, B ⊂ E , such that A = ∅, B = ∅, A ∩ B = ∅, and


ηS = Si ∈A ai ηSi − Si ∈B ai ηSi , where ai > 0.


Let + (S) = S ∈A ai ηSi and − (S) = S ∈B ai ηSi for a weakly dependent siphon S. We have ηS = + (S) − − (S). If S is strongly
i
i
dependent, we deﬁne − (S) = 0.
Take the net in Fig. 2 as an example. There are three SMS: S1 = { p3 , p8 , p9 , p10 }, S2 = { p4 , p7 , p10 , p11 }, and S3 =
{ p4 , p8 , p9 , p10 , p11 }. E = {S1 , S2 } is a set of elementary siphons in the net and S3 is a corresponding strongly dependent siphon,
thanks to the truth of ηS3 = ηS1 + ηS2 .
Lemma 1 ([109]). The number of elements in any set of elementary siphons in net N equals the rank of [η].
Let E denote a set of the elementary siphons in a Petri net. Since the rank of [η] is at most the smaller of |P| and |T|, Lemma 1
leads to the following important conclusion.
Theorem 1 ([109]). |E | ≤ min{|P|, |T|}.
This result indicates that the number of elementary siphons in a Petri net is bounded by the smaller of place and transition
counts.
Let S be a (strongly or weakly) dependent siphon. In sequel, if ηS can be linearly represented by elementary siphons’ characteristic T-vectors ηS1 , ηS2 , . . . , and ηSn with non-zero coeﬃcients, we say that S1 , S2 , . . . , and Sn are the elementary siphons of S.
Let  be the set of siphons in which we are interested given a net, and D be the set of dependent ones within the scope of .
Obviously, we have  = E ∪ D .
2.3. Subclasses of Petri nets
Table 1 lists a variety of Petri net subclasses. Note that in Table 1, by their deﬁnitions, S4 R, S4 PR, and S3 PGR2 are equivalent,
which are named by different researchers. Similarly, ES3 PR (deﬁned in [82]) and S3 PMR [195] are equivalent, and also WS3 PR
and GS3 PR are equivalent.
A seminal work on deadlock prevention is made in [47], where a paramount class of Petri nets, S3 PR, is introduced. A processing stage in a process in an S3 PR can use at most a single resource unit at a given state. A subclass of S3 PR, called Linear
S3 PR (LS3 PR), is presented in [48], which features some useful properties. The mentioned restriction over resources usage is
eliminated by the (more general) S4 R class [125]. This allows processes to simultaneously reserve several resources belonging to
distinct types.
S3 PR and S4 R are typical classes of ordinary and generalized Petri nets, respectively. Both S3 PR and S4 R are composed of
a set of state machines and a set of resource places. In S3 PR, only one shared resource is allowed to be used at each stage
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Table 1
Subclasses of Petri nets in the literature.
Subclass

Full Name

Reference

Type

S3 PR
LS3 PR
ES3 PR
ES3 PR
S3 PMR
WS3 PSR
WS3 PR
GS3 PR
β -Net
S4 PR
S4 PR
S3 PGR2
S4 R
S5 PR
S∗ PR
WFR-Net
G-tasks
G-systems
PPN
PNR
RCN-Merged Nets
ERCN-Merged nets
ERCN∗-Merged nets
AMG
SPQR
PC2 R
Gadara Nets

Systems of Simple Sequential Processes with Resources
Linear System of Simple Sequential Processes with Resources
Extended S3 PR
Extended S3 PR
System of Simple Sequential Processes with Multiple Resources
Weighted System of Simple Sequential Processes with Several Resources
Weighted System of Simple Sequential Processes with Resources
Generalized Systems of Simple Sequential Processes with Resources

[47]
[48]
[157]
[82]
[84]
[156]
[201]
[130]
[128]
[158]
[17]
[145]
[125]
[135]
[49]
[10]
[9]
[9]
[3]
[88]
[87]
[190]
[89]
[36]
[135]
[136]
[119]

ordinary
ordinary
generalized
ordinary
ordinary
generalized
generalized
generalized
ordinary
generalized
ordinary
generalized
generalized
generalized
generalized
generalized
generalized
generalized
ordinary
ordinary
ordinary
ordinary
ordinary
ordinary
generalized
generalized
generalized

(a)

Simple S3 PR
System of Simple Sequential Processes with General Resource Requirements
System of Sequential Systems with Shared Resources

Workﬂow Nets with Shared Resources

Production Petri Nets
Process Nets with Resources
Resource Control Nets-Merged Nets
Extended Resource Control Nets-Merged Nets
Well-behaved Extended Resource Control Nets-Merged Nets
Augmented Marked Graphs
System of Processes Quarrelling over Resources
Processes Competing for Conservative Resources

(b)

(c)

Fig. 3. (a) An S3 PR, (b) a GS3 PR, and (c) an S4 R.

in a job. Compared with the resource occupation in S3 PR, the usage of resources in S4 R is almost arbitrary and requires only
conservativeness.
A GS3 PR is a subclass of S4 R and a generalized version of an S3 PR. A GS3 PR is equivalent to a WS3 PR in [201]. Since any Petri net
has a weight function, it is sound and rational to rename a weighted S3 PR in [201] to be a generalized S3 PR. A GS3 PR becomes an
S3 PR if the weight of each arc is changed to be one. Fig. 3 depicts intuitive examples of the Petri net subclasses mentioned-above.
We can see that in an S3 PR, an activity place (representing a processing stage) of a job needs a single unit of a single resource
type. For example, the activity modeled with place p1 in Fig. 3(a) needs one unit of only one resource type, i.e., p7 . In a GS3 PR,
an activity place of a job may need multiple units of a single resource type. For instance, the activity place modeled with p1 in
Fig. 3(b) needs two units of only one resource type, i.e., p7 . While, in an S4 R, an activity place may be supported by any resource
requirements, speciﬁcally, multiple units of multiple resource types. In Fig. 3(c), the activity place modeled with p3 needs one
unit of resource p8 and one unit of resource p9 [130].
A GS3 PR is a subclass of S4 R and a generalized version of an S3 PR. It is easy to understand that the decision conditions for S4 R
still hold for GS3 PR [130].
Nowadays, the most general class of the Sn PR family is the S∗ PR class [136], in which processes are ordinary state machines
with internal cycles. In order to model general systems, a variety of manufacturing-oriented Petri net subclasses are proposed by
different researchers [136]. Except Gadara nets, all the aforementioned Petri net classes in Table 1 are frequently presented in the
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Fig. 4. Inclusion relations among Petri net classes for sequential RAS in [136].

context of manufacturing-oriented modeling, and make sense as artifacts conceived for properly modeling signiﬁcant physical
aspects of this kind of systems. For all of these, a siphon-based liveness characterization is known. Due to its structural nature,
it opens a door to an eﬃcient detection and correction of deadlocks, by implementing controllers (usually by the addition of
places) that restrain the behavior of the net and avoid the bad markings to be reached.
Gadara nets [119], a special class of Petri nets that arises in the modeling of the execution of multithreaded computer programs
for the purpose of deadlock avoidance. In [136], the class of Processes Competing for Conservative Resources (PC2 R) is introduced.
This class aims to overcome the deﬁciencies identiﬁed in ﬁnding models which properly capture the RAS view of multithreaded
software systems. Furthermore, it generalizes other subclasses of the Sn PR family while respecting the design philosophy on
these.
Finally, there exists another class for sequential RAS, called System of Processes Quarrelling over Resources (SPQR), which
does not strictly contain or is contained by the PC2 R class. Yet, there exist transformation rules to travel between PC2 R and
structurally bounded SPQR. Note that, by construction, PC2 R nets are conservative, and hence structurally bounded, but this is
not true for general SPQR [136]. Fig. 4 summarizes the inclusion relations between the reviewed Petri net classes for sequential
RAS. The left on the x-axis, the more complex the process structure can be (i.e., linear state machines are on the right while
general state machines are on the left). The upper on the y-axis, the higher degree of freedom in the way the processes use the
resources (resource lending is on top). The ﬁgure also illustrates the fact that every model of the Sn PR family can be transformed
into a PC2 R net [136].
Traditionally, empty or insuﬃciently marked siphons have been a fruitful structural element for characterizing non-live RAS.
The more general the net class, however, the more complex the siphon-based characterization is.
3. Computation of siphons
Siphons are related to liveness properties of Petri net models. However, the computation of these structural components can
be very time-consuming or, even, impossible. This section reviews and discusses existing siphon generating algorithms in the
literature.
An algorithm with polynomial complexity to decide whether a set of places is a minimal siphon can be found in [4]. From
this characterization of minimal siphons, Barkaoui and Minoux proved ﬁrst that liveness is decidable in polynomial time for
large classes of Petri nets [12]. Classic and typical siphon computation methods are presented in [46,90,167], and [194]. A siphon
computation method that is claimed to be rather eﬃcient is developed in [41], which can ﬁnd 2 × 107 siphons within one hour.
For a class of Petri nets, a siphon solution approach is given in [1] that is also eﬃcient through experimental studies. A parallel
solution to compute siphons is established by Tricas and Ezpeleta [161]. An eﬃcient minimal siphon computation approach by
using binary decision diagrams (BDD) is provided in [31]. Resource-transition circuits can be used to characterize deadlocks
[191]. The relationship between maximal perfect resource-transition circuits and siphons is explored in [192].
In [15], a sign incidence matrix is introduced which can be used as a new approach to structural analysis of Petri nets. For
example, the presented algorithm can ﬁnd basis siphons (traps). A new concept of place-minimal siphons which play a central
role in the algorithm is introduced. The most important feature of the algorithm is that it only generates basis siphons (traps). This
is crucial since in general, the number of siphons (traps) grows quickly, easily beyond practical limits. In addition, the algorithm
is highly amenable to parallel computations. Finally, an upper limit on the maximum number of basis siphons in a class of Petri
nets is postulated based on numerical experiments.
The work in [39] addresses the problem of computing siphons and traps in a standard Petri net. In particular, starting from
a clear formulation in terms of predicate logic, it is shown how binary programming techniques can be adopted to formulate
and solve the problem of ﬁnding minimal and basis siphons. An iterative algorithm is proposed which operates with a general
purpose mixed integer programming (MIP) solver. Cordone et al. state and prove some new theoretical results which aim at
reducing the original problem to a set of smaller sub-problems in [40]. Accordingly, a conceptual algorithm is proposed which
eﬃciently computes a set of siphons containing the minimal siphons of a net. The algorithm is based on a strategy which divides
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the original problem into several but smaller sub-problems that are deﬁnitely easier to solve. The subproblems, in fact, coincide
with the general problem of ﬁnding a generic siphon in a given net, with additional constraints including or excluding given
places.
Tricas and Ezpeleta show how the special syntactical constraints of S4 PR can help in developing speciﬁc implementations to
compute siphons in a very eﬃcient way [159,161]. Some empirical experiments and research about the available methods for
siphon computation have shown that the method proposed in [15] is adequate for these needs. Taking the advantage of both the
structure of S4 PR nets and the way by which the siphons are computed in the selected method, it has been improved by means of
a parallel solution. In order to measure the improvements some experiments have been carried out, comparing the time required
for the computation of siphons in families of Petri nets. As a result of such experiments they conclude that the proposed parallel
algorithm is of great interest since the speedup charts show that the use of a set of processors (even in the case that they are
connected using a network of computers instead of a multi-processor) gives very good results. Another conclusion is that, as it is
predictable, the Petri net structure is very important when an adequate load balance is needed. However, the authors can provide
little insight of how resources should be distributed among processors in order to obtain an adequate load balance.
In [155], the authors propose an algorithm Generating-Disjoint-Minimal-Siphon-Traps (GMST) with complexity O(|P |2 (|P | +
|T | + |E |)) and another one GMSTi that repeats GMST i times. By incorporating GMSTi into the Fourier–Motzkin method as
preprocessing, they propose an algorithm ST F M_Gi for computing minimal-support nonnegative integer invariants.
In [31], using binary decision diagrams (BDD), a symbolic approach to the computation of minimal siphons in Petri nets is
presented. The siphons of a Petri net can be found via a set of logic conditions. The logic conditions are symbolically modeled by
using Boolean algebras. The operations of Boolean algebras are implemented by BDD that are capable of representing large sets
of siphons with small shared data structures. The proposed method ﬁrst uses BDD to compute all siphons of a Petri net and then
a binary relation is designed to extract all minimal siphons. However, the computation for identifying minimal siphons from all
siphons requires much more time. It is necessary to speed BDD operations for identifying minimal siphons.
The work in [16] also tackles the siphon computation problem in S4 PR. A new method to compute the minimal siphons
based on the use of higher level objects is proposed. The computation of a minimal siphon containing the set of resources DR
requires the union of the minimal siphons corresponding to each resource of DR . Each of these minimal siphons, used as operands,
must be diminished by a pruning set of process places that can be computed from a pruning relation on the minimal siphons
with one resource. This pruning relation is represented by a graph that it is used to compute the minimal siphons by means of
maximal strongly connected subgraphs. The use of these high level objects for the computation of the minimal siphons improves
remarkably the time and space needed for this purpose, with respect to the previously known algorithms. The algorithm is very
economic in memory in all intermediate steps with respect to the classical algorithms. Nevertheless, much more work must be
done in order to ﬁnd an optimal implementation with a good selection of data structures and heuristics to reduce the number of
comparisons.
In [169], a more effective approach to compute SMS in S3 PR is reported. First, the concept of loop resource subsets and their
characteristic resource subnets are proposed. Next, suﬃcient and necessary conditions for loop resource subsets to generate
SMS are established. Finally, an algorithm is developed to ﬁnd all the SMS based on loop resource subsets. Since the number of
loop resource subsets is much less than that of resource circuits, the computational eﬃciency of the SMS enumeration task is
signiﬁcantly improved by the proposed method.
In [134], the authors point out that the method in [169] needs to generate all the characteristic resource subnets and then
to decide the strong connectivity of each characteristic resource subnet, which is a tedious process. In [134], the concept of a
critical resource place is proposed, which is important in deciding whether a simple loop resource subset can derive an SMS.
Then, suﬃcient conditions for the simple loop resource subsets to derive SMS are established, which facilitates deciding whether
a composed loop resource subset can generate an SMS. Finally, based on the proposed method, all SMS can be obtained in an
S3 PR net.
Recently, a new algorithm based on depth-ﬁrst search of a problem decomposition process is proposed to compute all minimal
siphons in an ordinary Petri net [142]. The algorithm can reduce the number of problems in the problem list. Compared with
Cordone’s algorithm, the proposed algorithm can solve the problem of high requirement for computer memory in computing all
minimal siphons and decrease the memory consumption since the computer memory size is closely related to the number of
problems in the problem list.
When designing liveness-enforcing Petri net supervisors, unlike other techniques, Li and Zhou add control places and arcs
to a plant net model for its elementary siphons only [95], greatly reducing the structural complexity of the controlled system.
It is shown that elementary siphons can be used to derive structurally simple liveness-enforcing supervisors and thus their
computation is important.
By using the concept of handles and bridges [45], much work is done by Chao on the computation of minimal and elementary
siphons in an RAS [19], [20]. In [17], Chao proposes a new T-characteristic vector ζ to compute SMS for S3 PR in an algebraic fashion. Chao constructs an SMS based on the concept of handles. Roughly speaking, a ‘handle’ is an alternate disjoint path between
two nodes. For S4 PR (simple S3 PR), the work in [17] discovers that elementary siphons can be constructed from elementary circuits where all places are resources. Thus, the set of elementary siphons can be computed without the knowledge of all SMS.
Since only one resource is used in each processing stage in a job and the processes are modeled using state machines in an
S3 PR, its modeling power is limited. It cannot model iteration statements (loop) in each sequential process and the relationships
between synchronization and communication among sequential processes. At any operation place of a process, it cannot use
multisets of resources.
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Li et al. develop a novel methodology to ﬁnd interesting siphons for deadlock control purposes in S3 PR [107]. Resource circuits
in an S3 PR are ﬁrst detected, from which, in general, a small portion of emptiable minimal siphons can be derived. The remaining emptiable ones can be found by their composition. The signiﬁcance of this work is the development of a polynomial-time
algorithm to ﬁnd a set of elementary siphons without the complete siphon enumeration whose computation is NP-hard.
Computation of elementary siphons proposed by Li and Zhou in [107] is essential for deadlock control. They assumed that the
siphon constructed from each resource circuit is an elementary one and proposed a polynomial algorithm to compute elementary
siphons. However, the study in [21] demonstrates a counter example where there may exist an exponential number of resource
circuits. Hence, constructing elementary siphons from resource circuits will result in an exponential number of elementary
siphons, which contradicts the known results. Chao then develops a polynomial algorithm to ﬁnd elementary siphons, which
also constructs all SMS on the way. This is because, in the method proposed by Li and Zhou, a linear algebraic expression must
be established for each dependent siphon, which implies that, all SMS must be located.
Based on graph theory, the work in [166] proposes an effective algorithm with polynomial complexity to ﬁnd a set of elementary siphons for an LS3 PR. The algorithm is established through the use of a resource directed graph and complementary sets of
SMS of the net. The upper bound of the number of SMS in such a net is ﬁgured out. Another work on computation of elementary
siphons based on graph theory can be found in [61].
4. Controllability conditions of siphons
4.1. Controllability condition of siphons in an ordinary Petri net
Theorem 2 ([8,44,109]). Let (N, M0 ) be an ordinary net and  the set of its siphons. The net is deadlock-free if ∀S ∈ , ∀M ∈ R(N, M0 ),
M(S) > 0.
This theorem states that an ordinary Petri net is deadlock-free if no (minimal) siphon eventually becomes empty.
Theorem 3 ([8,44,109]). Let (N, M) be an ordinary net that is in a deadlock state. Then, { p ∈ P |M( p) = 0} is a siphon.
This result means that if an ordinary net is dead at some reachable marking, i.e., no transition is enabled, then the unmarked
places form a siphon.
Corollary 2 ([8,109]). A deadlocked ordinary Petri net contains at least one empty siphon.
Corollary 3 ([8,109]). Let N = (P, T , F , W ) be a deadlocked net at marking M. Then, it has at least one siphon S such that ∀p ∈ S, ∃t ∈
p• such that W(p, t) > M(p).
Deﬁnition 5 ([8,109]). A siphon S is said to be controlled in an ordinary net system (N, M0 ) if ∀M ∈ R(N, M0 ), M(S) > 0.
Clearly, any siphon that contains a marked trap is controlled since it can never be emptied. In an ordinary Petri net, a siphon
that is controlled does not imply a deadlock. However, this is not the case in a generalized Petri net. For a siphon that can be
emptied in a net, some external control mechanism can be exerted on the net such that it becomes controlled. A siphon can be
controlled by adding a monitor. When we talk about siphon control, we are usually concerned with minimal siphons since the
controllability of a minimal siphon implies that of those containing it. A natural problem is to decide whether a set of places S in
a Petri net is a minimal siphon. It is shown in [4] that the decision can be done in polynomial time with complexity O(m2 + mn2 ),
where m = |S• | and n = |S|.
Deﬁnition 6 ([8,36,109]). Siphon S in an ordinary net system (N, M0 ) is invariant-controlled by P-invariant I at M0 if IT M0 > 0 and
∀p ∈ P\S, I(p) ≤ 0, or equivalently, IT M0 > 0 and ||I||+ ⊆ S.
If S is controlled by P-invariant I at M0 , S cannot be emptied, i.e., ∀M ∈ R(N, M0 ), S is marked under M.
In essence, the controllability of siphon S by adding a monitor is ensured by the fact that the number of tokens leaving S is
limited by a marking invariant law imposed on the Petri net, which is implemented by a P-invariant whose support contains the
monitor.
In order to test whether a siphon S is controlled by a P-invariant I, it is suﬃcient to solve the following system of linear
homogeneous inequalities and equations:

IT [N] = 0T
I T M0 > 0
I( p) ≤ 0,

∀ p ∈ P \S

For the above system, the existence of a solution can be proved through Phase I of the simplex algorithm applied to the
following linear programming problem (LPP):

maximize 0T I
subject to
IT [N] = 0T
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(a)

(b)
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3

Fig. 5. (a) A GS PR net (N, M0 ), and (b) a live GS PR with a non-max-controlled siphon.
T

I M0 > 0
I( p) ≤ 0,

∀ p ∈ P \S

Phase I of the simplex algorithm computes a basic feasible solution of the set of constraints of the LPP if it exists.
An empty or insuﬃciently marked siphon in a Petri net can cause some transitions not to be enabled. A siphon in an ordinary
Petri net can be made invariant-controlled as deﬁned above. The case in a generalized Petri net is much more complicated and is
treated as follows.
4.2. Controllability condition of siphons in a generalized Petri net
In a generalized Petri net, owing to the weighted arcs, the non-emptiness of a siphon is not suﬃcient for the absence of dead
transitions. The existence of an SMS is no longer necessary for the occurrence of deadlocks. As a whole, the controllability concept
is concerned with the enabling and ﬁring of transitions.
4.2.1. Max-controlled siphons
The following properties are from Barkaoui and Pradat-Peyre’s work [8]. Given a place p, we denote maxt∈ p• {W ( p, t )} by
max p• .
Deﬁnition 1 ([8]). Let S be a siphon of a net system (N, M0 ). S is said to be max-marked at M ∈ R(N, M0 ) if ∃p ∈ S such that
M( p) ≥ max p• .
Deﬁnition 2 ([8]). Let S be a siphon in a well-marked net (N, M0 ). S is said to be max-controlled if S is max-marked at any
reachable marking M ∈ R(N, M0 ).
Deﬁnition 3 ([8]). (N, M0 ) satisﬁes the max cs-property (controlled siphon-property) if each minimal siphon of N is maxcontrolled.
Theorem 4 ([8]). A generalized Petri net is deadlock-free if it satisﬁes the max cs-property.
As shown in Fig. 5(a), (N, M0 ) is a well-marked net. S = { p2 , p4 , p6 , p8 , p9 , p10 } is its unique SMS, where SR = { p9 , p10 } and SA =
{ p2 , p4 , p6 , p8 }. In this net, M0 ( p9 ) = 9 and max p•9 = max{W ( p9 , t1 ), W ( p9 , t4 ), W ( p9 , t8 ), W ( p9 , t11 )} = max{5, 4, 1, 6} = 6. We
have M0 ( p9 ) > max p• . Hence, S is max-marked at M0 . Suppose that both t1 and t10 ﬁre once. Then, the net system reaches marking
9
M = p1 + p7 + 4 p9 + 4 p10 + 2 p11 + 11 p12 + 10 p13 + p14 as shown in Fig. 5(b). We have M( p9 ) = 4 < max p• = 6 and M( p10 ) =
9
4 < max p• = 6. Based on the deﬁnition of the max-marked siphons, S is not max-marked at this marking. Therefore, (N, M0 )
10
does not satisfy the max cs-property. However, the net is live by, as can be obtained, reachability graph analysis. The maxcontrollability condition for siphons is restrictive in the sense of deadlock control. A deep study on relation between liveness,
deadlock-freeness and cs-property is given in [11].
4.2.2. Max -controlled siphons
In [18], Chao ﬁrst proposes a concept namely max -controlled siphons to relax the max-controlled condition. Zhong and Li
[201] reﬁne the concept and propose the formal deﬁnition of max -controlled siphons.
Deﬁnition 4 ([201]). Let S be a siphon in a well-marked S4 R (N, M0 ). S is said to be max -marked at M ∈ R(N, M0 ) if ∃p ∈ SA such
that M(p) ≥ 1 or ∃p ∈ SR such that M( p) ≥ maxt∈ p• ∩[S]• {W ( p, t )}.
Deﬁnition 5 ([201]). Let S be a siphon in a well-marked S4 R (N, M0 ). S is said to be max -controlled if S is max -marked at M,
∀M ∈ R(N, M0 ).
Theorem 5 ([201]). Let (N, M0 ) be a well-marked S4 R. If every siphon in the net is max -controlled, it is live.
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Fig. 6. A live GS3 PR with a non-max -controlled siphon.

The net at M = p1 + p5 + 4 p9 + 3 p10 + 2 p11 + 10 p12 + 9 p13 + 2 p14 shown in Fig. 6 is obtained by ﬁring t1 and
t7 once in Fig. 5(a). We have M ( p9 ) = 4, M ( p10 ) = 3, max p• ∩[S]• = max{W ( p9 , t8 ), W ( p9 , t11 )} = 6, and max p• ∩[S]• =
9

max{W ( p10 , t2 ), W ( p10 , t5 )} = 4. Thus, M ( p9 ) < max p• ∩[S]• and M ( p10 ) < max p•
9

10

10

∩[S]• .

Based on the deﬁnition of the max -

marked siphons, S is not max -marked at this marking. However, the net is live. The max -controllability condition for siphons is
still restrictive in the sense of deadlock control.
4.2.3. Max -controlled siphons
In [125], Liu et al. present max -controllability condition of siphons to relax the max -controllability condition.
Deﬁnition 6 ([125]). Let S be a siphon in a well-marked S4 R (N, M0 ). S is said to be max -marked at M ∈ R(N, M0 ) if at least one
of the following conditions holds:
(i) M is an initial marking;
(ii) ∃p ∈ SA such that M(p) ≥ 1;

(iii) ∃r ∈ SR , min t∈T αt · W (t, r) + M(r) ≥ maxt ∈r• ∩[S]• {W (r, t )}, where T = {t |t ∈ • r ∩ [S]• , ∀r ∈ • t ∩ PR , M(r ) ≥ W(r , t),

M(PA ∩ • t) ≥ 1}, α t denotes the times that t is ﬁred from marking M, and min t∈T αt · W (t, r) can be solved by the following mixed integer program (MIP):

min



αt · W (t, r)

t∈T

p ∈• t ∩ PA , M( p) ≥ 1, tx ∈ p• ∩ T

αtx ≤ M( p)
r ∈• t ∩ PR , ty ∈ r • ∩ T

αty · W (r , ty ) ≤ M(r
•

t ∈ r ∩ [S]

•


min

M(r ) −

)



αty · W (r , ty )
, M( p) −
αtx < 1
W (r , t )


αt ∈ N
Deﬁnition 7 ([125]). Let S be a siphon in a well-marked S4 R (N, M0 ). S is said to be max -controlled if ∀M ∈ R(N, M0 ), S is
max -marked at M.
Theorem 6 ([125]). Let (N, M0 ) be a well-marked S4 R. The net is live if all its siphons are max -controlled.
The net at marking M = p1 + p3 + p5 + 3 p10 + 2 p11 + 10 p12 + 9 p13 + 2 p14 shown in Fig. 7 is obtained by ﬁring t1 , t4 , and t7
once in Fig. 5(a). We have M ( p9 ) = 0, M ( p10 ) = 3, M ( p3 ) = 1, and T = {t5 }. Thus, minαt5 · W (t5 , p9 ) + M ( p9 ) = 4αt5 = 4 <
max p• ∩[S]• , where αt5 can be obtained by solving the MIP in Deﬁnition 6. Based on the deﬁnition of the max -marked siphons, this
9

S is not max -marked at this marking. However, the net is live. The max -controllability condition for siphons is still restrictive.
By Deﬁnitions 1, 4, and 6, we check siphon {p2 , p4 , p6 , p8 , p9 , p10 } at markings shown in Figs. 5(a), 5(b), 6, and 7. Test results
are shown in Table 2. We can see that the above three controllability conditions of siphons are all suﬃcient but not necessary for
the liveness of GS3 PR.
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Fig. 7. A live GS3 PR with a non-max -controlled siphon.
Table 2
Controllability of siphon {p2 , p4 , p6 , p8 , p9 , p10 } at different markings.
The marking in

Max-marked

Max -marked

Max -marked

Fig. 5(a)
Fig. 5(b)
Fig. 6
Fig. 7

yes
no
no
no

yes
yes
no
no

yes
yes
yes
no

4.2.4. Max∗ -controlled siphons
Recently, in [130], Liu and Barkaoui present max∗ -controllability condition of siphons to relax the existing controllability
conditions.
Deﬁnition 8 ([130]). Let S be a strict siphon in a well-marked GS3 PR net (N, M0 ). S is said to be max∗ -marked (non-max∗ -marked)
at M ∈ R(N, M0 ) if at least one (none) of the following conditions holds:
(i) ∃p ∈ SA , M(p) ≥ 1;
(ii) ∃r ∈ SR , M(r) ≥ maxt∈Trc W (r, t );
(iii) ∃t ∈ TSc , e pt = 1 and ert = 1 (t is enabled at M).
Theorem 7 ([130]). Let (N, M0 ) be a well-marked GS3 PR net and  = ∅ be the set of SMS. It is live iff ∀S ∈ , S is max∗ -controlled.
4.2.5. Discussion
From the deﬁnition of max-controlled siphons [8], the number of tokens in each place of a siphon is restricted by the maximal
weights of its output arcs, i.e., M( p) ≥ max p• . The results in [18] points out that this condition is too restrictive and proposes
the concept of max -controlled siphons. As for the marking of resource places considered in a siphon, condition M( p) ≥ max p•
is relaxed to be M( p) ≥ maxt∈ p• ∩[S]• {W ( p, t )}. Note that the max -controlled condition of a siphon is still a suﬃcient but not
necessary.
In [125], the authors show that the max -controllability condition can be further relaxed by a new concept called max controlled siphons. As shown in Deﬁnition 6, at the marking of the considered resource places of a siphon, condition M( p) ≥

maxt∈ p• ∩[S]• {W ( p, t )} is relaxed to be min t∈T αt · W (t, r) + M(r) ≥ maxt ∈r• ∩[S]• {W (r, t )}. This constraint guarantees that each
•
•
transition in r ∩ [S] is potentially enabled. However, we need to solve an MIP to decide whether a siphon is max -marked at a
marking M ∈ R(N, M0 ). What is more, the max -controllability condition of the siphons in S4 R is a suﬃcient condition only.
Recently, Liu and Barkaoui improve the work in [125] by splitting Condition (iii) of Deﬁnition 6 into two parts: Conditions

(ii) and (iii) of Deﬁnition 8. This method avoids solving MIP problems and loosens the constraint min t∈T αt · W (t, r) + M(r) ≥
maxt ∈r• ∩[S]• {W (r, t )}. It is easy to see that the former two conditions of the deﬁnition of max∗ -marked siphons are completely
the same with the deﬁnition of max -marked siphons. The new deﬁnition allows a new condition. Understandably, it is more
general than max -marked siphons. Condition (iii) in Deﬁnition 8 means that a critical transition t of S is enabled at M. At M, a
max∗ -marked siphon can guarantee that at least one transition in its preset can ﬁre once.
The net shown in Fig. 5(a) is live with 654 legal markings. S is non-max-marked at 8 markings, non-max -marked at 4 markings, and non-max -marked at one marking as shown in Table 3, where the numbers of tokens in p11 , p12 , p13 , and p14 are
not shown. However, S is max∗ -marked at all 654 markings. In a word, from a max-controlled siphon to max∗ -controlled one,
constraints for siphon control become more and more weaker.
Based on the max∗ -controllability condition, we can design supervisors with more permissive behavior for GS3 PR nets in
theory. Hopefully, this condition can be used in an appropriate policy that leads a supervisor of a Petri net system to be optimal.
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Table 3
Controllability conditions of siphon {p2 , p4 , p6 , p8 , p9 , p10 } in Fig. 5(a).
Markings of p1 , p2 , p3 , p4 , p5 , p6 , p7 , p8 , p9 , p10

Max

Max

Max

Max∗

1,0,1,0,1,0,0,0,0,3
1,0,0,0,1,0,0,0,4,3
0,0,2,0,1,0,0,0,1,3
0,0,1,0,1,0,0,0,5,3
1,0,1,0,0,0,1,0,0,4
0,0,1,0,0,0,1,0,5,4
0,0,2,0,0,0,1,0,1,4
1,0,0,0,0,0,1,0,4,4

no
no
no
no
no
no
no
no

no
no
no
no
yes
yes
yes
yes

no
yes
yes
yes
yes
yes
yes
yes

yes
yes
yes
yes
yes
yes
yes
yes

Fig. 8. Controllability conditions of siphons.

Then the corresponding manufacturing system is of more ﬂexibility. In this sense, the max∗ -controllability condition in [130]
can promote the development of optimal or suboptimal deadlock control. In other words, this necessary and suﬃcient liveness
condition for GS3 PR will be considered as an important progress in deadlock control of generalized Petri nets. Due to the complex
structures of S4 R, ﬁnding a necessary and suﬃcient siphon control condition for S4 R is a challenging problem and remains open,
which, in our own opinion, still needs many efforts.
Here we use Fig. 8 to show the truth that from a max-controlled siphon to max∗ -controlled one, constraints for siphon control
become more and more weaker. The controlled siphon properties max and min-controllability proposed by Barkaoui and Peyre
[8] look like bounds. Over the past decades, researchers have been looking for less strict conditions. The necessary and suﬃcient
liveness conditions of Petri nets are here in the window of Fig. 8. Up to now, only max∗ -controllability proposed in recent work
[130] is in this window.
5. Deadlock control policies based on siphons
5.1. Enumeration of SMS
In 1995, seminal work was conducted by Ezpeleta et al. [47] who developed a design method of monitor-based livenessenforcing Petri net supervisors. It is usually considered to be a classical contribution that utilizes structural-analysis techniques
of Petri nets to prevent deadlocks in automated manufacturing systems (AMS). A S3 PR is proposed and the relationship between
SMS and its liveness is established. It is shown that an S3 PR is live iff no siphon can be emptied. For each SMS that can be
empty at a reachable marking, a monitor is added such that it is controlled, i.e., cannot be unmarked at any reachable marking.
After all siphons are controlled, the resulting net that is called a controlled net system is live. The signiﬁcance of this approach
lies in the fact that it successfully separates a plant net model and its supervisor. The liveness-enforcing supervisor in [47] is
a Petri net that consists of the monitors and the transitions of the plant model. Unfortunately, the approach in [47] suffers
from the following problems: behavioral permissiveness, computational complexity, and structural complexity. The behavioral
permissiveness problem is referred to as the fact that the permissive behavior of a plant net model is overly restricted by the
deadlock prevention policy, i.e., the supervisor excludes some safe (admissible) states. This is so since the output arcs of a monitor
are led to the source transitions of the net model, which limits the number of workpieces to be released into and processed by
the system. A source transition is the output transition of an idle place, which models the entry of raw parts into the system.
Computational complexity results from the complete siphon enumeration that is necessary to compute a supervisor [47]. As
known, the number of siphons grows fast and in the worst case grows exponentially with respect to the size of a net model.
Structural complexity is referred to as the number of monitors in a liveness-enforcing supervisor, which is in theory exponential
with respect to the size of a net model since every strict minimal siphon that can be unmarked at a reachable marking needs
a monitor to prevent from being emptied. The structural complexity of a supervisor means extra cost in system veriﬁcation,
validation, and implementation. Since 1995, much work has focused on solving the aforementioned problems.
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The resource-transition circuits (RTC) proposed by Xing et al. [192] and siphons are two different structural objects of Petri
nets and used to develop deadlock control policies for AMS. They are related to the liveness property of Petri net models and
thus used to characterize and avoid deadlocks. Based on them, there are two kinds of methods for developing deadlock controllers. Such methods rely on the computation of all maximal perfect RTC and SMS, respectively. The work in [192] concentrates on S3 PR, establishes the relation between two kinds of control methods, and identiﬁes maximal perfect RTC and SMS.
A graph-based technique is used to ﬁnd all elementary RTC structures. They are then used to derive all RTC. Next, an iterative
method is developed to recursively construct all maximal perfect RTC from elementary ones. Finally, a one-to-one correspondence between SMS and maximal perfect RTCs and hence an equivalence between two deadlock control methods are established
[192].
In [132], Liu et al. deﬁne the concept of a controllable siphon basis, and propose a new criterion for selecting a proper subset
of siphons to control. A controllable siphon basis is a subset of SMS whose complementary sets can cover complementary sets
of all other SMS. By adding a control place to each SMS in a controllable siphon basis, Liu et al. present a new way to design a
live Petri net controller for AMS and the number of its control places is no more than that of activity places in the original Petri
net. Based on a controllable siphon basis, a novel deadlock prevention policy is established. It is shown that a controllable siphon
basis and a set of elementary siphons are different subsets of SMS in an S3 PR. One can obtain a live Petri net controller based on
a controllable siphon basis, while it may not be based on elementary siphons.
5.2. Mathematical programming
Because of the inherent complexity of Petri nets, any deadlock-prevention policy that depends on a complete siphon enumeration suffers deﬁnitely from an exponential complexity problem with respect to the size of its plant net model [101]. Given a Petri
net, a maximal unmarked siphon can be obtained by the following traditional siphon solution. First, remove all the unmarked
places. Then, remove the transitions without input places as well as their output places. Repeat the two steps until no places and
transitions can be removed.
In [36], Chu and Xie ﬁrst use mixed integer programming (MIP) [175] to detect whether a structurally bounded Petri net is
deadlock-free. This method avoids the explicit enumeration of all SMS and opens a new research avenue. A feasible solution
corresponds to a maximal unmarked siphon when there exists a siphon that can be emptied at a marking that is reachable from
the initial marking. Otherwise, its optimal solution is equal to the number of all the places in the Petri net. Although an MIP
problem is NP-hard in theory [175], extensive numerical studies show that its computational eﬃciency is relatively insensitive
to the initial marking and is more eﬃcient than those that depend on a complete state or siphon enumeration.
Motivated by the fact that deadlock control is usually concerned with minimal siphons in a Petri net, minimal siphon extraction methods from a maximal unmarked siphon are investigated [83,100]. Huang et al. propose an iterative two-stage deadlock
prevention policy based on the work in [83]. At each iteration, an unmarked maximal siphon is detected by solving an MIP
problem. If such a siphon exists, then an algorithm extracts an SMS from the maximal one. A monitor is added such that the minimal siphon is controlled by the enforcement that the set consisting of the monitor and the complementary set of the derived
minimal siphon is the support of a P-semiﬂow. Repeat the aforementioned steps until all siphons in the original plant model
are controlled. The second phase becomes necessary if the resulting net after the ﬁrst phase contains deadlocks. At the second
phase, a minimal siphon that contains at least a monitor is derived by solving an MIP problem. Then, a monitor is added to make
the siphon controlled by leading the output arcs of the monitor to the source transitions of the plant model. This step is repeated
until the MIP problem shows that there is no unmarked siphon at a reachable marking, implying that liveness is enforced. Experimental study shows that the two-phase policy is more permissive than those in [47] and [95], although no formal proof is
provided. However, there is some uncertainty in the number of reachable states of the controlled system. This is not surprising
since in the second phase the selection of different siphons to control can lead to liveness-enforcing controlled systems with
different permissive behavior. Later, the idea is applied to ES3 PR [82] which is a more general class of Petri nets than S3 PR.
The work in [22] proposes the concept of basic and compound siphons. First, monitors are added to each basic siphon. Then, it
ﬁnds conditions for a compound siphon to be implicitly controlled. This research avoids the problem of a full siphon enumeration
and reduces the number of subsequent time-consuming MIP iterations.
It is not surprising that there exist redundant monitors in a liveness-enforcing Petri net supervisor, particularly when it is
derived from an iterative siphon control approach. In [164], a redundant monitor is identiﬁed and eliminated by computing the
reachability graph of a controlled system. If the removal of a monitor does not lead to the loss of liveness of the controlled system,
it can be removed from the supervisor. The major drawback is the computational-complexity problem, since the reachability
graph and liveness check are necessary. In order to avoid a complete state enumeration, Li and Hu [112] propose two methods
to remove monitors from a Petri net supervisor. The ﬁrst is based on the concept of implicit places [52]. It is shown that the
implicity of a monitor is decided by solving an LPP that can be done in polynomial time. The second is derived from the MIPbased deadlock-detection method. If the removal of a monitor does not change the optimal solution of an MIP problem that is
derived from the controlled system, then it is implicit or its removal may lead to more permissive behavior while liveness is
preserved. In [13,54], and [22], the MIP technique is also used. Their methods can ﬁnd a minimal unmarked siphon directly.
The work in [91] presents an iterative deadlock prevention policy for Petri nets using siphon extraction. At each iteration step,
a siphon extraction algorithm ﬁnds a maximal deadly marked siphon (DMS), classiﬁes the places in it, and decides a necessary
siphon from the classiﬁed places. Accordingly, the deadlock prevention policy adds a proper control place (CP) to make each
necessary siphon marked or max-controlled until the controlled system is live. By adopting the classiﬁcation of places, deciding

G.Y. Liu, K. Barkaoui / Information Sciences 363 (2016) 198–220

211

necessary siphons, and adding the proper CP, the deadlock prevention policy in [91] avoids a complete siphon enumeration,
adds a small number of CP, and leads to a liveness-enforcing supervisor with a simple structure compared with closely related
approaches in the literature.
In [199], based on DMS [145] in well-marked S4 R, Zhao et al. modify the MIP test in [36] to detect DMS for S4 R. However, an
S4 R may have livelocks [126] even though it is deadlock-free. In this case, the siphons causing livelocks cannot be detected by
the modiﬁed MIP and the net cannot be further controlled. Furthermore, the techniques in both [36] and [199] cannot obtain a
minimal problematic siphon directly.
In [200], Zhong and Li propose an MIP model to detect a minimal non-max-marked siphon. However, their method cannot
detect the siphons that cause livelocks. Furthermore, it outputs an SMS when a Petri net is live with non-max-marked siphons,
impressing falsely that the net is non-live and thus needs a control place to control it.
In [126], the existing MIP-based methods are improved in the literature in terms of the max -controllability condition of
siphons. The authors deﬁne extended DMS (EDMS) and then develop a more general MIP model that can detect deadlocks and
livelocks caused by siphons in an S4 R. They conclude that a net is live if there is no feasible solution for the MIP model. This
programming is more powerful than the MIP in [199] and [200] but still restrictive since it outputs an SMS when a Petri net is
live with non-max -marked siphons.
Based on the concept of max∗ -controllability condition of siphons, in recent work [129], the authors formulate an integer
programming (IP) model to detect the minimal non-max∗-marked siphon that causes deadlocks or livelocks in GS3 PR. However,
the use of the max∗ -controllability condition and the proposed IP model to perfectly control a generalized Petri net remains
open, requiring a further study.

5.3. Elementary siphons
Even in a Petri net with a rather simple structure such as linear S3 PR, the number of its SMS in the worst case is proved
to be exponential with respect to its size [166]. If all the SMS are explicitly controlled without considering any difference or
relationship among them, the resulting supervisor is structurally complex in theory, as shown in [47].
To alleviate such a problem, Li and Zhou propose the concept of elementary siphons [95,96,104,105,109]. For a deadlock
control purpose, problematic siphons (that can cause dead transitions) in a Petri net are divided into elementary and dependent
ones. The latter is originally named as redundant siphons [95]. By the incidence matrix of a Petri net, Li and Zhou deﬁne the
characteristic T-vector of a siphon, which is the sum of the rows corresponding to the places in the siphon, and indicates the
change of the number of tokens in it when a transition ﬁres. The characteristic T-vectors of all problematic siphons constitute a
matrix called their characteristic T-vector matrix. From the matrix, a maximal linearly independent set of vectors can be found.
The siphons corresponding to the vectors in this set are said to be elementary. The others are called dependent siphons that are
further distinguished into weakly and strongly dependent ones by deciding whether the linear combination coeﬃcients are all
positive or not.
Two key contributions that underlie the concept of elementary siphons are as follows: (1) the number of elementary siphons
in a Petri net is bounded by the smaller of the place and transition counts; and (2) a dependent siphon can be implicitly controlled
by controlling its elementary ones. For deadlock prevention that is achieved by monitors, it is of signiﬁcance that a dependent
siphon can be controlled via explicit control of its elementary siphons by designing monitors and properly setting their control
depth variables. An AMS example is investigated in [95] with its Petri net model having 26 places, 20 transitions, and 18 SMS.
By using the concept of elementary siphons, a liveness-enforcing Petri net supervisor is computed by explicitly adding only six
monitors to control the six elementary siphons among 18 strict minimal siphons. However, the work in [47] needs to design
monitors for all 18 SMS. In [95], the controllability of a dependent siphon is explored with respect to elementary siphons that
are invariant controlled. A more general controllability condition than that in [95] is developed in [104] for dependent siphons in
ordinary Petri nets. In [105], Li and Zhao extend such results to generalized nets, which is based on the max-controlled siphons
[8]. However, the computational complexity of supervisor design in [104] remains to be exponential with respect to the net size,
since the computation of a set of elementary siphons depends on a complete siphon enumeration.
The computational efforts for a supervisor based on elementary siphons are reduced by introducing a siphon solution technique using MIP-based deadlock detection. The study in [102] proposes an iterative deadlock-prevention policy by using the
concept of elementary siphons. At each iteration step, a maximal unmarked siphon is found by solving an MIP problem. Then, an
SMS is extracted from the maximal unmarked one. If the siphon extracted is elementary with respect to the computed ones, it
is explicitly controlled by a monitor. If it is dependent, its controllability is decided by checking whether it needs to be explicitly
controlled. The iteration process terminates when no unmarked siphon is found in the controlled Petri net with monitors.
The work in [102] to a large extent reduces the computational cost to design a supervisor and the resulting supervisor’s structural complexity compared with [47]. However, it does not improve the behavioral permissiveness. The work in [97] develops a
two-phase deadlock-prevention policy. The ﬁrst phase adds a monitor for each elementary siphon that is derived from the MIPbased deadlock-detection method. The output arcs of a monitor are led to the source transitions of a plant net model. The source
transitions represent the entry of raw parts into a system. The second phase rearranges the output arcs of the monitors such that
the transitions with which they are associated are away from the source transitions as far as possible if this rearrangement does
not result in dead transitions. Such an improvement increases the behavioral permissiveness of a supervisor. The policies that
underlie the idea of elementary siphons can also be found in [23,24,57–60,65,93,99,106,109,110,131,152,170].
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As known, dependent siphons can be further divided into strongly and weakly dependent ones. An interesting work is done
by Chao and Li in [23], which explores the structural condition in a class of Petri nets under which there exists a set of elementary
siphons such that all the others are strongly dependent.
For S3 PR, the studies in [57] and [58] explore suﬃcient conditions with respect to an initial marking at which there exists a
maximally permissive liveness-enforcing Petri net supervisor. Based on elementary siphons, algorithms with polynomial complexity are proposed to decide the existence of a maximally permissive supervisor for S3 PR. Their developments are based on
the computation of a set of elementary siphons and siphons composition operations, which has been shown to be of polynomial
complexity with respect to the size of a plant net model.
By utilizing the structural information in a Petri net, the concept of elementary siphons paves an effective and eﬃcient way to
design a structurally simple supervisor based on siphon control methods. In [59], based on the structural analysis technology, elementary and dependent siphons are redeﬁned for classes of generalized Petri nets, for example S4 PR, by introducing augmented
siphons. The redeﬁned elementary siphons are more compact and well suitable for generalized Petri nets.
The concept of elementary siphons aims to simplify the structure of a liveness-enforcing Petri net supervisor, which can also
be used in deadlock prevention for timed Petri nets [55]. The number of transitions in a supervisor is not greater than that of a
plant model. As a result, its structural complexity is usually evaluated by the number of its monitors. However, in a general case,
a deadlock-prevention policy based on elementary siphons cannot ﬁnd a minimal supervisory structure.
Elementary siphons have been extensively studied to solve deadlock problems in Petri nets. However, most of the existing
approaches based on elementary siphons can deal with the Petri nets in which all the transitions are supposed to be controllable
and observable. In [152], Qin et al. develop an elementary-siphon-based deadlock control policy for AMS with uncontrollable
and unobservable transitions. For elementary siphons, their complementary sets are successively expanded by considering unobservability and uncontrollability of transitions. Monitors are designed for the expanded complementary sets. The proposed
method in [152] permits that there are arcs from monitors to a set of special uncontrollable transitions. Moreover, the dependent
siphons are always marked in the controlled system that is derived from the proposed method when there exist uncontrollable
and unobservable transitions.
5.4. Siphon control combined with reachability graphs
Recently, several deadlock control policies based on combination the state space and structural analysis have been proposed.
The work in [176] can be considered as an improvement of the theory of regions [2,53,162,163]. It designs a supervisor for a
plant net model with maximally permissive behavior by using the theory of regions. Then, the SMS in the maximally permissive
controlled system are computed and divided into elementary and dependent ones. To prevent them from being emptied, algebraic expressions about the markings of the additional monitors in the supervisor and the resource places in the plant net model
are derived, under which the supervisor is live. The expressions are used to derive the live initial markings for the supervisor
without changing its structure when the initial marking of the plant changes. A case study shows that the combined method is
computationally eﬃcient compared to existing ones in which the theory of regions is used alone, and the permissive behavior of
the supervisor is near-optimal.
Piroddi et al. believe that it is important to integrate the structural information related to SMS with reachability graph analysis
to avoid unnecessary control places. The work in [148] develops a selective siphon control policy in which the concepts of essential, dominated, and dominating siphons and critical, dominating and dominated markings play an important role. By solving set
covering problems, dominating siphons are found to ensure that dominated siphons are controlled. The resulting supervisor is
highly permissive. The major technical problem in [148] is its computational complexity. At each iteration, it needs to compute
all minimal siphons and all dominating markings and to solve a set covering problem, each of which is NP-hard in theory with
respect to the net size. Later, in [149], Piroddi et al. improve the method by using the MIP-based deadlock detection approach
such that the complete minimal siphon enumeration is avoided. From the case study, the improved version of the combined
siphon and marking policy is computationally competitive. In [168], Wang et al. explain the iterative processes in [149] clearly.
To reduce the number of marking/transition separation instances (MTSI) when using the theory of regions, Li et al. develop
a two-phase deadlock-prevention policy by siphon control and the theory of regions [103]. First, SMS are identiﬁed through
resource circuits only and controlled by monitors, whose quantity is bounded by the smaller of place and transition counts. This
leads to the fact that siphon identiﬁcation and control is of polynomial complexity. Then, the theory of regions is applied to the
augmented Petri net with monitors to ﬁnd a supervisor. Since the siphon control in the ﬁrst phase is optimal from deadlockprevention point of view, the ﬁnal supervisor is optimal if such a supervisor exists.
The most attractive advantage of the deadlock-prevention policy in [103] is that the number of separation instances is significantly reduced after some elementary siphons of a system are controlled. However, it fails to determine all sets of MTSI, and its
application seems limited to some special nets only. In [85], Huang et al. propose crucial MTSI that allow designers to employ
much fewer MTSI to deal with deadlocks. The advantage of the proposed policy is that an optimal deadlock controller can be
obtained with drastically reduced computation. Huang et al. explain that once a dead marking is removed, i.e., a crucial MTSI is
controlled, its corresponding quasi-dead markings are removed as well based on siphon theory. Once a minimal siphon S loses
all tokens, it cannot regain a token. Thus, all the transitions in S• are permanently disabled and a partial or total deadlock results.
Other transitions may still be enabled. However, their ﬁrings eventually lead to a dead marking. It is known that a Petri net
is deadlock-free if no siphon becomes empty. It indicates that no dead markings exist if no siphon eventually becomes empty.
Hence, quasi-dead markings will vanish if no dead markings exist [85].
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In [143], Pan et al. try to enhance the computational eﬃciency of the crucial MTSI method in [85]. The combined selective
siphons and critical markings method in [148] is merged in [143]. The advantage of the proposed method is that the number of
two types of crucial MTSI can then be simpliﬁed. The proposed policy can be applied to S3 PMR [84] instead of S3 PR nets only.
Later, in [144], Pan et al. improve the work in [143] by reducing the number of LPP.
Motivated by the tight connections between directed graphs (digraphs) and Petri nets in deadlock control for AMS [50],
Maione and DiCesare [138] propose a hybrid deadlock prevention policy by using directed graphs and Petri nets, taking the
advantages of both techniques. In order to avoid searching siphons in the Petri net model of a system, deadlock detection is
carried out by analyzing the structures of the digraph that models the system. Then, the digraph-based information is translated
into the deadlock marking of the corresponding Petri net, which is used to design monitors to prevent empty siphons. Finally, a
number of new control policies are developed, which are less restrictive than other eﬃcient policies [138].
The work in [114] proposes a novel design method of deadlock prevention supervisors based on Petri nets, which does not
guarantee optimality but empirical results show its superiority over other approaches based on siphon control. Given the Petri net
model, one ﬁrst designs an optimal liveness-enforcing controlled system for the model at a minimal initial marking by utilizing
the theory of regions. Then, we calculate all SMS in the controlled system. Such a siphon does not contain a trap. For each SMS, an
algebraic inequality with respect to the markings of monitors and resource places in the controlled system, also called a liveness
constraint, is established in terms of the concept of max-controlled or invariant-controlled siphons. Its satisfaction implies the
absence of dead transitions in the postset of the corresponding siphon. Consequently, given initial markings that satisfy all the
liveness inequality constraints, all siphons can be max-controlled, and the resulting controlled system is live. After a controlled
system structure is found, one can reallocate the initial markings according to the inequality constraints. No matter how large the
initial markings and the number of states are, the liveness constraints remain unchanged. Their satisfaction ensures the absence
of uncontrolled siphons. This implies that, for a plant model with a ﬁxed net structure, we only need to compute its reachability
graph at a minimal initial marking and the siphons of the controlled system once. Whenever the number of process instances and
the capacity of manufacturing resources change, a Petri net supervisor can be determined easily via these algebraic inequality
constraints.
5.5. Deadlock control policies based on siphons in Gadara nets
In the past decade, computer hardware has undergone a true revolution, moving from uniprocessor architectures to multiprocessor ones. In order to exploit the full potential of multicore hardware, there is an unprecedented interest in parallelizing
computing tasks that were previously conducted in series. This trend forces parallel programming upon the average programmer. Parallel programming is fundamentally more challenging than serial programming because of the complexity of reasoning
about concurrency. Lock primitives, such as mutual exclusion locks (mutexes), are often employed to protect shared data and
prevent data races. Inappropriate use of mutexes can lead to circular wait deadlocks in the program, where a set of threads are
waiting indeﬁnitely for one another and none of them can proceed. Signiﬁcant effort has to be spent to detect and ﬁx deadlock
bugs. Development of highly reliable and robust software is a very active research area in the software and operating systems
communities. There is an emerging need for systematic methodologies that will enable programmers to characterize, analyze,
and resolve software failures, such as deadlocks [121].
Decades of studies have yielded numerous approaches to program deadlock resolution, but none is a panacea. Static deadlock
prevention via strict global lock-acquisition ordering is straightforward in principle but can be remarkably diﬃcult to apply in
practice. Static deadlock detection via program analysis has made impressive strides in recent years, but spurious warnings can
be numerous and the cost of manually repairing genuine deadlock bugs remains high. Dynamic deadlock detection may identify
the problem too late, when recovery is awkward or impossible [121]. The Gadara project is a multidisciplinary effort to develop
a software tool that takes as input a deadlock-prone multithreaded C program and outputs a modiﬁed version of the program
that is guaranteed to run deadlock-free without affecting any of the functionalities of the program [116–118,121,171]. They build
a formal model of the program, analyze its properties, and synthesize control logic to enforce deadlock-freeness.
Various special classes of Petri nets have been proposed to analyze manufacturing systems [109]. The existing special classes
of Petri nets in the literature do not exactly match the speciﬁc features of Petri nets that arise when modeling the locking behavior
of multithreaded programs. Therefore, Wang et al. propose a new class of Petri nets, called Gadara nets [121,135,171,173,174] that
explicitly model multithreaded programs with lock acquisition and release operations. With the class of Gadara nets formally
deﬁned, we can eﬃciently analyze program deadlocks via formal models, and synthesize deadlock avoidance policies that can
in turn be instrumented in the underlying programs. By establishing a set of important properties of Gadara nets (e.g., liveness
and reversibility), the deadlock-freeness of the program can be analyzed via the program’s corresponding Gadara net model
by exploiting the structural properties of the net. This correspondence is crucial to the effectiveness and eﬃciency of control
synthesis of Gadara nets for the purpose of deadlock avoidance in the programs.
The work [171] is the ﬁrst paper which addresses Gadara nets. Wang et al. apply the following permissiveness-preserving
heuristics for oﬄine control synthesis algorithm. First, a siphon containing fewer than two mutex places is controlled. This is a
well-known result in [47]. Second, minimal siphons are controlled only; the minimal siphon induced by a subset of mutexes is
unique. The ﬁrst recipe is well-known. The uniqueness of the siphon stems from the fact that the Petri net model of each function
itself (without any mutex place) is a state machine. Third, siphons among circular waiting mutexes are calculated only. A siphon
induced by a subset of mutexes without circular waiting is a controlled siphon. Wang et al. ﬁrst traverse through the net to ﬁnd
lock dependencies. For every subset of locks with a cycle, the minimal siphon is calculated. Fourth, among equivalent siphons,
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control only one. Among a set of equivalent siphons [95], controlling the one with minimum number of initial tokens, called the
token poor siphon [42,106], guarantees that the others are never empty. Fifth, control places with redundant logic checking are
removed. For simplicity, the authors compare the control logic between newly-generated control places and existing ones. If the
control logic of one control place is more permissive than that of another, i.e., its token is always available when requested, it is
removed.
The work in [172] formally deﬁnes Gadara nets. The contributions of this paper include: (i) formal deﬁnition of Gadara nets
and of controlled Gadara nets; (ii) behavioral analysis of Gadara nets for liveness and reversibility using siphons; and (iii) identiﬁcation of a convexity-type property for the set of live markings.
In [119], the authors thoroughly exploit the structural properties of Gadara nets for the eﬃcient synthesis of maximallypermissive liveness-enforcing (MPLE) control policies. In general, the proposed MPLE control synthesis is an iterative process
[172], since the synthesized control logic may introduce new potential deadlocks. That is, the added net structure, when coupled
with the original net structure, may cause new potential deadlocks in the controlled net. This necessitates iterations on the
controlled nets until no further deadlock is found. Few works address such an iterative process and its implications for MPLE
control synthesis. A siphon-based iterative control synthesis method is proposed in [160] for Gadara nets. However, this method
is sub-optimal in general, i.e., it does not guarantee maximal permissiveness. In [86], the role of iterations in liveness-enforcing
control synthesis is discussed and a net transformation technique is employed to transform non-ordinary nets into PT-ordinary
nets during the iterations. This approach, however, may not guarantee convergence within a ﬁnite number of iterations. In fact,
as pointed out in [115], it is not easy to establish a formal and satisfactory proof of ﬁnite convergence for this type of problems;
moreover, achieving optimal control logic is very diﬃcult. The key reason is that the Petri net modeling framework might not be
able to express the MPLE property for general process-resource net. As a result, the problem of MPLE control synthesis based on
siphon analysis in non-ordinary nets has not been well-resolved yet.
Liao et al. present a new control synthesis algorithm for liveness enforcement of Gadara nets that need not be ordinary [119].
The algorithm employs structural analysis of the net and synthesizes monitor places to prevent the formation of a special class of
siphons, termed resource-induced deadly-marked siphons. The algorithm also accounts for uncontrollable transitions in the net
in a minimally restrictive manner. The algorithm is generally an iterative process and converges in a ﬁnite number of iterations.
It exploits a covering of the unsafe states that are updated at each iteration. The proposed algorithm is shown to be correct and
maximally permissive with respect to the goal of liveness enforcement.
The main contributions in [119] can be summarized as follows: (i) a new iterative control synthesis scheme (called ICOG)
for Gadara nets is reported; this scheme is based on structural analysis and converges in ﬁnite iterations. (ii) a new algorithm
(called UCCOR) for controlling siphons in Gadara nets is developed; it uses the notion of covering of unsafe states (markings)
in order to achieve greater computational eﬃciency. (iii) The UCCOR Algorithm accounts for uncontrollable transitions in the
net in a minimally restrictive manner by the technique of constraint transformation. (iv) It is shown that the proposed ICOG
methodology and the associated UCCOR algorithm synthesize a control policy that is correct and maximally permissive with
respect to the goal of liveness enforcement.
Later, the work in [120] proposes an eﬃcient optimal control synthesis methodology for ordinary Gadara nets. It exploits the
structural properties of Gadara nets via siphon analysis. Optimality in this context refers to the elimination of deadlocks in the
program with minimally restrictive control logic. The authors formally establish a set of important properties of the proposed
control synthesis methodology, and show that their algorithms never synthesize redundant control logic. The study in [120]
conducts experiments to evaluate the eﬃciency and scalability of the proposed methodology, and discusses the application of
their results to real-world concurrent software.
Liao et al. propose an iterative control synthesis methodology for ordinary Gadara nets, called ICOG-O, based on structural
analysis in terms of siphons. The control logic synthesized by ICOG-O enforces liveness in Gadara nets and provably eliminates all
the potential deadlocks in the corresponding multithreaded programs. Compared with the work in [119], the customized ICOGO presented in [120] focuses on ordinary Gadara nets, and thus enable us to implement control synthesis based on a type of
empty siphons. Experimental results show that ICOG-O is very eﬃcient in terms of time and the number of synthesized monitor
places. The results also demonstrate the scalability of this approach to large-scale real-world software. From a more general
perspective, the results in the Gadara project illustrat that software failure avoidance is a fertile application area for discrete
event control, and moreover, special features from this application area are motivating further theoretical developments on the
control of discrete-event systems.

5.6. Robust deadlock control policies based on siphons in Petri nets
All the studies reviewed in the previous section assume that resources do not fail. Actually, resource failures are inevitable in
most real-world systems, which may also cause a system to be deadlocked. It is a necessary requirement to develop an effective
and robust deadlock control policy to ensure that deadlocks cannot occur even if some resources in a system break down. There is
a lack of research in Petri nets regarding the impacts of unreliable resources on resource allocation systems under the supervisory
control of deadlocks.
Hsieh develops a variety of methods to determine the feasibility of production with a set of resource failures modeled as the
extraction of tokens from a Petri net [62–64]. In these works, liveness conditions and robustness analysis of the nets are based on
the concepts of token ﬂow paths and minimal resource requirements. His work reports fault tolerant conditions and proposes a
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structural decomposition method to test the feasibility of production routes. However, all these methods are not intuitive to the
Petri net models.
Recently, the work in [127] makes the existing deadlock control policies possess a desirable robust property to cope with
resource failures. Speciﬁcally, the desirable robustness is a system property to keep a controlled system live as some resources
break down. In [127], the authors focus on robust supervision of manufacturing systems. For S3 PR, it bridges the gap between a
divide-and-conquer deadlock control strategy [110] and its application to real-world systems with unreliable resources. Recovery
subnets and monitors are designed for unreliable resources and SMS that may be emptied, respectively. Normal and inhibitor
arcs are used to connect monitors with recovery subnets in case of necessity. Then reanalysis of the original Petri net is avoided
and a robust liveness-enforcing supervisor is derived. The supervisors designed for S3 PR by the proposed method has following
properties : (1) they can prevent deadlocks for plant models when all resources work normally ; (2) deadlocks are prevented
even if some resources fail to work and are removed to repair at any time ; and (3) waiting-for-repair states disappear after the
repaired resources are returned.
6. Open problems
So far, many deadlock control policies based on siphon control have been proposed for Petri nets. Despite the points that have
been reviewed and discussed above, from many aspects, the study of siphons in different subclasses of Petri nets can be further
extended in the future.
The use of the max∗ -controllability condition to control a generalized Petri net is still an open problem requiring a further
study. Also, a suﬃcient and necessary siphon control condition for G-systems, S4 R, and Sn PR family remains open.
In [204], Zhong et al. point out that a maximally permissive liveness-enforcing pure net supervisor does not always exist for
any Petri net. The work in [204] focuses on the non-existence of maximally permissive liveness-enforcing pure net supervisors for
a subclass of Petri nets. It shows that if a net contains a siphon that cannot be optimally controlled by a P-invariant, the net does
not admit a maximally permissive liveness-enforcing pure net supervisor. Recently, based on the technique of reachability graph
analysis and self-loop structures of Petri nets, Chen et al. propose nonpure Petri net supervisors for optimal deadlock control
of AMS [32]. Their methods can ﬁnd maximally permissive liveness-enforcing supervisors for the class of Petri nets mentioned
in [204]. It is challenging to design an optimal supervisor for generalized Petri nets based on siphons. Self-loops and interval
inhibitor arcs [33] look promising in the design of optimal supervisors for Petri net in the future.
In [128], a maximally permissive control policy for a subclass of S3 PR based on the new ground-breaking theory of token distribution pattern of unmarked siphons is proposed. This has the advantage of avoiding the computation of new siphons derived
from monitor places since the unmarked pattern solely determines the controller region (or control arcs) and the initial marking.
There is no need to construct the reachability tree and hence the problem is no longer NP-hard. This results in fewer monitors and
more reachable states as shown by two well-known S3 PR. Future work should consider how to add minimal number of weighted
control arcs to make controlled nets maximally permissive and to extend to other complicated nets.
For manufacturing systems with unreliable resources, no much work is found on robust supervision design based on Petri
nets. The work [127] only seeks to simple or even naive solution for S3 PR. There is an obvious drawback in this study. The
ﬁnal supervisor for S3 PR is too complex in structure even though the algorithm is easily implemented in theory. In fact, robust
liveness-enforcing supervisor design is much more diﬃcult for complex manufacturing systems. Further, more effective methods
with low computational overheads and simple structural complexity can be potentially studied in the future.
As far as we know, most of researchers in Petri net community model AMS by process-oriented Petri nets (POPN). Recently,
in deadlock resolution for AMS, another type of Petri nets called resource-oriented Petri nets (ROPN) is developed in [177–188].
These studies present a different way to control deadlock based on ROPN. Especially, in [186], Wu and Zhou show that there is a
close relationship between a production process circuit (PPC) in an ROPN and a siphon in an S3 PR. We can draw inspiration from
this internal relation. Siphons and PPC can be combined to control deadlocks. Also the analysis and computation of siphons and
other structural objects in context of high level [5,154] or timed Petri nets need to extend to be operational.
7. Conclusions
As a structural object, siphons play an important role in the analysis of structural and behavioral properties of Petri nets.
This paper surveys the state-of-the-art siphon theory of Petri nets including basic concepts, siphons computation, controllability
conditions, and deadlock control policies. Some open problems are discussed, such as the maximally permissive supervisor
design problems and their application to robust control area.
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