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Abstract
Given a directed graph with n nodes, a root r, a set X of k nodes called terminals
and non-negative weights ω over the arcs, the Directed Steiner Tree problem
(DST) asks for a directed tree T ∗ of minimum cost ω(T ∗ ) rooted at r and
spanning X.
If this problem has several applications in multicast routing in packet switching networks, the modeling is no longer adapted in networks based upon the
circuit switching principle, in which some nodes, called non-diffusing nodes, are
not able to duplicate packets. We study a generalization of DST, called Directed
Steiner Tree with Limited number of Diffusing nodes (DSTLD), able to model
the multicast routing in a network containing at most d diffusing nodes.
We provide an FPT exact algorithm running in time O(td ·dk ·n·(d+k)) and
in polynomial space for DSTLD, where td is the number of unordered rooted
trees with d unlabelled nodes. Thereby, we also provide the first exact algorithm
running in polynomial space and in FPT time with respect to k which returns
an optimal solution for DST instead of the optimal cost only.
Keywords: Directed Steiner Tree, Parameterized Complexity, Dynamic
programming

1. Introduction
Problem 1. Given a directed graph with n nodes, a root r, a set X of k nodes
called terminals and non-negative weights ω over the arcs, the Directed Steiner
Tree problem (DST) asks for a directed tree T ∗ of minimum cost ω(T ∗ ) rooted
at r and spanning all the terminals.
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As a generalization of the NP-Complete Undirected Steiner Tree problem [8],
DST is itself NP-Complete. The Steiner problems are known to have applications essentially in multicast routing where one wants to minimize bandwidth
consumption [2, 10, 14], when the graph modelises a network (typically an MPLS
network) and a tree modelises a multicast scheme (one-to-many communication)
in this network.
The DST model assumes that when a branching node (i.e., a node with at
least 2 successors) of the tree receives multicast data, it can transmit it to its
multiple successors. This is the case in classical packet switching networks.
However, previous works emphasize the fact that, in optical networks, this assumption no longer holds as most of the nodes, called non-diffusing nodes, can
not copy any multicast data [7, 11, 12] but only send it to one of its children.
As a consequence, a non-diffusing branching node has to receive p copies of the
data to transmit it to p children. The cost of an arc has to be paid each time the
data is sent through that arc. Fortunately, some routers, called diffusing nodes,
can duplicate data and thus need to receive any data only once. Those routers
add extra cost to the network due to maintenance and, when splitting packets,
they can introduce supplementary delay to the transmission or an attenuation
of the optical signal. Therefore they have to be limited in the solution.
Note that the root can generate and send multiple copies of the same data
without being a diffusing node. However, in order to simplify some of the
demonstrations in this paper, we assume that a non-diffusing root generates
and sends the data only once.
The diffusing nodes are not predefined in the graph: we only know the
number d of diffusing nodes we can use. Intuitively, a multicast request can be
answered by a d-route : a set of at most d chosen diffusing nodes and a set of
path P, each one defining the route of non-diffusing nodes followed by a copy of
the multicast data from the root or a diffusing node to another diffusing node
or a terminal such that each terminal and each diffusing node receives at least
one copy of the data. Some arcs may possibly belong to two or more paths of
P. The cost of the d-route is the sum of the weights of the paths in P. We want
to determine a minimum cost d-route.
In order to describe that route, we introduce the shortest paths graph.
Definition 1. Let G be a directed graph and ω a weight function over the arcs
of G. We define as ω . (u, v) the cost of a shortest path linking u to v, or +∞ if
such a path does not exist. The shortest paths graph G. = (V, A. ) is a complete
graph where each arc (u, v) is weighted by ω . (u, v).
There is a relation between the trees in G. linking the root to the terminals,
using at most d internal branching nodes and the d-routes in G.
Let T . be a tree in G. linking the root to the terminals, using at most d
internal branching nodes. We build a d-route in G by following the shortest
paths described by the arcs of T . . Each time the data encounters an internal
branching node of T . , this node is chosen as a diffusing node and the data is
copied as many P
times as necessary to follow the shortest outgoing paths of that
node. The cost (u,v)∈T . ω . (u, v) is exactly the cost of the d-route.
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Conversely, we now assume we know d-route which cost is ω. We define the
tree T . in G. with at most d internal branching nodes as the set of arcs (u, v)
where u is the root or a diffusing node, v is another diffusing node or a terminal
and u send a copy of the multicast data to v. As each arc of G. is weighted
with a shortest path cost, the weight of T . is less than ω.
Consequently, an optimal solution of the following problem gives an optimal
placement of the diffusing nodes and an optimal d-route.
Problem 2. Given a directed graph G with n nodes, a root r, a set X of k
nodes called terminals, non-negative weights ω over the arcs and an integer d ∈
J1; k − 1K, the Directed Steiner Tree problem with Limited number of Diffusing
nodes (DSTLD) asks for a minimum cost directed tree in G. rooted at r and
spanning all the terminals with at most d internal branching nodes.
DSTLD is XP with respect to d and can not be approximated in polynomial
k
[15].
time with a better ratio than 1 + ( 1e − ε) d−1
We assume the shortest paths graph G. is given. If not, it can be built in
polynomial time and space using Dijkstra’s algorithm.
Remark 1. DSTLD is a generalization of DST where d = k − 1. Indeed, an
optimal Steiner tree contains at most k − 1 branching nodes. Consequently, if
only the branching nodes are defined as diffusing nodes, the cost of the tree
remains the same.
In this paper, we are interested in the Fixed-Parameter Tractability of DST
with respect to k. That DST belongs to FPT is not new, but, to our knowledge,
there is no algorithm running in polynomial space and in FPT time with respect
to k, which returns an optimal solution for DST instead of the optimal cost only.
Table 1 summarizes known parameterized algorithms for the Undirected Steiner
Tree problem, which can be adapted for DST and DSTLD.
Time
Complexity
O∗ (3k )1
O∗ ((2 + ε)k ), ε > 0
O∗ (2k )
O∗ (5.96k nO(log(k) )
O∗ (2k )
O∗ (1 · 3 · 5 · · · (2k − 3))

Space
Complexity
O∗ (2k )
O∗ (2k )
O∗ (2k )
P
P
P

Returns
ω(T ∗ )
YES
YES
YES
YES
YES
YES

Returns
T∗
YES
YES
YES
YES
NO
YES

Reference
[3]
[6]
[1]
[5]
[9]
Theorem 8

Table 1: Parameterized algorithms for the Undirected and Directed Steiner Tree problems.
We distinguish algorithms returning only the value ω(T ∗ ) of an optimal solution T ∗ and
algorithms returning T ∗ .

1 The

O∗ notation omits the polynomial factors.
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We provide an FPT exact algorithm for DSTLD running in time O(td · dk ·
n · (d + k)) and using polynomial space where td is the number of unordered
rooted trees with d unlabelled nodes. As DSTLD is a generalization of DST, we
also provide an exact algorithm for DST, FPT in k by using polynomial space.
2. The algorithm description
In this section, we describe an exact algorithm for DSTLD. Let I = (G =
(V, A), r, X, ω, d) be an instance for DSTLD.
We firstly regroup every possible solution for DSTLD in classes called patterns. The main idea of the algorithm is that determining an optimal solution
among all the trees of one pattern can be done in polynomial time. Furthermore,
the number of patterns only depends on k and d.
2.1. Patterns
Definition 2. A pattern for instance I is a tree rooted at r with k leaves and d
unlabelled internal branching nodes. The root has only one child. Each internal
node has at least two children. Each leaf is a distinct terminal in X. The
children of any node are not ordered so that swapping two children (and the
subtrees rooted at them) does not modify the pattern.
r

r

r
r

t1

t1

t2
t5 t4 t3

t1

t4

t3

t5 t2 t3

t5 t4

t2
t5 t4 t3 t2 t1

Figure 1: Four examples of distinct patterns for an instance with d = 3 and k = 5. There are
120 such patterns. Note that on the first pattern, if we exchange t2 and t4 , we get another
pattern, but if we exchange t3 and t4 , we do not as the children of a same node are not
ordered. Similarly, on the last pattern, if we swap the set of terminals {t1 , t2 } and {t3 , t4 , t5 },
as the internal nodes are unlabelled, we get the same pattern.

We now describe how to find a feasible solution of I from a pattern.
Definition 3. Let P be a pattern for I and IP its unlabelled internal nodes.
A labelling function associates to each node of IP a node of V and associates
each node in {r} ∪ X to itself.
A labelling function κ of P is associated to a feasible solution of I.
Definition 4. Let P be a pattern for I and κ a labelling of P . The feasible
solution κ(P ) is in G. the set of arcs (κ(v1 ), κ(v2 )) for each arc (v1 , v2 ) in P .
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It is important to note that the definition of a labelling function κ of a
pattern P allows multiple nodes of P to be labelled with the same node and
allows internal nodes to be labelled with the root or terminals. If two nodes, v1
and v2 , with same label are linked in P , the resulting arc (κ(v1 ), κ(v2 )) in κ(P )
is empty.
Lemma 1. There are at most td · dk patterns for I where td is the number of
unordered rooted trees with d unlabelled nodes1 .
Proof. A pattern for I is an unordered rooted tree with root r, d unlabelled
internal branching nodes and k labelled leaves. Thus, we can build a set containing all the patterns (but not only the patterns) by iterating over all unordered
rooted trees P0 with d nodes, linking r to the root of P0 and selecting for each
terminal a node of P0 as father. There are at most td · dk such trees.

Lemma 2. If d = k − 1, there are 1 · 3 · 5 · · · 2k − 3 patterns for I.
Proof. If d = k − 1, the patterns are rooted unordered binary trees with k
labelled leaves. To enumerate all those trees, we can adapt the algorithm from
[13]: from a pattern with k − 1 terminals, one can build a unique pattern with k
terminals by choosing any node v except the root (v can be an internal node or
a leaf), by inserting a new node v 0 between v and its father, and then inserting
the k-th terminal as a second child of v 0 . There are 2k − 3 choices for v. Thus
if there are f (k) patterns with k leaves and k − 1 internal branching nodes,
f (k) = f (k − 1) · (2k − 3). As f (1) = f (2) = 1, f (k) = 1 · 3 · 5 · · · 2k − 3. This
result can also be found in [4, page 129].

We now build a dynamic programming algorithm to determine, for a given
pattern P , the labelling function κ minimizing the cost of the solution κ(P ).
2.2. A dynamic programming algorithm
Let P be a pattern for I. We want to find the labelling function κ of P
minimizing the cost of the solution κ(P ).
We associate, to each node v of P , two arrays:
• Cv is an array of size n containing, for each node u ∈ V , the cost of the
subtree of P rooted at v if κ(v) = u,
• Dv is a matrix of size n · |ch(v)|, where ch(v) are the children of v in P .
For each node u ∈ V and each child w ∈ ch(v), Dv [u, w] contains the most
fitting label κ(w) of w if κ(v) = u.
For terminal (and leaf) t, we initialize the array Ct with Ct [t] = 0 and
Ct [u] = +∞ for u 6= t. The array Dt is empty as t has no child.
1 The

sequence can be found at http://oeis.org/A000081 and in [4]
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For an internal node v of P or the root, we compute Dv and Cv for each
u ∈ V and each child w ∈ ch(v) with:
Dv [u, w] = arg min(ω . (u, x) + Cw [x])
x∈V
X
Cv [u] =
min(ω . (u, x) + Cw [x])
w∈ch(v)

x∈V

(1)
(2)

2.3. The final procedure
The final procedure builds a labelling function κ recursively. It requires a
node v of P and a node u of V to label the subtree of P rooted at v. It sets
κ(v) = u and, for each child w ∈ ch(v), applies the final procedure with w and
Dv [u, w] as inputs. To build the full labelling function, we call this procedure
giving the root of P and r as parameters. Note that the final procedure may
produce a solution κ(P ) with cycles instead of a tree. A feasible solution with
no cycles can be extracted from κ(P ) in polynomial time.
2.4. The pattern algorithm
We use Algorithm 1 to return anP
optimal solution of I. In the description,
for a feasible solution T , ω . (T ) =
ω . (u, v) is the cost of T .
(u,v)∈T

Algorithm 1 Pattern algorithm
1: Initialize T 0 with any feasible solution.
2: for each pattern P for I do
3:
Build arrays C and D in reverse breadth-first-search order
4:
Use the final procedure to build a labelling function κ
5:
T ← κ(P )
6:
if ω . (T ) < ω . (T 0 ) then
7:
T0 = T
8: return T 0

3. Correctness and properties of the algorithm
This section is dedicated to proving the correctness of the algorithm and to
giving an upper bound of its time complexity.
Lemma 3. There is one pattern P ∗ for I and a labelling function κ∗ for which
κ∗ (P ∗ ) is an optimal solution of I.
Proof. Let T ∗ be an optimal solution of I. We need to create a labelled
pattern from T ∗ . Firstly, we guarantee there is a one-to-one correspondence
between the leaves of the pattern and the terminals labelling them. If a leaf
of T ∗ is not a terminal, it is linked to the tree with a path containing arcs of
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weight 0 only as T ∗ is optimal: we can remove that path. If a terminal t is an
internal node, we create a duplicate t0 of t, and link t to it.
Secondly, we guarantee the pattern contains d internal branching nodes. We
contract to a single arc each path linking the root or a branching node of T ∗ to
another branching node or a terminal. As the arcs are weighted with the costs
of shortest paths, and as the solution is optimal, this does not change its cost.
If T ∗ contains less than d ≤ k − 1 internal branching nodes, at least one
node v has a minimum of 3 children. We create a duplicate v 0 of v and link v
to v 0 , we choose 2 children of v and set v 0 as their father. We repeat this until
T ∗ contains d branching nodes. The resulting is a pattern P for I labelled with
κ such that κ(P ) = T ∗ .

We now assume we have built the arrays C and D for the pattern P ∗ . We
will prove that, in this way, we effectively build an optimal labelling function.
We firstly prove that the final procedure builds a feasible solution of cost Cr [r].
Lemma 4. For a node v of P ∗ , let Pv∗ be the subtree of P ∗ rooted at v. If Cv [u]
is not infinite, if we call the final procedure giving v and u as parameters, it
builds a labelling function κ of Pv∗ such that the cost of κ(Pv∗ ) is Cv [u].
Proof. We prove the lemma by induction on the height of v (i.e. the length
of a longest downward path to a leaf from v). If t is a leaf, the only box of Ct
which is finite is Ct [t] = 0. The cost of κ(Pt∗ ) is 0 as κ(Pt∗ ) has no arcs.
If v is an internal
P node, let u ∈ V be such that Cv [u] is finite. By Equation (2), Cv [u] = w∈ch(v) min(ω . (u, x) + Cw [x], x ∈ V ). As Cv [u] is finite, for
each w ∈ ch(v), the chosenPbox Cw [x] is finite. By Equation (1), the chosen x
is Dv [u, w]. Then Cv [u] = w∈ch(v) (ω . (u, Dv [u, w]) + Cw [Dv [u, w]]).
By the inductive hypothesis, the final procedure with w and Dv [u, w] as
parameters builds a labelling function κ of Pw∗ such that the cost of κ(Pw∗ )
is Cw [Dv [u, w]]. In addition, by definition, given v and u as parameters, the
final
labels each node w ∈ ch(v) with Dv [u, w], thus κ(Pv∗ ) costs
P procedure,
.

w∈ch(v) ω (u, Dv [u, w]) + Cw [Dv [u, w]]. The lemma is then true for v.
We now prove that Cr [r] is the cost of T ∗ . As Lemma 4 assures we build a
solution of cost Cr [r], the two lemmas assure we build an optimal solution.
Lemma 5. Cr [r] is the cost of an optimal solution for I.
Proof. By induction on the height of the nodes of P , we will prove the following
property: "Let Pv∗ be the subtree of P ∗ rooted at v. Then Cv [κ∗ (v)] is the cost
of κ∗ (Pv∗ )". If t is a leaf and a terminal, κ∗ (t) = t. As Ct [t] = 0, and as Pt∗ does
not contain any arc, the property is proven for anyPleaves.
. ∗
∗
Assume v is an internal node. Cv [κ∗ (v)] ≤
w∈ch(v) ω (κ (v), κ (w)) +
∗
∗
Cw [κ (w)], by Equation (2). By induction, for each w ∈ ch(v), Cw [κ (w)] is the
cost of κ∗ (Pw∗ ). So Cv [κ∗ (v)] is at most the cost of κ∗ (Pv∗ ).
If Cv [κ∗ (v)] were strictly smaller, the final procedure would build a labelling
function κ0 for Pv∗ of cost strictly smaller than κ∗ (Pv∗ ), by Lemma 4. As a
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consequence, a labelling function κ equal to κ0 on the nodes of Pv∗ , and κ∗ on
others produces a feasible solution κ(P ∗ ) of cost strictly smaller than κ∗ (P ∗ ).
This would contradict the optimality of T ∗ by Lemma 3. The property is then
proved for any node v.

Theorem 6. The pattern algorithm returns an optimal solution.


Proof. By Lemmas 4 and 5.

Theorem 7. The pattern algorithm runs in time O(td · dk · n · (d + k)) and
space O((d + k) · n + n2 ), where td is the number of unordered rooted trees with
d unlabelled nodes.
Proof. According to the lemma 1, there are at most td · dk patterns for I.
Iterating from one pattern to the next one takes at most d + k operations. For
each pattern P , the arrays Cv and Dv are computed in time (n2 + n) · ch(v)
for each node v using equations (1) and (2). As P contains d + k arcs, this
algorithm takes at most (n2 + n) · (d + k) operations. The final procedure in
Line 4 is applied recursively on each node only once. At the same time, it builds
the solution T in Line 5. The comparison in Line 6 is made in constant time.
At each iteration, the algorithm needs the shortest paths graph of size n2 ,
the solution T0 of size at most d + k and its cost, the current pattern P , and for
each node v of P , the arrays Cv and Dv of size n · (ch(v) + 1). Thus the pattern
algorithm runs in time O(td · dk · n2 · (d + k)) and space O(n2 + n · (d + k)). 
Theorem 8. If I is a DST instance, the pattern algorithm runs in time O∗ (1 ·
3 · 5 · · · 2k − 3).
Proof. If I is a DST instance, d = k−1. By Lemma 2, there are 1·3·5 · · · 2k−3
patterns for I, reducing the running time to O∗ (1 · 3 · 5 · · · 2k − 3).

4. Conclusions and perspectives
We have proposed an algorithm running in polynomial space and in FPT
time with respect to k and d for DSTLD. This gave the first FPT algorithm
in k for the Directed Steiner Tree problem in polynomial space, building and
returning an optimal solution. However, considering the multicast application,
the current running time complexities of our algorithms are acceptable for small
networks. Table 1 suggests it is hard to overcome the O∗ (2k ) running time
complexity for DST. A challenging problem would be to reduce the exponential
part of our algorithms from O∗ (k k 2k ) to O∗ (2k ).
Furthermore, our pattern algorithm could give approximation algorithms if
we were able to select a polynomial part of interesting patterns, on which we
would apply our dynamic programming algorithm.
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