IIE.CNAM123 Janvier 200416:44Polyhedral results for a constrained quadratic 0-1 problemAlain Faye, Quoc-an TrinhCEDRIC, Institut d’Informatique d’Entreprise, 18 all�e Jean Rostand, 91025 Evry cedex, Francee.mail: fayea@iie.cnam.frAbstract.In this paper we consider the problem of optimizing a quadratic pseudo-Boolean function subject to thecardinality constraint

xi 1≤i≤n∑ = k with a polyhedral method. More precisely we propose a study of theconvex hull of feasible points included in the Boolean quadric polytope proposed by M.Padberg [16].Finally, we give numerical results for some instances of the problem like bipartition and edge-weightedminimal clique in a graph.Key words: polytope, face, facet, cutting plane algorithm.1. Introduction and notations.The unconstrained quadratic 0-1 optimization problem consists of determining the optimum over

Bn = 0,1{ }n of a quadratic pseudo-Boolean function (qpBf) f xi=1,..,n ( ) = q0 + qixi

1≤i≤n∑ + qijxixj 1≤i<j≤n∑ωηερε αλλ

qi and qij are real numbers. Optimizing an arbitrary qpBf belongs to the class of the NP-hardproblems for which no polynomial algorithm is known. This problem can be extended to theconstrained case. In the sequel, all quadratic pairs i, j are assumed to be present even if qij=0.Given

X ⊂ Bn, X ≠ ∅, λετ υσ χονσιδερ τηε ϕολλοωινγ προβλεμ:

Pf ≡ Minx∈X f xi=1,..,n

( ) = q0 + qixi

1≤i≤n∑ + qijxixj 1≤i<j≤n∑ Λετ

LX = x,y( )∈ Bn+12n(n− 1):x ∈ X, yij = xixj,1≤ i < j≤ n βε τηε λινεαριζατιον οϕ Ξ. Τηε τωοπροβλεμσ Πϕ ανδ

PLf ≡ Minx,y( )∈LX Lf x,y( ) = q0 + qixi1≤i≤n∑ + qijyij1≤i<j≤n∑ αρε εασιλψ σεεν το βε εθυιϖαλεντ,ανδ ιϕ Χ ισ τηε χονϖεξ ηυλλ οϕ ΛΞ, ΠΛϕ ισ αλσο εθυιϖαλεντ το τηε χοντινυουσ λινεαρ προγραμ

Minx,y( )∈C Lf x,y( )βεχαυσε τηε σετ οϕ τηε εξτρεμε ποιντσ οϕ Χ ισ εξαχτλψ ΛΞ.Το σολϖε τηισ λαστ προβλεμ ωιτη σομε λινεαρ προγραμμινγ τεχηνιθυεσ, α ϕυλλ δεσχριπτιον οϕ Χ ισνεχεσσαρψ. Τηισ χαν βε γιϖεν βψ α μινιμαλ σετ οϕ εθυαλιτιεσ ανδ ινεθυαλιτιεσ. Τηισ μετηοδ ηασ βεεν υσεδϕιρστ ιν τηε χασε οϕ

X = Bn, whose convex hull, called Boolean quadric polytope, was initially studiedby M.Padberg [16], followed by E.Boros, P.L.Hammer [6] and N.Boissin [4]. However, the casewith X strictly included in Bn has been less explored. E.Johnson et al. [13] have studied the quadratic0-1 knapsack polytope where X is defined through a knapsack constraint. We can also give the exampleof K.Park et al. [17], A.Mehrotra [14] who worked on the set of points satisfying the criterion k = n2 or k = n2 , τηε προβλεμισ γενεραλλψ ΝΠ−ηαρδ. Τηε μινιμιζατιον οϕ α θπΒϕ υνδερ τηε χονστραιντ

xi 1≤i≤n∑ = k has been alreadystudied in [3] where the height of a qpBf notion is generalized to the constrained case. A lower bound isproposed that can be computed by a linear programming method involving the original xi variables plus,as in the linearization technique above, the yij variables. The aim of this work is to emphasize someproperties of the set of points belonging to the Boolean quadric polytope and satisfying the constraint

xi 1≤i≤n∑ = k that can be useful for a cutting plane method. Though the quadratic problem with the strictequality constraint studied here seems to have some similarity to the one with the large inequalityconstraint studied by K.Park et al.[17], A.Mehrotra[14], it has appeared that the respective structures ofthe induced polytopes are quite different.We will first define the following notations.

IIE.CNAM223 Janvier 200416:44¥´ the real numbers.¥N the set of integers

1,..,n { }.∞ΒΠν τηε σετ οϕ βιναρψ ποιντσ x,y( ):xi ∈ B, yij = xixj i,j∈ N, i < j { }.∞ΒΠν,κ τηε σετ οϕ χονστραινεδ βιναρψ ποιντσ

x,y( )∈ BPn: xii∈N∑ = k .∞Λετ Π βε α σετ οϕ ποιντσ ιν ℜδ τηεν

Aff P( ) ισ τηε αϕϕινε ηυλλ ανδ

Conv P( ) ισ τηε χονϖεξ ηυλλ οϕ Πιν ℜδ.∞

n n φ , ωε ηαϖε

φ Conv(S) ( ) = Conv φ (S)( ).Α πολψτοπε ισ τηε χονϖεξ ηυλλ οϕ α ϕινιτε νυμβερ οϕ ποιντσ. Α σιμπλεξ ισ α πολψτοπε ωηιχη χαν βεεξπρεσσεδ ασ τηε χονϖεξ ηυλλ οϕ αϕϕινελψ ινδεπενδεντ ποιντσ. Ωε νοω γιϖε σομε ρεσυλτσ ον πολψτοπεσ.β) Φαχιαλ στρυχτυρε οϕ πολψτοπεσ [7].Φιρστ ρεχαλλ τηε δεϕινιτιον οϕ α ϕαχε οϕ α χλοσεδ χονϖεξ σετ. Α ϕαχε οϕ α χλοσεδ χονϖεξ σετ Χ οϕ ℜδ ισ αχονϖεξ συβσετ Φ οϕ Χ σ.τ. ϕορ ανψ τωο ποιντσ

y,z ∈ C s.t. the open segment between y and z intersectsF, we actually have

y,z ∈ F. The extreme points of C are the faces of C reduced to one point. It followsimmediately from the above definition that if F is a face of a closed convex set C and if G is a subset ofF, then G is a face of C iff G is a face of F.A consequence on the facial structure of polytopes is the following. Let F be a face of a polytope P,then

ext(F) = F∩ ext(P) and

F = Conv ext(F) ( ), ωηερε εξτ(.) δεσιγνατεσ τηε εξτρεμε ποιντσ οϕ τηεσπεχιϕιεδ σετ. Ρεμαρκ τηατ α ϕαχε οϕ α πολψτοπε ισ αγαιν α πολψτοπε σινχε εξτ(Φ) ισ ϕινιτε. Αν εξτρεμεποιντ οϕ α πολψτοπε ισ υσυαλλψ χαλλεδ α ϖερτεξ.Α ϕαχετ οϕ α πολψτοπε Π ισ α ϕαχε ωηοσε διμενσιον ισ τηε διμενσιον οϕ Π λεσσ ονε. Βψ α προπερ ϕαχε οϕ απολψτοπε Π ωε μεαν α ϕαχε ωηιχη ισ νοτ εθυαλ το Π. Α ϕαχετ οϕ α πολψτοπε Π ισ α μαξιμαλ (ιν τηεινχλυσιον σενσε) προπερ ϕαχε οϕ Π. Λετ Φ βε α προπερ ϕαχε οϕ α πολψτοπε Π, τηεν Φ ισ τηε ιντερσεχτιον οϕτηε ϕαχετσ οϕ Π χονταινινγ Φ. Α σιμπλεξ οϕ διμενσιον ε ηασ ε+1 ϕαχετσ.Α χλοσεδ ηαλϕσπαχε ισ α σετ οϕ ποιντσ ζ σ.τ. ϕ(ζ)≤0 ωηερε ϕ ισ α νον−χονσταντ, αϕϕινε ϕυνχτιον. Απολψηεδρον ισ τηε ιντερσεχτιον οϕ α ϕινιτε νυμβερ οϕ χλοσεδ ηαλϕσπαχεσ. Α πολψτοπε ισ α βουνδεδπολψηεδρον. Σο λετ υσ γιϖε σομε ρεσυλτσ ον πολψηεδρα.χ) Ρεπρεσεντατιον οϕ πολψηεδραλ σετσ [14].Τηε ινεθυαλιτψ ϕ(ζ)≤0, ωηερε ϕ ισ αν αϕϕινε ϕυνχτιον, ισ σαιδ το βε ϖαλιδ ϕορ α πολψηεδρον Π ιϕ

P ⊆ z: f(z) ≤ 0 { } ανδ τηεν

P∩ z: f(z) = 0 { } ισ α ϕαχε οϕ Π χαλλεδ τηε ϕαχε ινδυχεδ ον Π βψ τηεινεθυαλιτψ ϕ(ζ)≤0.Α μινιμαλ ρεπρεσεντατιον οϕ α πολψηεδρον ισ γιϖεν βψ α σετ οϕ ϖαλιδ ινεθυαλιτιεσ ινδυχινγ ιτσ ϕαχετσ ανδ ασετ οϕ ινδεπενδεντ εθυατιονσ δεσχριβινγ ιτσ αϕϕινε ηυλλ.Τηε ϕολλοωινγ ρεσυλτ ισ α υσεϕυλ τοολ ϕορ χηεχκινγ ϕαχετσ.Λετ Π βε α πολψηεδρον σ.τ.

G = H∩ F.Consequence.2.2. Let F be a face of a polytope P s.t.

Aff(F) = z: A(z) = 0 { } ανδ λετ γ(ζ)≤0 βε αϖαλιδ ινεθυαλιτψ ϕορ Φ ινδυχινγ α ϕαχετ οϕ Φ. Τηεν τηερε εξιστσ αν ινεθυαλιτψ η(ζ)≤0 ϖαλιδ ϕορ Π ανδινδυχινγ α ϕαχετ οϕ Π, α σχαλαρ α>0 ανδ α ϖεχτορ λ σ.τ.

h = αg +λ tA.

IIE.CNAM423 Janvier 200416:443. Some characteristics and properties of QPn,k3.1.Affine hull of QPn,k.In this part we define

Bn,k = x ∈ Bn: xii∈N∑ = k . Βεϕορε αρριϖινγ ατ τηε δεσχριπτιον οϕ τηε αϕϕινε ηυλλ οϕΘΠν,κ , ωε ρεχαλλ α χηαραχτεριζατιον οϕ τηε θπΒϕ∏σ ϖανισηινγ ον Βν,κ.Τηεορεμ.3.1 [3]. Φορ

2 ≤ k ≤ n − 2, the qpBf

c x( ) = c0 + cixii∈N∑ + cijxixj i, j∈N,i<j∑ ισ εθυαλ το ζερο ονΒν,κ ιϕ ανδ ονλψ ιϕ

∃λ 0,λ i∈N such that c x( ) = λ 0 xii∈N∑ − k + λ i xjxij∈N,j<i∑ + xixjj∈N,i<j∑ − k − 1( )xi i∈N∑Χορολλαρψ.3.1. Φορ

2 ≤ k ≤ n − 2, the function

f x,y( ) = q0 + qixii∈N∑ + qijyij i, j∈N,i<j∑ ισ εθυαλ το ζερο ονΒΠν,κ ιϕ ανδ ονλψ ιϕ

∃λ 0,λ i∈N such that f x,y( ) = λ 0 xii∈N∑ − k + λ i yjij∈N,j<i∑ + yijj∈N,i<j∑ − k − 1( )xi i∈N∑Προοϕ. Ιτ ϕολλοωσ ϕρομ τηε Τηεορεμ.3.1 ανδ τηε δεϕινιτιον οϕ ΒΠν,κ .Ωε χαν νοω εασιλψ γετ α ρεπρεσεντατιον οϕ τηε αϕϕινε ηυλλ οϕ ΘΠν,κ.Προποσιτιον.3.1. Λετ

Ank x,y( ) βε τηε ϖεχτορ οϕ ϕυνχτιονσ δεϕινεδ ασ ϕολλοωσ

Ank x,y( ) ≡ xii∈N∑ − kyjij∈N,j<i∑ + yijj∈N,i<j∑ − k − 1( )xi i ∈ N τηεν, ϕορ

2 ≤ k ≤ n − 2,

Aff QPn,k

( ) = x,y( )∈ ℜ n n+1( ) 2:Ank x,y( ) = 0 { }, ανδ τηε διμενσιον οϕ ΘΠν,κ ισ

12 n(n − 1)− 1.Proof. To prove the first part let us recall that

Aff BPn,k ( ) = x,y( )∈ ℜ n n+1( ) 2:E x,y( ) = 0 { }, ωηερε

E x,y( ) = 0 is the set of all the affine equalities verified by the points of BPn,k. From Corollary.3.1,

A^n_{k, which are finally sufficient to describe}

Aff BPn,k ( ) ανδ τηεν

Aff QPn,k ( ).Ιϕ ιν τηε σψστεμ οϕ εθυατιονσ

Ank x,y( ) = 0 we substitute the equation

xi i∈N∑ − k = 0 by the linearcombination

xi i∈N∑ − k + 1k − 1 yjij∈N,j<i∑ + yijj∈N,i<j∑ − k − 1( )xi i∈N∑ = 2k− 1 yijj∈N,i<j∑i∈N∑ − k = 0, we obtainan equivalent system from which we can extract the following lower triangular matrix of order n+1whose columns correspond to variables

y12 , x1, x2 ,..., xn

2k− 1 0 L 0

1 − (k − 1) M

1 0 − (k − 1)

0 − (k − 1)

M O 0

0 L 0 − (k − 1) ωηιχη ισ ϕυλλ ρανκ ϕορ κ≥2. Τηεν τηε διμενσιον οϕ

Aff QPn,k ( ) ισ

12 n(n +1)− (n +1) = 12 n(n − 1)− 1 andthe dimension of QPn,k follows.Consequence.3.1. If

f x,y( ) ≤ 0 induces a facet of QPn,k and

g x,y( ) ≤ 0 is a valid inequality forQPn,k whose face induced contains the facet induced by

f x,y( ) ≤ 0, there exists a scalar a and a vector

λ ∈ ℜ n+1 such that

g = αf +λ tAnk.Remark.3.1. For

λ = λ 0λ i∈N ∈ ℜ n+1, λ tAnk = − λ 0k + λ 0 − k − 1( )λ i ( )xi i∈N∑ + λ i +λ j( )yij i, j∈N,i<j∑. ΙΙΕ.ΧΝΑΜ523 ϑανϖιερ 200416:44Ιν τηε ρεστ οϕ τηισ παπερ ωε νοτε

Ank the vector of functions defined above and consider polytopes QPn,kfor 2£k£n-2.3.2.Operations on facets of QPn,kWe describe in the following lemmas some useful operations to build a new inequality inducing facetfrom a given inequality inducing facet.Indices permutation operation.Lemma.3.1. Let us consider this notation

g = q^0 + q^ix^i i∈N∑_{+ q}ij_yij^{i,j∈N,i<j}∑ δεϕινεδ βψ τηε τρανσϕορματιον

Ψ: q_0 = a_0 + a_{ii∈N}∑ + a_{iji,j∈N,i<j}∑ qi = − ai − ajij∈N,j<i∑ + aijj∈N,i<j∑ i ∈ N qij = aij i,j∈ N,i < j χορρεσπονδσ το α ϖαλιδ ινεθυαλιτψ ινδυχινγ α ϕαχετ οϕ

QPn,n− k.Proof. Let

φ :(x,y)∈ ℜ n n+1( ) 2 → ( ′x , ′y )∈ ℜ n n+1( ) 2

be the affine mapping defined by

′xi =1− xi i =1,...,n

′yij =1− xi − xj + yij 1≤ i < j≤ n {φ ισ χλεαρλψ βιφεχτιϖε ανδ

φ − 1 = φ. Εαχη ποιντ οϕ ΒΠν,κ ηασ τηρουγη φ αν υνιθυε ιμαγε ιν ΒΠν,ν−κ ανδ, ασφ ισ αϕϕινε, τηε ιμαγε οϕ ΘΠν,κ τηρουγη φ ισ ΘΠν,ν−κ ανδ ϖιχε ϖερσα. Γιϖεν ϕ αν αϕϕινε ϕυνχτιον, συπποσεγ αν αϕϕινε ϕυνχτιον ϕουνδ συχη τηατ

C.0 [ ]:g φ z( )( ) = f z( ) z ∈ QPn,kThen¥

f z( ) ≤ 0 is valid on QPn,k ⇔ g z( ) ≤ 0 is valid on QPn,n− k.¥The affine independency is conserved through the invertible affine mapping j, so

f z( ) ≤ 0 induces a facet of QPn,k ⇔ g z( ) ≤ 0 induces a facet of QPn,n− k.As

φ − 1 = φ [Χ.0] ισ εθυιϖαλεντ το

g ′z( ) = f φ ( ′z )( ) ′z ∈ QPn,n− k and then it suffices to choose

g = f oφ = Ψ f( ) ϕορ μακινγ

C.0 [ ] σατισϕιεδ.Ρεμαρκ.3.2. Ασ

Ψ oΨ ισ τηε ιδεντιτψ, τηε χονϖερσε οϕ Λεμμα.3.2 ηολδσ τηατ ισ το σαψ ιϕ

Ψ f( )(x,y) ≤ 0 induces a facet of QPn,n-k then

Ψ Ψ f( ) ( )(x,y) = f(x,y) ≤ 0 induces a facet of QPn,k.3.3.Property relative to QPnLet

clqN,k x,y( ) = k xii∈N∑ − yiji,j∈N,i<j∑ − k k +1( )2 ≤ 0 be the clique inequality that is valid for QPn andinducing a facet of QPn for all

1≤ k ≤ n − 2, see [16]. A more complete description of the cliqueinequality will be given in the next section, just observe now that for any binary point (x,y) of BPn,

x^i

i∈N∑_{= k that is to say BPn,k. As F is the convex hull of itsvertices, we have}

F = Conv BP^{n,k}( ) = QP^{n,k.Consequence.3.2. Because of Consequence.2.2 and Proposition.3.1, if a valid inequality}

f z( ) ≤ 0for QPn,k induces a facet of QPn,k then there exists a valid inequality

g z( ) ≤ 0 for QPn inducing a facet ofQPn such that

∃α > 0 ∈ ℜ , λ ∈ ℜ n+1 and g z( ) = αf z( )+λ tAnk z( ). ΙΙΕ.ΧΝΑΜ723 ϑανϖιερ 200416:444. Σομε ϕαχετσ ϕαμιλιεσ οϕ ΘΠν,κ.Ιν ορδερ το γετ τηε ϕαχιαλ δεσχριπτιον οϕ ΘΠν,κ, Χονσεθυενχε.3.2 αλλοωσ υσ το σεαρχη αμονγ τηεινεθυαλιτιεσ ινδυχινγ ϕαχετσ οϕ ΘΠν. Τηερεϕορε, ινεθυαλιτιεσ χονσιδερεδ ιν τηισ παρτ αρε ϖαλιδ ον ΘΠν,κβεχαυσε τηεψ αρε ον ΘΠν .Ιν τηισ σεχτιον, ωε νεεδ μορε νοτατιονσ.∞ Λετ ζ βε α ποιντ οϕ ΘΠν,κ∞

xiz is the component xi of z.¥

x z( ) = i ∈ N:xiz =1 { }.∞ Λετ Σ ανδ Τ, βε δισφοιντ (ι.ε

S∩ T = ∅) συβσετσ οϕ Ν, τηεν

S:T[ ]= Min i,j( ),Max i,j( )

( ):i ∈ S,j∈ T { }∞ Λετ ε=(ι,φ) βε αν ελεμεντ οϕ [Σ:Τ], τηεν Τ(ε) δεσιγνατεσ τηε ελεμεντ οϕ τηε παιρ {ι,φ} ωηιχη βελονγσ τοΤ.∞ Ιϕ νο πρεχισιον ισ γιϖεν, ωε χονσιδερ

f = a0 + aixi

1≤i≤n∑ + aijyij 1≤i<j≤n∑ ασ τηε γενεραλ εξπρεσσιον οϕ αναϕϕινε ϕυνχτιον.∞ Τηε χοεϕϕιχιεντ αιφ , ι<φ, ωιλλ αλσο βε δενοτεδ βψ αφι (ι.ε αιφ=αφι). Φορ ανψ ελεμεντ ι οϕ Ν ανδ ανψ συβσετ Υοϕ Ν−{ι} ωε δεϕινε

− 1 2 x^i i∈S∑_{− α} x^i i∈S∑_{− α − 1} ≤ 0. Such an inequality is valid for any 0-1 vector x (a member of theproduct is never strictly positive when the other is strictly negative) and then provides through thelinearization of the qpBf involved, the following inequality, called clique inequality,

clqS,α x,y( ) = α xii∈S∑ − yiji,j∈S,i<j∑ − α α +1( )2 ≤ 0 which is valid for BPn and hence for QPn.The vertices of QPn (i.e. BPn) which saturate this inequality can be easily deduced from the abovequadratic formulation and are characterized by letting

z ∈ BPn; then

clqS,α z( ) = 0 iff α ≤ x(z)∩ S ≤ α +1 .It has been proved by M. Padberg [16] that the clique inequality induces a facet of QPn for

S = 2 if α ∈ 0,1{ } ανδ ϕορ

S ≥ 3 if 1≤ α ≤ S − 2.Now we focus on the investigation of conditions for which this inequality induces a facet of QPn,k too.As mentioned before, we consider 2£k£n-2. Some additional restrictions are imposed on k by themagnitude of the integer a and the size of the set N-S.Proposition.4.1.1.Let S be a subset of N such that

2 ≤ S ≤ n − 3 and a be an integer satisfying

S = 2 ⇒ α ∈ 0,1{ } C4.1.1[ ]

S ≥ 3⇒ 1≤ α ≤ S − 2 C4.1.2[ ] Τηεν, ϕορ 2≤κ≤ν−2, τηε χλιθυε ινεθυαλιτψ

clqS,α x,y( ) = α xii∈S∑ − yiji,j∈S,i<j∑ − α α +1( )2 ≤ 0 induces a facetof QPn,k if and only if

α +2 ≤ k ≤ N − S +α − 1 C4.1.3[ ].Προοϕ: συϕϕιχιενχψ. Λετ ϕ(ξ,ψ)≤0 βε α ϖαλιδ ινεθυαλιτψ ϕορ ΘΠν,κ συχη τηατ τηε ϕαχε ινδυχεδ ον ΘΠν,κχονταινσ τηε ϕαχε ινδυχεδ βψ τηε χλιθυε ινεθυαλιτψ.[Χ4.1.1] ανδ [Χ4.1.2] ιμπλψ τηε εξιστενχε οϕ α συβσετ Υ οϕ Σ συχη τηατ

α = U ≤ S − 1. Let

j∈ S− U.[C4.1.3] implies the existence of a subset R of N-S such that

′R in (1) leads to

a_h +a_{hU} +a_{h ′R} = a_j +a_{jU} +a_{j ′R (1�)and (1) - (1�) gives}

a_{h ′h} − a_{h ′′h} = a_{j ′h} − a_{j ′′h (2)which is valid}

∀ j∈ S,∀ h, ′h , ′′h ∈ N − S, since the sets U, R are arbitrarily chosen.If

S ≥ 3 then [C4.1.2] implies that

1≤ U ≤ S − 2. Let

i ∈ U,

′i ∈ S− U − j and

′U = U − i + ′i.Substituting U by U� in (1) leads to

ah +ah ′U +ahR = aj +aj ′U +ajR (1�) and (1)-(1�) gives

ahi − ah ′i = aji − aj ′i (3)which is valid

∀ j,i, ′i ∈ S, ∀ h ∈ N − S, since the sets U, R are arbitrarily chosen.Without lost of generality (see Lemma.3.1) let s, t be two elements of S (recall

S ≥ 2) and 1, 2, 3 bethree elements of N-S (recall

and then let λ h h ∈ (N − S)− 1,2,3{ } defined through a1h = λ 1 +λ h and λ i i ∈ S defined through a1i = λ 1 +λ i and finally μ defined through ast = λ s +λ t − μΤηεν

(2) with ′′h =1, ′h = 2,h = 3 gives aj2 = aj1 +a23 − a13 = λ j +λ 2 ∀ j ∈ S (2) with ′′h = 2, h =1 gives aj ′h = aj2 +a1 ′h − a12 = λ j +λ ′h ∀ j ∈ S,∀ ′h ∈ (N − S)− 1,2{ } (2) with ′′h =1 gives ah ′h = aj ′h − aj1 +a1h = λ h +λ ′h ∀ h, ′h ∈ (N − S)− 1{ }Ιϕ

S ≥ 3 then

(3) with j = s, ′i = t gives asi = ahi − aht +ast = λ i +λ s − μ ∀ i ∈ S− s,t{ } (3) with ′i = s gives aij = asj +ahi − ahs = λ j +λ i − μ ∀ i,j∈ S− s{ }Νοω, σινχε

clq_{S,α} z( ) = 0, whose one and only solution necessarily is

a^0 = − kλ^0 − 1

2 α (α +1)μ.Νοω λετ υσ ϖεριϕψ τηατ τηε ϕαχε ινδυχεδ βψ τηε χλιθυε ινεθυαλιτψ ισ στριχτλψ χονταινεδ ιν ΘΠν,κ. Ασ[Χ4.1.3] ιμπλιεσ

k − α +1≤ N − S

and k-2‡0, there exists subsets U of S and R of N-S such that

if α ≥ 1 U = α − 1 and R = k − α +1

if α = 0 U = 2 and R = k − 2Let z of BPn,k such that x(z)=U+R then

clqS,α z( ) ≠ 0.Finally we have exhibited

λ = λ 0λ_{i∈N} and μ συχη τηατ

f = μclq^{S,α} +λ^tAn^{k. As}

clq^{S,α} z( ) ≠ 0 for some zof QPn,k, the clique inequality

clq^{S,α} (x,y) ≤ 0 induces a facet of QPn,k.Proof: necessity. For the necessary part, observe the following inclusions.If

2 ≤ k ≤ α +1, the condition

S ≤ n − 3 (i.e.

N − S ≥ 3) implies there exists

h,r ∈ N − S and

N − S ≠ h,r{ }. Λετ ζ βε α ϖερτεξ οϕ ΘΠν,κ (ι.ε. ποιντ οϕ ΒΠν,κ) ωηιχη σατυρατεσ τηε χλιθυε ινεθυαλιτψ

clq_{h,r{ },0} z( ) = 0 and

clq_{S,α} z( ) ≠ 0 (take z s.t.

0 ≤ x(z)∩ S ≤ α − 1 and x^{rz} = 0). Hence the face induced by the cliqueinequality is strictly included in the face induced by

clq h,r{ },0 which is itself strictly contained in QPn,kfor k‡2.For the case

n − 2 ≥ k ≥ N − S +α, αππλψινγ τηε χομπλεμεντ οπερατιον οϕ Λεμμα.3.2, ιϕ ΙΙΕ.ΧΝΑΜ923 ϑανϖιερ 200416:44

clqS,α x,y( ) ≤ 0 induces a facet of QPn,k, then

Ψ clqS,α

( ) x,y( ) = clqS, S − α − 1 x,y( ) ≤ 0 induces a facet ofQPn,n-k. Letting

′k = n − k, ′α = S − α − 1, we obtain

clqS, ′α x,y( ) ≤ 0 inducing a facet of QPn,k� with

2 ≤ ′k ≤ ′α +1, that contradicts the result above.Remark.4.1.1. Here we give additional information on the necessity of the conditions involved in theprevious proposition. In this paragraph

F clqS,α ( ) δενοτεσ τηε ϕαχε ινδυχεδ βψ τηε χλιθυε ινεθυαλιτψ α ∈ k − 3,k − 2,k − 1,k { } ιν ορδερ το γετ

F clqS,α ( ) ≠ ∅. Λετ

N − S = h,l{ } τηεν:α.Φορ

α = k,

F clqS,α ( ) ισ στριχτλψ ινχλυδεδ ιν τηε ϕαχε ινδυχεδ βψ

− yhl ≤ 0.b.For

α = k − 1,

clqS,α ισ τηε χλιθυε ινεθυαλιτψ σψμμετριχ οϕ

clqT,β ωιτη

β = 0 and T = h,l{ }; τηατ ισ

− yhl ≤ 0.c.For

α = k − 2, likewise

clqS,α ισ τηε χλιθυε ινεθυαλιτψ σψμμετριχ οϕ

clq h,l{ },1 x,y( ) ≤ 0.d.For

α = k − 3,

F clqS,α ( ) ισ στριχτλψ ινχλυδεδ ιν τηε ϕαχε ινδυχεδ βψ

clq h,l{ },1 x,y( ) ≤ 0.3.For

N − S =1, we must have

α ∈ k − 2,k − 1,k { } ιν ορδερ το γετ

F clqS,α ( ) ≠ ∅. Λετ

N − S = t{ },s ∈ S, then:a.For

α = k − 2,

F clqS,α ( ) ισ εθυαλ το τηε ϕαχε ινδυχεδ βψ

xt − 1≤ 0 which is strictlyincluded in the one induced by

s,t{ },1

F clq_{S,α} ( ) ≠ ∅, ανδ

F clqS,α ( ) ισΘΠν,κ ιτσελϕ.5.Τηε χασεσ

S ∈ 0,1,2 { } αρε τηε σψμμετριχ ονεσ, ιν τηε σενσε γιϖεν ιν 1, οϕ τηε πρεϖιουσ χασεσ

S ∈ N, N − 1, N − 2 { }.6.Μορε γενεραλψ, ιϕ

α = S − 1≥ 1 then

F clqS,α ( ) ισ ινχλυδεδ ιν τηε ϕαχε ινδυχεδ βψ

clq i, j{ },1 x,y( ) ≤ 0, i,j∈ S, i < j.7.At last if

α = S ≥ 1, S ≤ N − 1, then

F clqS,α ( ) ισ στριχτλψ ινχλυδεδ ιν

F clqU,α ( ) ωηερε

S⊂ U, U = S +1.Remark.4.1.2. We have seen (points 3-5 of the previous remark) that the face induced by the cliqueinequality can be equal to QPn,k when

N − S ≤ 1 and

α ∈ k − 1,k { } ορ σψμμετριχαλλψ ωηεν

S ≤ 1 and

α ∈ − 1,0 { }. Ιτ ισ εασψ το ϖεριϕψ τηατ τηεσε αρε τηε ονλψ χασεσ. Ινδεεδ, λετ υσ συπποσε τηατ

S ≥ 2 and

clqS,α = λ tAnk for some

λ = λ 0λ i∈N . Τηεν ωε ηαϖε τηε ϕολλοωινγ σψστεμ

α (α +1)2 = λ 0k

α = λ 0 − (k − 1)λ i α = λ 0 − (k − 1)λ j − 1= λ i +λ j i,j∈ S ωηιχη ιμπλιεσ τηε εθυατιον

α 2 +α (1− 2k)+ k(k − 1) = 0 whose solutions are

α = k and

α = k − 1.On the other hand,

S,α ισ σψμμετριχ (ιν τηε σενσε γιϖεν ιν ποιντ 1 οϕ τηε πρεϖιουσ ρεμαρκ) οϕ clq_{S,α} (z) ≤ 0 and

clq N− S,β (z) ≤ 0 induce the same face (that is to say QPn,k ) necessarily

N − S ≤ 1.

IIE.CNAM1023 Janvier 200416:44For

k = 2 and k = n − 2, the elementary clique inequalities (those where

S = 2) give a minimaldescription of QPn,k, as we are going to see.Proposition.4.1.2. The following equalities hold true:

QPn,2 = x,y( ):An_2 x,y( ) = 0, clq_{i,j{ },0} x,y( ) ≤ 0, ∀ i,j( )∈ N × N, i < j { }

QP^{n,n− 2} = x,y( ):A^n_{− 2} x,y( ) = 0, clq_{i,j{ },1} x,y( ) ≤ 0, ∀ i,j( )∈ N × N, i < j { }Μορεοϖερ, τηεσε πολψτοπεσ αρε σιμπλιχεσ ανδ τηειρ ϕαχετσ χορρεσπονδ, ιν α ονε−το−ονε μαννερ, το τηεινεθυαλιτιεσ γιϖεν ιν τηειρ αβοϖε ρεσπεχτιϖε δεσχριπτιονσ.Προοϕ. Φιρστ, λετ υσ ϕοχυσ ον ΘΠν,2. Λετ ϕ βε αν αϕϕινε ϕυνχτιον ωηιχη ισ νεγατιϖε ορ νυλλ ον ΘΠν,2. Ινπαρτιχυλαρ, ϕ ισ νεγατιϖε ορ νυλλ ον ΒΠν,2 ; τηατ ισ

∀ i,j,1≤ i < j≤ n, a0 +ai +aj +aij ≤ 0.As a consequence

∀ i,j,1≤ i < j≤ n, ∃α ij ≥ 0 s.t.aij = − α ij − a0 − ai − aj.Letting

λ 0 = − a02 , λ i = − a02 − ai, i =1,...,n, f can be written

f = − α ijyij 1≤i<j≤n∑ − 2λ 0 + λ 0 − λ i( )xi 1≤i≤n∑ + λ i +λ j( )yij 1≤i<j≤n∑ = α ijclq i,j{ },0

1≤i<j≤n∑ +λ tAn2Then f is a positive linear combination of

clq i, j{ },0 plus a linear combination of

An2. Thus the

clq i, j{ },0 for1≤ i < j≤ n are sufficient to describe the proper faces of QPn,2.QPn,2 is a simplex. Indeed it has

12 n(n − 1) vertices and contains the same number of affinelyindependent points (Proposition.3.1) then necessarily its vertices are affinely independent.Now, since QPn,2 is a simplex of dimension

Ψ f( )(x,y) ≤ 0 induces a facetof QPn,2 (Lemma.3.2) that is to say

Ψ f( ) = αclq_{i,j{ },0} +λ_tA^n_{2 for some}

i, j∈ N with

a scalar α > 0, λ = λ_0λ^{i∈N} ∈ ℜ_{n+1. Since}

Ψ oΨ ισ τηε ιδεντιτψ, ωε ηαϖε

f = Ψ Ψ f( ) ( ) = αΨ clq i,j{ },0 ( )+ Ψ λ tAn2( ) = αclq i,j{ },1 +μtAn− 2 with

μ= − λ i i∈N∪ 0{ }∑λ i∈N . Ηενχε τηε ϕαχετσοϕ ΘΠν,ν−2 χαν βε δεσχριβεδ βψ τηε χλιθυε ινεθυαλιτιεσ

clq i, j{ },1(x,y) ≤ 0. As QPn,n-2 is a simplex ofdimension

12 n(n − 1)-1 too, it has

12 n(n − 1) facets described, in a one-to-one correspondence, by theinequalities

clq i, j{ },1(x,y) ≤ 0 for

i, j∈ N, i<j.4.2.The cut inequality familyLet S and T be non-empty, disjoint subsets of N. Then consider the following quadratic inequality

− 12 xii∈T∑ − xii∈S∑ xii∈T∑ − xii∈S∑ − 1 ≤ 0. Such an inequality is valid for any 0-1 vector x and thenprovides through the linearization of the qpBf involved, the following inequality, called cut inequality,

cutS,T x,y( ) = − xii∈S

− yij

i, j∈S,i<j

+ ye

e∈[S:T]

− yij

i, j∈T,i<j

≤ 0 which is valid for BPn and hence for QPn.The vertices of QPn (i.e. BPn) which saturate this inequality can be easily deduced from the abovequadratic formulation and are characterized in the following manner: let

N − S∪ T ( ), μινιμαλ ΙΙΕ.ΧΝΑΜ1123 ϑανϖιερ 200416:44σιζεσ οϕ Σ ανδ Τ αρε ρεθυιρεδ ωηιχη αρε χομπυτεδ βψ χονσιδερινγ αν εθυαλ διστριβυτιον ιν Σ ανδ Τ οϕ τηεελεμεντσ οϕ ξ(ζ), ζ βελονγινγ το ΒΠν,κ, ωηιχη χαννοτ εντερ

N − S∪ T ( ).Ωε ρεχαλλ τηε ϕολλοωινγ υσυαλ νοτατιον. Φορ ανψ ϕραχτιοναλ νυμβερ α≥0,

a δεσιγνατεσ τηε γρεατεστιντεγερ σμαλλερ ορ εθυαλ το α ανδ

a τηε σμαλλεστ ιντεγερ γρεατερ ορ εθυαλ το α.Προποσιτιον.4.2.1. Λετ Σ ανδ Τ βε νον−εμπτψ, δισφοιντ συβσετσ οϕ Ν, λετ

S∪ T = N − S∪ T( ) ανδλετ κ συχη τηατ 3≤κ≤ν−3.Τηεν τηε χυτ ινεθυαλιτψ

cutS,T(x,y) = − xii∈S∑ − yiji,j∈S,i<j∑ + yee∈[S:T]∑ − yiji,j∈T,i<j∑ ≤ 0 induces a facet of QPn,k ifand only if the following conditions hold

T =1⇒ S =1 C4.2.1[ ] 2 ≤ S ⇒ 4 ≤ k C4.2.2[ ] S∪ T < k ⇒ 2 + k − S∪ T2 ≤ S C4.2.3[ ] S∪ T ≤ k ⇒ 2 + k − S∪ T2 ≤ T C4.2.4[ ] 4 ≤ S∪ T C4.2.5[ ] Προοϕ: συϕϕιχιενχψ. Λετ ϕ(ξ,ψ)≤0 βε α ϖαλιδ ινεθυαλιτψ ϕορ ΘΠν,κ συχη τηατ τηε ϕαχε ινδυχεδ ον ΘΠν,κχονταινσ τηε ϕαχε ινδυχεδ βψ τηε χυτ ινεθυαλιτψ.Ωε σηαλλ χονσιδερ ποιντσ ζ1, ζ2 οϕ ΒΠν,κ χονστρυχτεδ ωιτη συβσετσ ≠

U = V and

′R ⊂≠ R⊂≠ S∪ T s.t.

U + V + R = k − 1 and

′R = R − 2. In the following, we will design i anelement of S-U, j an element of T-V and h an element of

S∪ T − R.Let z1, z2 s.t.

x(z1) = U + V + j+ R x(z2 ) = U + V + h + R . Ασ

cutS,T z1( ) = cutS,T z2( ) = 0 then f(z1)-f(z2)=0 which gives

a j +ajU +ajV +ajR = ah +ahU +ahV +ahR (1)Now if

1≤ R ≤ S∪ T − 2 then let

′h ∈ R, ′′h ∈ S∪ T − R − h and let

′′R = R − ′h + ′′h obtained fromR by permuting h� and h�. Substituting R by R� in (1) leads to a new relation (1�) and (1)-(1�) gives

a j ′h − aj ′′h = ah ′h − ah ′′h (a)Now suppose that

cutS,T z1( ) = cutS,T z2( ) = 0 then f(z1)-f(z2)=0 which gives a j +ajU +ajV +aj ′R +aij +aj ′j = ah +ahU +ahV +ah ′R +aih +ah ′j (2). Let {h�, h�}=R-R� then (1)-(2)gives

aij +aj ′j = aj ′h +aj ′′h − ah ′h − ah ′′h +aih +ah ′j (b)Now if

′h ∈ ′R , ′′h ∈ S∪ T − ′R − h and let

′′R = ′R − ′h + ′′h obtained from R� bypermuting h� and h�. Substituting R� by R� in (2) leads to a new relation (2�) and (2)-(2�) as abovegives (a).Now let us prove that the conditions [C4.2] allow us to construct z1, z2 with subsets U, V, R, R� andR� this last one obtained from R or R�.If

′R = k − 3 ≥ 0.If

k ≥ S∪ T

let us choose

U = V = η where η = k − S∪ T 2 . Τηεν [Χ.4.2.3] ανδ [Χ4.2.4] ιμπλψτηατ

S− U ≥ 1 and T − V ≥ 2 showing that the sets S-U and T-V have sufficient cardinalities toconstruct z1 and z2 in every case.It follows from the definition of h that

S∪ T − 1≤ k − 2η ≤ S∪ T

. Then

IIE.CNAM1223 Janvier 200416:44

R = k − 2η − 1≤ S∪ T − 1 and

′R = k − 2η − 3 ≥ S∪ T − 4 ≥ 0 where non-negativity is ensuredby [C4.2.5]. Moreover, if

k − 2η = S∪ T

then [C4.2.5] implies

1≤ S∪ T − 3 = ′R showing thatR� can be constructed from R� and if

k − 2η = S∪ T − 1 then [C4.2.5] implies

1≤ R = S∪ T − 2showing that R� can be constructed from R.At last, as the sets U, V, R, R� are arbitrarily chosen, we have proved that (a) is valid

∀ j ∈ T, ∀ h, ′h , ′′h ∈ S∪ T

and that if

T ≥ 2 (b) is valid

∀ i ∈ S, ∀ j, ′j ∈ T, ∀ h, ′h , ′′h ∈ S∪ T

.Next we shall consider points z1, z2 of BPn,k constructed with subsets U, V, R, R� defined as in theprevious part except that now

U + V + R = k − 2. As before, we will design i an element of S-U, jan element of T-V and h an element of

S∪ T − R.Let z1, z2 s.t.

x(z1) = U + i + V + j+ R x(z2 ) = U + h + V + j+ R . Ασ

cutS,T z1( ) = cutS,T z2( ) = 0 then f(z1)-f(z2)=0 whichgives

ai +aiU +aiV +aij +aiR = ah +ahU +ahV +ahj +ahR (3)Now if

1≤ R ≤ S∪ T − 2 then let

′h ∈ R, ′′h ∈ S∪ T − R − h and let

′′R = R − ′h + ′′h obtained fromR by permuting h� and h�. Substituting R by R� in (3) leads to a new relation (3�) and (3)-(3�) gives

ai ′h − ai ′′h = ah ′h − ah ′′h (c)Now suppose that

cutS,T z1( ) = cutS,T z2( ) = 0 then f(z1)-f(z2)=0 which gives ai +aiU +aiV +aij +ai ′R +ai ′i +ai ′j = ah +ahU +ahV +ahj +ah ′R +a ′i h +ah ′j (4). Let {h�, h�}=R-R�then (3)-(4) gives

ai ′i +ai ′j = ai ′h +ai ′′h − ah ′h − ah ′′h +a ′i h +ah ′j (d)Now if

T ≥ 2 and thepoints z1, z2 can be constructed with R� and

′R = k − 4 ≥ 0 where non-negativity is ensured by[C4.2.2].If

k > S∪ T

let us choose

U = V = μ where μ= k − S∪ T2 . Τηεν [Χ4.2.3] ανδ [Χ4.2.4] ιμπλψτηατ

S− U ≥ 2 and T − V ≥ 2 showing that the sets S-U and T-V have sufficient cardinalities toconstruct z1 and z2 in every case.It follows from the definition of m that

S∪ T ≤ k − 2μ≤ S∪ T +1. Then

R = k − 2μ− 2 ≤ S∪ T − 1and

′R = k − 2μ− 4 ≥ S∪ T − 4 ≥ 0 where non-negativity is ensured by [C4.2.5]. Moreover, if

k − 2μ= S∪ T +1 then [C4.2.5] implies

1≤ S∪ T − 3 = ′R showing that R� can be constructedfrom R� and if

k − 2μ= S∪ T then [C4.2.5] implies

1≤ R = S∪ T − 2 showing that R� can beconstructed from R.At last, as the sets U, V, R, R� are arbitrarily chosen, we have proved that (c) is valid

∀ i ∈ S, ∀ h, ′h , ′′h ∈ S∪ T and that if

S ≥ 2 (d) is valid

∀ i, ′i ∈ S, ∀ ′j ∈ T, ∀ h, ′h , ′′h ∈ S∪ T .Without loss of generality (see Lemma.3.1) let s be an element of S, let t be an element of T and 1, 2, 3be three elements of

S∪ T

(recall

S∪ T ≥ 3).

IIE.CNAM1323 Janvier 200416:44Let l1, l2, l3 be solution of the non-singular system

a12 = λ 1 +λ 2 a13 = λ 1 +λ 3 a23 = λ 2 +λ 3

and then let λ h h ∈ S∪ T − 1,2,3{ } defined through a1h = λ 1 +λ h and λ i i ∈ S defined through a1i = λ 1 +λ i and λ j j∈ T defined through a1j = λ 1 +λ j and finally μ defined through ast = λ s +λ t +μΤηεν

(a) with ′′h =1, ′h = 2,h = 3 gives aj2 = aj1 +a23 − a13 = λ j +λ 2 ∀ j∈ T

(a) with ′′h = 2, h =1 gives aj ′h = aj2 +a1 ′h − a12 = λ j +λ ′h ∀ j∈ T,∀ ′h ∈ S∪ T − 1,2{ }

(a) with ′′h =1 gives ah ′h = aj ′h − aj1 +a1h = λ h +λ ′h ∀ h, ′h ∈ S∪ T − 1{ }

(c) with ′′h =1 gives ai ′h = ai1 +ah ′h − ah1 = λ i +λ ′h ∀ ′h ∈ S∪ T − 1{ }Ιϕ

T ≥ 2 then(b) now becomes

aij +aj ′j = 2λ j +λ i +λ ′j ∀ i ∈ S, ∀ j, ′j ∈ T, ∀ h, ′h , ′′h ∈ S∪ T

(b) with j = t,i = s gives at ′j = − ast +2λ t +λ s +λ ′j = − μ+λ t +λ ′j ∀ ′j ∈ T − t{ }

(b) with ′j = t,i = s gives asj = − atj +2λ j +λ s +λ t = μ+λ j +λ s ∀ j∈ T − t{ }

(b) with i = s gives a j ′j = − asj +2λ j +λ s +λ ′j = − μ+λ j +λ ′j ∀ j, ′j ∈ T

(b) gives aij = − aj ′j +2λ j +λ i +λ ′j = μ+λ j +λ i ∀ i ∈ S,∀ j∈ TIf

S ≥ 2 then(d) now becomes

ai ′i = − ai ′j +2λ i +λ ′i +λ ′j = − μ+λ i +λ ′i

∀ i, ′i ∈ SNow (1) becomes

a j +(k − 1)λ j = ah +(k − 1)λ h with

j∈ T − V, h ∈ S∪ T − RNow (3) becomes

ai +(k − 1)λ i +μ= ah +(k − 1)λ h with

i ∈ S− U, h ∈ S∪ T − RAs the sets U, V, R are arbitrarily chosen we have

a j +(k − 1)λ j = ah +(k − 1)λ h = ai +(k − 1)λ i +μ

∀ i ∈ S, ∀ j∈ T, ∀ h ∈ S∪ T and there exists a constant l0 such that a j = λ 0 − (k − 1)λ j ∀ j∈ T ah = λ 0 − (k − 1)λ h ∀ h ∈ S∪ T ai = λ 0 − (k − 1)λ i − μ ∀ i ∈ S Τηε λαστ χοεϕϕιχιεντ α0 χαν βε ϕουνδ βψ σολϖινγ τηε εθυατιον ϕ(ζ)=0, ϕορ ανψ ζ οϕ ΒΠν,κ συχη τηατ

cutS,T z( ) = 0, whose one and only solution necessarily is

a0 = − kλ 0.Now let us verify that the face induced by the cut inequality is strictly contained in QPn,k.There exists subsets

U ⊂ S,V ⊂ T,R ⊂ S∪ T such that

if k ≤ S∪ T U =1 , V = ∅ , R = k − 1 if k > S∪ T U = k− S∪ T2 +1, V = k− S∪ T2 − 1, R = S∪ T Let z of BPn,k such that x(z)=U+V+R then

cutS,T z( ) ≠ 0.Finally we have exhibited

λ = λ 0λ i∈N and μ συχη τηατ

f = μcutS,T +λ tAnk. As

cutS,T z( ) ≠ 0 for some zof QPn,k, the cut inequality

cutS,T (x,y) ≤ 0 induces a facet of QPn,k.Proof: necessity. We now observe the different points of the necessary part.If

S,T is a positive linear combination of the elementary cliques and cuts

2 ≤ S, k = 3, then let

h,l ∈ S, h ≠ l,

F cutS,T ( ) ισ στριχτλψ ινχλυδεδ ιν τηε ϕαχε ινδυχεδ βψ τηεελεμενταρψ χλιθυε ινεθυαλιτψ

− yhl ≤ 0.Let us now denote

R = S∪ T . IIE.CNAM1423 Janvier 200416:44If

R < k then:1.If

S < k − R2 , τηεν

F cutS,T ( ) ισ εμπτψ.2.Ιϕ

S = k − R2 ≥ 1, then

F cutS,T ( ) ισ στριχτλψ ινχλυδεδ ιν τηε ϕαχε ινδυχεδ βψ τηε ϖαλιδ ινεθυαλιτψ

xi − 1≤ 0 where

i ∈ S.3.If

S = k − R2 +1 thena.For

S =1, let

S = i{ }. Ασ

R = k − 1> 0 the set R is non empty and let

h ∈ R, then

S,T

clq_{i, j{ },1} z( ) ≤ 0 where

i, j∈ S.If

R ≤ k then:1.If

T < k − R2 , τηεν

F cutS,T ( ) ισ εμπτψ.2.Ιϕ

T = k − R2 ≥ 1, then

F cutS,T ( ) ισ στριχτλψ ινχλυδεδ ιν τηε ϕαχε ινδυχεδ βψ τηε ϖαλιδ ινεθυαλιτψ

xi − 1≤ 0 where

i ∈ T.3.If

T =1+ k − R2 τηενα.Φορ

T =1, let

T = i{ }. Ασ

R = k > 0 the set R is non empty and let

h ∈ R, then

F cutS,T ( ) ισ στριχτλψ ινχλυδεδ ιν τηε ϕαχε ινδυχεδ βψ τηε ελεμενταρψ χλιθυε ινεθυαλιτψ

clq i,h{ },1 z( ) ≤ 0.b.For

T ≥ 2, then

F cutS,T ( ) ισ στριχτλψ ινχλυδεδ ιν τηε ϕαχε ινδυχεδ βψ τηε ελεμενταρψ χλιθυεινεθυαλιτψ

clq i, j{ },1 z( ) ≤ 0 where

k > R

, we can suppose

S ≥ 2 and

T ≥ 2 since the necessity of these conditions has beenestablished in the previous points. Then we have

N − S ≥ T ≥ 2 and

N − T ≥ S ≥ 2.2.If

k − R > 0 is even, then

F cutS,T ( ) ισ στριχτλψ ινχλυδεδ ιν τηε ϕαχε ινδυχεδ βψ τηε χλιθυεινεθυαλιτψ

clqS,α z( ) ≤ 0 with α = k − R2 . Ασ

S ≥ 2 and

N − S ≥ 2, this clique inequalityinduces a proper face of QPn,k (see Remark.4.1.2).3.If

k − R is odd, then

F cutS,T ( ) ισ στριχτλψ ινχλυδεδ ιν τηε ϕαχε ινδυχεδ βψ τηε χλιθυε ινεθυαλιτψ

clqT,α z( ) ≤ 0 with α = k − R2 . Ασ

T ≥ 2 and

N − T ≥ 2, this clique inequality induces aproper face of QPn,k (see Remark.4.1.2).4.3.The generalized cut inequality familyA new family of valid inequalities is given when the complement operation of Lemma.3.2 is applied tothe cut inequality family. The new inequality obtained this way is called the generalized cut inequality[16].Proposition.4.3.1. Let S and T be non-empty, disjoint subsets of N, let

Ψ cut_{S,T}

( ) = gct_{S,T.4.4.The hypermetric inequality familyThe hypermetric inequality is based on the following quadratic inequality}

− 12 lixi i∈N∑ lixii∈N∑ − 1 ≤ 0where li is an integer for any i of N. This inequality is valid for any 0-1 vector x since then

lixi i∈N∑ ισιντεγερ ανδ τηε τωο μεμβερσ οϕ τηε προδυχτ χαννοτ ηαϖε οπποσιτε σιγνσ. Τηε λινεαριζατιον οϕ τηε θπΒϕινϖολϖεδ προϖιδεσ σομε ϖαλιδ ινεθυαλιτιεσ ϕορ ΒΠν ανδ τηεν ϕορ ΘΠν. Τηεσε ινεθυαλιτιεσ βελονγ το α μορεγενεραλ χλασσ οϕ ϖαλιδ ινεθυαλιτιεσ οϕ ΘΠν ιντροδυχεδ βψ Ε. Βοροσ ανδ Π.Λ. Ηαμμερ ιν [6]. Τηε χασε

li ∈ − 1,0,1 { } χορρεσπονδσ το τηε χυτ ινεθυαλιτψ οϕ Μ. Παδβεργ [16]. Ηερε ωε χονσιδερ τηε χασε στυδιεδβψ Ν. Βοισσιν ιν [4] ωηερε

li =1 ∀ i ∈ S, li = − α i < 0 ∀ i ∈ T, li = 0 otherwise for some non-empty,disjoint subsets S, T of N. The inequality becomes

− 12 xii∈S∑ − α ixi i∈T∑ xii∈S∑ − α ixii∈T∑ − 1 ≤ 0 andits linearization then leads to the following inequality which will be called hypermetric inequality,

hypS,T,α i∈T z( ) = − 12 α i α i +1( )xi

i∈T∑ − α iα jyij

i, j∈T,i<j∑ + α T(e)ye e∈ S:T[ ]∑ − yij i, j∈S,i<j∑ ≤ 0.The vertices of QPn (i.e. BPn) which saturate this inequality can be easily deduced from the abovequadratic formulation and are characterized in the following manner: let

z ∈ BPn then

hypS,T,α i∈T z( ) = 0 iff α ii∈x(z)∩ T∑ ≤ x(z)∩ S ≤ α ii∈x(z)∩ T∑ +1 where the sum over the empty set is set to 0.It has been proved by N. Boissin [4] that the hypermetric inequality induces a facet of QPn if

BP^{′n , ′kwith}

′n = n − T

and

′ k = k − 1. The restriction of the hypermetric inequality to this set of points z leadsto the clique inequality

clq^{S,α i} (z) ≤ 0. Thus in the following conditions, we will find some constraintson the magnitude of k which are similar to those found in the clique inequality for k�=k-1. However,the upper bound on k is somewhat more restrictive but appears necessary, at least in the case where Tcontains only one element.Proposition.4.4.1. Let S and T be non-empty, disjoint subsets of N and

α i∈T integers satisfying

1≤ α i ≤ S − 2 ∀ i ∈ T C4.4.1[ ]

α i +3 ≤ k ≤ N − S∪ T( ) ∀ i ∈ T C4.4.2[ ]

T ≥ 2 ⇒ Maxi,j∈T, i≠ j α i +α j ( ) ≤ Min S,k − 2

( ) C4.4.3 [ ] Τηεν τηε ηψπερμετριχ ινεθυαλιτψ

hyp^{S,T,α} i∈T z( ) = −^12 α i α i +1( )xi

i∈T∑ − α iα jyij

i, j∈T,i<j∑ + α T(e)ye e∈ S:T[ ]∑ − yij i, j∈S,i<j∑ ≤ 0 induces a facet of QPn,k.Proof. Let f(x,y)£0 be a valid inequality for QPn,k such that the face induced on QPn,k contains the faceinduced by the hypermetric inequality.Let

i ∈ T.[C4.4.1] implies the existence of subset U of S such that

1≤ α i = U ≤ S − 2. Then let

′j ∈ U and j, ′′j ∈ S− U j ≠ ′′j( ).[Χ4.4.2] ιμπλιεσ τηε εξιστενχε οϕ συβσετ Ρ οϕ

N − S∪ T ( ) συχη τηατ

R = k − α i − 2 and

1≤ R ≤ N − S∪ T − 2. Then let

′h ∈ R and

h, ′′h ∈ N − S∪ T ( )− R

(h ≠ ′′h ).Now consider

z1,z2 ∈ BPn,k such that

x(z1) = i + U + R + h x(z2 ) = i + U + R + j

.Ασ hypS,T,α i∈T z1( ) = hypS,T,α i∈T z2( ) = 0 then

f z1( )− f z2( ) = 0 which gives

ah +aih +ahU +ahR = aj +aji +ajU +ajR (1)Substituting R by

′R = R − ′h + ′′h in (1) leads to

ah +aih +ahU +ah ′R = aj +aji +ajU +aj ′R (1�) and(1) - (1�) gives

ah ′h − ah ′′h = aj ′h − aj ′′h (2)

IIE.CNAM1623 Janvier 200416:44which is valid

∀ j∈ S,∀ h, ′h , ′′h ∈ N − S∪ T since the sets U, R are arbitrarily chosen.Substituting U by

′U = U − ′j + ′′j in (1) leads to

ah +aih +ah ′U +ahR = aj +aji +aj ′U +ajR (1�) and(1)-(1�) gives

ah ′j − ah ′′j = aj ′j − aj ′′j (3)which is valid

∀ j, ′j , ′′j ∈ S, ∀ h ∈ N − S∪ T since the sets U, R are arbitrarily chosen.Moreover, [C4.4.2] implies the existence of subset R of

N − S∪ T ( ) συχη τηατ

R = k − 1 and

0 ≤ R ≤ N − S∪ T − 1. Then let

h ∈ N − S∪ T

( )− R. Let

j∈ S and consider

z1,z2 ∈ BPn,k such that

x(z1) = R + h x(z2 ) = R + j . Ασ

hypS,T,α i∈T z1( ) = hypS,T,α i∈T z2( ) = 0 then

1 2

h hR j jR (4)Without lost of generality (see Lemma.3.1) let s, s� be two elements of S (recall

a^{12} = λ^1 +λ^2 a^{13} = λ^1 +λ^3 a^{23} = λ^2 +λ^3

and then let λ

h

h ∈ S∪ T − 1,2,3 { } defined through a

1h

= λ

1

+λ

h

and λ

j

j∈ S defined through a

1j

= λ

1

+λ

j

and λ

i

i ∈ T defined through a

1i

= λ

1

+λ

i

and finally μ defined through a

s ′ s

= λ

s

+λ

′ s

− μΤηεν

(2) with ′′ h = 1, ′ h = 2,h = 3 gives a

j2

= a

j1

+a

23

− a

13

= λ

j

+λ

2

∀ j∈ S

(2) with ′′ h = 2, h = 1 gives a

j ′ h

= a

j2

+a

1 ′ h

− a

12

= λ

j

+λ

′ h

∀ j∈ S,∀ ′ h ∈ S∪ T − 1,2 { }

(2) with ′′ h = 1 gives a

h ′ h

= a

j ′ h

− a

j1

+a

1h

= λ

h

+λ

′ h

∀ h, ′ h ∈ S∪ T − 1 { }

(3) with j = s, ′′ j = ′ s gives a

s ′ j

= a

h ′ j

− a

h ′ s

+a

s ′ s

= λ

′ j

+λ

s

− μ ∀ ′ j ∈ S− s, ′ s

{ }

(3) with ′′ j = s gives a

j ′ j

= a

sj

+a

h ′ j

− a

hs

= λ

j

+λ

′ j

− μ ∀ j, ′ j ∈ S− s

{ }Νοω, σινχε τηε σετσ Υ, Ρ χορρεσπονδινγ το (1) αρε συχη τηατ

U + R = k − 2 and

U = α i, (1) becomes

a

h

+a

ih

+(k − 2)λ

h

= a

j

+a

ij

+(k − 2)λ

j

− α

i

μ.Λικεωισε, σινχε τηε σετ Ρ χορρεσπονδινγ το (4) ισ συχη τηατ

R = k − 1, (4) becomes

a

h

+(k − 1)λ

h

= a

j

+(k − 1)λ

jAs the sets R, U are arbitrarily chosen, theses two relations are available

∀ i ∈ T,

∀ h ∈ S∪ T and

∀ j∈ S.Now (1)-(4) gives

a ih − λ h = a ij − λ j − α i μ (5)

(5) with h = 1 gives a

ij

= a

i1

− λ

1

+λ

j

+α

i

μ= λ

i

+λ

j

+α

i

μ ∀ j∈ S,∀ i ∈ T

(5) gives a

ih

= a

ij

+λ

h

− λ

j

− α

i

μ= λ

i

+λ

h

∀ h ∈ S∪ T,∀ i ∈ T(4) implies there exists a constant l0 such that

a

h

+(k − 1)λ

h

= a

j

+(k − 1)λ

j

= λ

0

∀ h ∈ S∪ T

,

∀ j∈ Sand then a

h

= λ

0

− (k − 1)λ

h

∀ h ∈ S∪ T a

j

= λ

0

− (k − 1)λ

j

∀ j∈ S

.Τηε χοεϕϕιχιεντσ ωηιχη αρε στιλλ υνκνοων αρε α0, αι, αιι∏ ϕορ

i,

′

i ∈ T. For each of them, we construct andsolve an equation where they appear alone.For the coefficient a0 , consider z of BPn,k such that

x(z) = R where

R ⊂ S∪ T and

R = k (such setexists see z1 used to built (4)). Then

hyp S,T,α i∈T z( ) = 0 and a0 is the only unknown of the equationf(z)=0.For a coefficient ai

i ∈ T, consider z of BPn,k such that

x(z) = i + U + R where

U ⊂ S,

R ⊂ S∪ T and U = α i,

R = k − α i − 1 (such sets exist see z1 used to built (1)). Then

hypS,T,α i∈T z( ) = 0 and, as a0 isnow determined, ai is the only unknown of the equation f(z)=0.For a coefficient aii�

i, ′i ∈ T, [C4.4.3] implies the existence of subsets

U ⊂ S,

R ⊂ S∪ T such that

U = α i +α ′i and

R = k − α i − α ′i − 2 ≥ 0. Consider z of BPn,k such that

x(z) = i + ′i + U + R. Then

IIE.CNAM1723 Janvier 200416:44

hypS,T,α i∈T z( ) = 0 and, as a0, ai

k ≤ N − S∪ T

, there exists subsets U of S and R of

N − S∪ T such that

U = 2 and

R = k − 2. Let z of BPn,k such that x(z)=U+R then

hypS,T,α i∈T z( ) ≠ 0.Finally we have exhibited

λ = λ 0λ i∈N and μ συχη τηατ f = μhypS,T,α i∈T +λ tAnk. As

hypS,T,α i∈T z( ) ≠ 0for some z of QPn,k, the hypermetric inequality

hypS,T,α i∈T x,y( ) ≤ 0 induces a facet of QPn,k.Remark.4.4.1. Here we discuss the necessity of the conditions involved in the previous proposition.In this paragraph, for a given valid inequality f(x,y)£0 of QPn,k, F(f) denotes the face induced on QPn,k.Recall it is sufficient to verify the validity of the following inclusions on the vertices of QPn,k.If

T =1, let

T = i{ }. Συπποσε

S =1. If α i ≥ 2 then

F hypS,T,α i ( ) ισ στριχτλψ ινχλυδεδ ιν τηε ϕαχεινδυχεδ βψ τηε ϖαλιδ ινεθυαλιτψ −ξι≤0 ανδ ιϕ hypS,T,α i = cutT,S. Hence we can assume

k > R

. Suppose R non empty and let h be an element of R. Then

F hyp^{S,T,α} i

( )⊂ F clq^{i,h{ },1} ( ). Ιϕ

k > R +1 or

R ≥ 2, then the inclusion is strict.3.

α i ≥ k − 2 and

R = k. We can assume

R ≥ 2 (k‡2) and let h, l be two elements of R. Then

F hypS,T,α i

( )⊂ F clq i,h,l{ },1 ( ). Ιϕ

R ≥ 3 then the inclusion is strict.If

T ≥ 2. If

∃i,j∈ T such that α i +α j > k − 2 or

α i +α j > S then

F hypS,T,α i∈T ( )⊂≠ F clq i,j{ },0 ( ).Μορεοϖερ νοτε τηατ

α i +α j ≤ k − 2 ⇒ α i ≤ k − 3 and this last condition is then necessary and that if

hypS,T,α i∈T is not

cutT,S i.e. there exists

α j ≥ 2 then

α i +α j ≤ S ⇒ α i ≤ S − 2 and this last conditionis then necessary for any i„j.

IIE.CNAM1823 Janvier 200416:445. Connection with some related polytopesWe show in this section, two linear transformations that map our polytope, for somespecial value of k, on two polytopes of the literature. As a consequence, we can deducefrom the results of the previous section, families of facets (some of them new) for thesetwo polytopes.5.1.Connection with the polytope of the cardinality inequality constrainedproblemK.Park et al. [17], A.Mehrotra [14] consider the polytope defined by the convex hull ofthe binary points satisfying the cardinality inequality constraint that is to say

n,k≤ n,k≤

BPn,k≤ = x,y( )∈ BPn: xii∈N ≤ k . Τηισ πολψτοπε ισ τηεπροφεχτιον οϕ ουρ πολψτοπε ον σομε ϖαριαβλεσ. Ινδεεδ, λετ υσ δενοτε βψ ΠροφΝ, τηεπροφεχτιον ον τηε ϖαριαβλεσ ξι, ψιφ ωιτη ινδιχεσ ι, φ ιν Ν ανδ χονσιδερ ουρ πολψτοπε QP^{n,k≤} = Proj^N QP^{n+k,k} ( ).Τηισ οβσερϖατιον χαν λεαδ το σομε νεω ϖαλιδ ινεθυαλιτιεσ ινδυχινγ ϕαχετ ϕορ

QPn,k≤. Ινδεεδανψ ϖαλιδ ινεθυαλιτψ ωιτη νον ζερο χοεϕϕιχιεντσ ονλψ ϕορ τηε ϖαριαβλεσ ξι, ψιφ ωιτη ινδιχεσ ι, φιν Ν, ωηιχη ινδυχεσ α ϕαχετ οϕ

QPn+k,k induces a facet of

QPn,k≤ (σεε [1] Προποσιτιον 3.4ανδ Χορολλαρψ 3.3). Νοω ϕρομ Προποσιτιονσ 4.1.1, 4.2.1, 4.3.1 ανδ 4.4.1, ωε χαν δεδυχεϕαμιλιεσ οϕ ϕαχετσ (σομε οϕ τηεμ νεω) οϕ

QPn,k≤. Νοτε τηατ τηε χονδιτιονσ ωηιχη ωερενεχεσσαρψ το γιϖε ϕαχετσ οϕ

QPn+k,k might fail for

QPn,k≤ σινχε α ϖαλιδ ινεθυαλιτψ νοτινδυχινγ α ϕαχετ οϕ

n+k,k can induce a facet of the projected polyhedron. For examplewe can observe that the conditions obtained from Proposition 4.2.1 for the cut inequalityare slightly stronger that those given in theorem 3.2 of [17]. If

S∪ T ⊆ N then

1,...,n + k

{ }− S∪ T( ) ≥ k and C4.2.3 is alwaystrue and C4.2.4 implies

T ≥ 2 if

1,...,n + k

{ }− S∪ T( ) = k. Hence with regard to theconditions of Theorem 3.2 of [17] the only one additionnal condition is C4.2.5 i.e.

1,...,n + k

{ }− S∪ T( ) ≥ 4 which is always true except for k=3 and

S∪ T = N. So

cutS,T z( ) ≤ 0 with

S =1, T = n − 1 does not induce a facet of

QPn+3,3 but induces a facetof

QPn,3≤.Φορ τηε χλιθυε ινεθυαλιτψ τηε αναλψσισ οϕ τηε χονδιτιονσ οϕ Προποσιτιον 4.1.1 λεαδσ το τηεσαμε χονδιτιονσ οϕ Τηεορεμ 3.2 οϕ [17]. Υνδερ τηεσε οβσερϖατιονσ ονε χαν τηινκ τηατ τηεχονδιτιονσ οϕ Προποσιτιονσ 4.3.1 ανδ 4.4.1 ϕορ τηε γενεραλιζεδ χυτ ανδ τηε ηψπερμετριχινεθυαλιτιεσ γιϖε χονδιτιονσ τηατ αρε νοτ τοο στρονγ ϕορ τηε προφεχτεδ πολψτοπε.Νοτε τηατ ιϕ ονε χονσιδερσ τηε πολψτοπε

QPn,k≤ δεϕινεδ ωιτη τηε ϖαριαβλεσ ξι, ωιτη ινδιχεσ ιιν Ν, ανδ ψιφ, ωιτη παιρσ ι,φ ιν Ε ωηερε Ε ισ α προπερ συβσετ οϕ τηε σετ οϕ αλλ παιρσ ι<φ ιν Ν2(σεε [14]), τηεν τηε πρεϖιουσ ρεσυλτ ηολδσ ϕορ ανψ ϖαλιδ ινεθυαλιτψ ινδυχινγ α ϕαχετ οϕ

QPn+k,k with non zero coefficients only for the variables xi with indices i in N and yij withpairs i,j in E.

IIE.CNAM1923 Janvier 200416:445.2.Connection with the polytope of the equicut problemHere we focus on the special case n=2k.Let Kn be the undirected complete graph with n=2k nodes and let V={1,2,...,n} be the setof nodes of Kn. For any

δ U( ) ισ αν εθυιχυτ ιϕ

U = k =_n^2

. Since

U =^n_2

iff

V − U = n 2

, U and V-U give thesame equicut.Let us define

B_{EQ} K_n( ) = u ∈ B^{n(n− 1) 2}: u is the incidence vector of an equicut of K_n { } ανδ

Q_{EQ} K_n( ) = Conv B_{EQ} K_n( ) ( ).

Q_{EQ} K_n( ) ισ τηε εθυιχυτ πολψτοπε [9].Ιν ορδερ το σεε τηε ρελατιονσηιπ βετωεεν ουρ πολψτοπε ανδ τηε εθυιχυτ πολψτοπε, λετ

x_i =

1 if node i ∈ U

0 else { ανδ

u ij = x i 1− x j ( ) + x j 1− x i ( ) ϕορ 1≤ι<φ≤ντηεν

u ij =

1 if edge ij∈ δ U( )

0 else

Ασ Υ ανδ ς−Υ γιϖε τηε σαμε εθυιχυτ, ϕορ ανψ εθυιχυτ

δ U( ) ωε χαν συπποσε τηατ τηε νοδε1 (αρβιτραριλψ χηοσεν) βελονγσ το ς−Υ.Λεττινγ ξ1=0 ανδ ψιφ=ξιξφ , ονε γετσ τηε ϕολλοωινγ εξπρεσσιον ϕορ υιφ :

u_{1i} = x_i i = 2,...,n

u_{ij} = x_i + x_j − 2y_{ij} 2 ≤ i < j≤ n {Νοω ιτ ισ εασψ το χηεχκ τηατ τηε μαππινγ

φ : x,y( )∈ ℜ^{n(n− 1) 2} a u ∈ ℜ^{n(n− 1) 2}

defined by theabove expression is a bijection between

BPn− 1,n 2

and

B_{EQ} K_n( ). Ασ

φ ισ αϕϕινε,

φ ισ αβιφεχτιον βετωεεν

QP

n− 1,n 2 and

Q

EQ

K

n

( ), ανδ α ϕαχετ οϕ

QP

n− 1,n 2

maps onto a facet of

Q

EQ

K

n

( ) ανδ ϖιχε ϖερσα. Τηισ οβσερϖατιον αλλοωσ υσ το χονστρυχτ ϖαλιδ ινεθυαλιτιεσινδυχινγ ϕαχετ οϕ

Q

EQ

K

n

( ) τηρουγη Προποσιτιονσ 4.1.1, 4.2.1, 4.3.1, 4.4.1. Φορ εξαμπλειϕ

clq

S,α

x,y

( )

≤ 0 (with

S⊂ N − 1

{ }) ινδυχεσ α ϕαχετ οϕ

QP

n− 1,n 2 then

clq

S,α

φ

− 1

u

( )

( )

= α −

S − 1

2

( ) u

1i

i∈S

∑

+

1

2

u

ij

i, j∈S

i<j

∑

−

α α +1

( )

2

≤ 0 induces a facet of

Q

EQ

K

n

( ).Λεττινγ

q = S +1,d = S − α ανδ

K

q the complete graph with nodes

S∪ 1

{ }, ωε σεε τηαττηισ ινεθυαλιτψ χορρεσπονδσ το τηε ονε οϕ Χορολλαρψ 7.4 οϕ [10]. Τηε χονδιτιονσ οϕΠροποσιτιον 4.1.1 ϕορ τηε πολψτοπε

QP

n− 1,n 2

expressed with q and d are for

S ≥ 3:

2 ≤ d ≤ q − 2 [C4.1.2]

q −

n

2

+1≤ d ≤

n

2

− 2 [C4.1.3]

ανδ τηε χονδιτιονσ (σεε Τηεορεμ7.3 [10]) ϕορ ωηιχη τηε ινεθυαλιτψ οϕ Χορολλαρψ 7.4ινδυχεσ α ϕαχετ οϕ

Q^{EQ} K^n( ) (ν=2κ) αρε, ϕολλοωινγ τηε Ρεμαρκ π.59 ιν [9]:

q ≥ 2d +1,d ≥ 2,q ≤ n

2 +1,q − d ≥ 4. The representation of these two sets of conditions inthe plane d, q (figure 1) shows that the facets built from Proposition 4.1.1 enlarge thefamily given in Corollary 7.4 of [10].Exchanging x1 , arbitrarily chosen, with another variable xi , one gets through the samemethod, other valid inequalities inducing facet for

QEQ Kn( ) ωηερε τηε ρολε οϕ ινδιχεσ 1ανδ ι αρε περμυτεδ.Ατ λαστ λεττινγ ξ1=1 (ινστεαδ οϕ 0), ονε χαν χονστρυχτ (ιν α σιμιλαρ ωαψ) α βιφεχτιον

φβετωεεν

QP^{n− 1,n 2− 1 and}

Q

EQ

K

n ( ). Ιϕ ϕ(ξ,ψ)≤0 ισ ϕαχετ δεϕινινγ ϕορ

QP

n− 1,n 2− 1 then

f φ

− 1

u

( )

( )

≤ 0 is facet defining for

Q

EQ

K

n

( ) ; βυτ υσινγ τηε τρανσϕορματιον

ψ οϕΛεμμα3.2 τηατ μαπσ αν ινεθυαλιτψ ινδυχινγ α ϕαχετ οϕ

QP^{n− 1,n 2− 1 onto an inequality}

IIE.CNAM2023 Janvier 200416:44inducing a facet of

QP^{n− 1,n 2}

, one can deduce this inequality by

f oφ^{− 1} = ψ f( )oφ^{− 1 andthis approach does not give new facets.}

dqd=2d=n/2-2q=n/2+1q-d=n/2-1q-d=4q-d=2q-2d=1integral points in the region correspond to facets built from Proposition 4.1.1integral points in the region correspond to facets of Corollary 4.7 of [10]figure 1

IIE.CNAM2123 Janvier 200416:446. Numerical results.6.1.A cutting plane algorithm.The initial general problem we study is

IPn,k ≡ Min Max f x( ) = q0 + qixi1≤i≤n∑ + qijyij1≤i<j≤n∑

s.t: x,y( )∈ QPn,k

Where

2 ≤ k ≤ n − 2 is the given size restriction. We will solve the following relaxation of IPn,k:

LPn,k ≡ Min Max Lf x,y( ) = q0 + qixi1≤i≤n∑ + qijyij1≤i<j≤n∑ s.t: Ank x,y( ) = 0 x,y( )satisfies F ωηερε Φ ισ τηε σετ οϕ ϕολλοωινγ ινεθυαλιτιεσ:∞Τριϖιαλ ινεθυαλιτιεσ, βυιλτ ωιτη τηε χλασσ οϕ χλθΣ,0, χλθΣ,1, χυτΣ,Τ ωηερε

T =1 and

S =1 for the cutsbut

S = 2 for the cliques, see Proposition.4.1.1. and Proposition.4.2.1.¥Great cliques, built with the class of clqS,a where

S ≥ 2 and α ≥ 1, see Proposition.4.1.1.¥Great cuts, built with the class of cutS,T where

S ≥ 1and T ≥ 2, see Proposition.4.2.1.¥Complement cuts, built with the class of gctS,T, see Proposition.4.3.1.¥Simple hypermetrics, built with the class of

hypS,T,α i∈T where

T ∈ 1,2{ }, σεε Προποσιτιον.4.4.1.Ωε νοτιχε τηατ εαχη οπτιμαλ σολυτιον LPn,k ≡

Min Max L^f x,y( ) = q^0 + q^ix^i 1≤i≤n∑ + q^{ij}y^{ij} 1≤i<j≤n∑ s.t:

A^n_k x,y( ) = 0 C = ∅

1.Δετερμινατιον οϕ αν οπτιμαλ σολυτιον

x*,y* ( ) ϕορ

LPn,k.2.If

x^*,y^* ( ) ισ α βιναρψ ποιντ οϕ ΒΠν,κ, τηεν ουτπυτ τηε οπτιμυμ ϖαλυε οϕ ϕ ανδ γοτο στεπ 6.3.Σεαρχη ϕορ ινεθυαλιτιεσ ιν Φ τηατ αρε ϖιολατεδ βψ

x^*,y^* ( ).4.Ιϕ σεαρχη ιν 3 ισ συχχεσσϕυλ, υπδατε

LPn,k.5.If the maximum number of iterations and the maximum CPU time are not reached and the matrixis not full goto step 1.6.Stop the algorithm.We execute step 3 in the following manner: we start exhaustively searching in Trivial inequalities untilwe have found the maximum number of MaxTriangle violated inequalities. For the other inequalities wesearch with a kind of simulated annealing method. For each class of functions considered, we proceedin the following manner. Given some current function f, we randomly choose a function g in theneighbourhood of f. If the inequality g(x,y)£0 is violated, we iterate the search from g, otherwise werandomly choose f or g as the new current function to continue the search. If f is constructed with setsS, T, it is considered as neighbour of f, a function that can be attained from f by exchanging an elementof

S∪ T and another element. The families of inequalities are explored in the following order.For the Great cliques, with each feasible couple

s,α( ) ωηερε

s ≤ Maxclq, we find at most MaxPadviolated inequalities

clqS,α z( ) ≤ 0 where

gct_{S,T} z( ) ≤ 0.At least, for the Simple hypermetrics, for each feasible triplet

s,t, α,β{ } ( ), ωε ϕινδ ατ μοστ Μαξηψπϖιολατεδ ινεθυαλιτιεσ

hyp_{S,T,α} i∈T z( ) ≤ 0, where

α i{ } = α,β{ }, T = t, S = s. IIE.CNAM2223 Janvier 200416:44The number of violated inequalities searched depends of course on the space which remains in thememory.The update in step 4, is organized as follows. Except for the case of the Trivial inequalities, we use e asthe violation value such that if

f x*,y*

( ) ≥ ε > 0 then f is considered as violated. The magnitude of theviolation is chosen to be at least proportionnal to the number of xi variables used in the inequalities. Ifthis criterion is verified by an inequality, it is then added to C. On the other hand, among theinequalities of C, we remove the inactive inequalities i.e. inequalities whose slack value is greater thanMinSlack, and we add them to D. D is a buffer in which non violated constraints removed from C, stayduring one iteration. At the next iteration, if they are again violated, they are replaced in C and discardedotherwise. The goal is to limit the number of inequalities in C.MaxTriangle, Maxclq, Maxcut, Maxpad, Maxhyp, MinSlack are parameters assigned with differentvalues depending on the size of the problem. We want to insist on the fact that we didn’t use anyheuristic to search the violated facets, and we didn’t explore entirely the families of facets, especially thefamily of hypermetrics.For implementing our algorithm we used the LP solver Cplex version 3.0, and the programs ran on astation HP9720 Appolo series 700.6.2.The studied problems.We tested the facets on three problems categories:¥Looking for a clique of given cardinality and with minimal cost in a non-negative edge-weightedcomplete graph (see [18]).¥Looking for a vertices bi-partition

k,n − k ( ) ωιτη μινιμαλ χοστ ιν α νον−νεγατιϖε εδγε−ωειγητεδγραπη, ωηερε κ ισ γιϖεν ανδ ν ισ τηε νυμβερ οϕ νοδεσ (σεε [3]).∞Οπτιμιζινγ α θπΒϕ ωιτη νον−νεγατιϖε χοεϕϕιχιεντσ (σεε [3]).Φορ ουρ εξπεριμεντσ ωε νεεδ το ιντροδυχε τηε ϕολλοωινγ δεϕινιτιονσ:Τηε θυαλιτψ ινδιχατεσ τηε ιντεγραλιτψ οϕ τηε σολυτιον οβταινεδ βψ ουρ χυττινγ−πλανε αλγοριτημ. Ιϕ ϕορ αλλ τηεινστανχεσ οϕ α γιϖεν προβλεμ αν ιντεγερ σολυτιον ηασ βεεν ϕουνδ, τηε θυαλιτψ ισ χαλλεδ Ιντεγερ. Τηεθυαλιτψ ισ σαιδ το βε Νοτ Ιντεγερ ιν τηε οτηερ χασε.Τηε ρελατιϖε ερρορ ισ τηε ρατιο:

GAP = Upper bound ( )− Cutting plane solution value ( ) Upper bound ×100.The upper bound is the value of the solution found by a simulated annealing method or the value of theoptimal solution found by the integer version of the LP solver Cplex if this computation does notconsume a prohibitive time.Nb_iter is the number of iterations done by the algorithm.CPU_LP is the time in seconds spent by the LP solver.CPU_TT is the time in seconds consumed by the whole algorithm.Nclq is the total number of clique inequalities generated.Ncut is the total number of cut inequalities generated.Ngct is the total number of generalized cut inequalities generated.Nhyp is the total number of hypermetric inequalities generated.Up to n=40, each entry (GAP, Nb_iter, CPU_LP, CPU_TT, Nclq, Ncut, Ngct, Nhyp) of thefollowing tables (except for table2.b) is the average of the values obtained by five different instances ofa problem. Upwards, because of the more important CPU time consumed, three instances are used. Intable 2.b each row corresponds to one instance problem.The edge-weighted clique problem.The edge-weighted clique problem is defined as follow: Given an edge-weighted complete graph, find asubset of k vertices such that the sum of the weights of the induced clique is minimum. This graphproblem can be easily translated in the quadratic formulation of the section 1; Given cij the cost of theedge between the nodes i and j, then the qpBf associated to this problem is

w = 2 in Sp�th’s experiments [18]). The values of k are taken between 2and

n − 2.table1: edge-weighted clique problemnkQualityGAP (%)Nb_iterCPU_LPCPU_TTNclqNcutNgctNhyp255Integer0171153043381762732510Integer038414312101079522792512Integer046666715651186962772513Integer060768015681192842612515Integer03453561332101494219

IIE.CNAM2323 Janvier 200416:442520Integer010182068668750134305Integer0208741366601708221333010Integer0175431366214923767113743015Integer0136297308303225821855813020Integer036106110179915781413023025Integer09434498895667157355Integer04251873257732473171993510Integer039014451599336343101254223515Integer02798058434234409227310183520Integer0120531549413935313676683525Integer055189197212119121973413530Integer013888913921260138200405Integer031619555865923173211304010Not Int0.63092171230938456264626364015Integer0565247025775422705025318924020Not Int0.1688360237298001758548317374025Integer023912031241577851715088854030Integer0118424441289328272314424035Integer013153155173714751262585010Not Int64236644700752788841899185020Not Int33846120627390281230644433775025Not Int225957925872114651215285028065030Not Int0.63435303535013712119449643765040Integer051751765384135313826476040Not Int1308897190281898217896164936050Integer0101189119055651545162717040Not Int612110836109061759915130138377050Not Int122310750108231856518501183437060Integer0225290829676428725535618060Not Int0.727814230144381751722216120816688070Integer01274169424671177446310516Up to

n = 35 all the problems are solved by our cutting plane algorithm. As a point of comparison,Park et al.[17] consider the problems of size

n = 25 and their algorithm seems to solve them in a largerCPU time. This gain is probably due to the fact that the formulation of the problem with a strict equalityleads to a better lower bound than the formulation (used in [17]) with a large inequality. For

n = 40 theproblems are solved for some values of k and when the integer solution is not obtained the value ofGAP remains very small. For n=50 and upwards, integer solutions or at least small GAPs are attainedespescially when k is large enough compared with n (

n − k such the sum of the costs of the edges having an extremity in one set and the other in theother set is minimum. The quadratic formulation (see section 1) of this graph problem is achieved withthe following transformation:Let cij the cost of the edge between the nodes i and j, then the qpBf associated to this problem is

f = cji1≤j<i∑ + ciji<j≤n∑ xi 1≤i≤n∑ − 2cijxixj 1≤i<j≤n∑Τηε βιπαρτιτιον προβλεμσ

k,n − k

( )and n − k,k ( ) βεινγ τηε σαμε, τηε ϖαλυεσ οϕ κ αρε τακεν βετωεεν 2ανδ

n2 . Βιπαρτιτιον προβλεμσ ωιτη

k < n2 αρε χαλλεδ ινεθυιχυτ προβλεμσ ανδ ωιτη

k = n2 εθυιχυτπροβλεμσ.Ωε ϕιρστ χονσιδερ ινεθυιχυτ προβλεμ. Τηε γραπησ αρε ρανδομλψ γενερατεδ. Τηε νον ζερο χοστσ οϕ τηεεδγεσ αρε ιντεγερσ εθυαλλψ διστριβυτεδ ιν

1;100 [ ]. Τηε δενσιτψ οϕ τηε γραπη, ι.ε τηε ρατιο

Number of non zero costs

Number of edges of the complete graph of order n , is taken in

1, 0.25, 0,5, 0.75 { }.ταβλε2.α: ινεθυιχυτ προβλεμνκΔενσιτψΘυαλιτψΓΑΠ (%)Νβ_ιτερΧΠΥ_ΛΠΧΠΥ_ΤΤΝχλθΝχυτΝγχτΝηψπ3070.25Ιντεγερ04519623911271381632493070.50Ιντεγερ014020130711911679501032 ΙΙΕ.ΧΝΑΜ2423 ϑανϖιερ 200416:443070.75Ιντεγερ0367112312231774597973071.00Ιντεγερ03781117101415314971140100.25Ιντεγερ0591403954913637590965452340100.50Νοτ Ιντ0.4940442150192995612448247340100.75Ιντεγερ0628243927402704550150202740101.00Ιντεγερ0240181125292809517459255950150.25Νοτ Ιντ1611601044310806828513956132583750150.5Νοτ Ιντ11498106521082962441296392266750150.75Νοτ Ιντ61899292100635518108641941274550151.00Νοτ Ιντ4334107081083864251408781178360100.25Ιντεγερ01940144371579122211131245140960100.5Νοτ Ιντ1.719959241104532005992139168660100.75Νοτ Ιντ0.714841029411344201799612497360101.00Νοτ Ιντ0.7143597031068720821030536951Τηε χυττινγ πλανε αππροαχη σολϖεσ τηε προβλεμσ ορ ατ λεαστ γιϖεσ τιγητ λοωερ βουνδσ ωηεν κ ισ σμαλλ(κ≤10). Φορ κ=15, τηε προϖιδεδ λοωερ βουνδ ισ νοτ σο τιγητ βυτ ηοωεϖερ ΓΑΠ ισ ρεδυχεδ ασ τηε δενσιτψοϕ τηε γραπη ινχρεασεσ.Ωε νοω χονσιδερ εθυιχυτ προβλεμ. Τηε προβλεμ ινστανχεσ αρε τηοσε υσεδ βψ Λ.Βρυνεττα ετ αλ. ιν [8](αχχεσσιβλε ϖια ϕτπ ανονψμουσ). Εαχη ροω οϕ ταβλε 2.β χορρεσπονδσ το ονε ινστανχε προβλεμ. Τηερε αρεϕιϖε χατεγοριεσ οϕ ρανδομλψ γενερατεδ ινστανχεσ: πυρε ρανδομ, πλαναρ γριδ, τοροιδαλ γριδ, μιξεδ γριδ,νεγατιϖε ωειγητσ ινστανχεσ (σεε [8] ϕορ μορε δεταιλσ). Ιν ταβλε 2.β τηε σιζε οϕ αν ινστανχε ισ γιϖεν βψ τηενυμβερ οϕ νοδεσ ν ϕορ πυρε ρανδομ ανδ νεγατιϖε ωειγητσ ινστανχεσ, ανδ βψ τηε διμενσιον οϕ τηε γριδ(ηξκ) ϕορ τηε γριδ ινστανχεσ. Τηε σιζε οϕ αν ινστανχε ισ ενδεδ ωιτη α ™γ∏, α ™τ∏, α ™μ∏ ορ α ™ν∏ ϕορρεσπεχτιϖλψ πλαναρ, τοροιδαλ, μιξεδ γριδ ανδ νεγατιϖε ωειγητσ ινστανχεσ. Δενσιτψ ισ τηε περχενταγε οϕνονζερο ωειγητ εδγεσ.Φολλοωινγ τηε ρεμαρκσ οϕ σεχτιον 5.2, ωε ϕιξ φ οϕ σεχτιον 5.2, βετωεεν τηεσε ϕαχετσ ανδ ουρ ϕαχετσ αρε τηε ϕολλοωινγ:− τριανγλε ινεθυαλιτιεσ χορρεσπονδ το ινεθυαλιτιεσ

clqS,α (z) ≤ 0, cutS,T(z) ≤ 0 with

S∪ T ≤ 3 and

α ∈ 0,1{ }− χλιθυε ινεθυαλιτιεσ χορρεσπονδ το ινεθυαλιτιεσ

clqS,α (z) ≤ 0 with

α = S2 − χψχλεσ ανδ ματχηινγ ινεθυαλιτιεσ ηαϖε νο χορρεσπονδενχε ιν τηε σετ οϕ ινεθυαλιτιεσ ωε υσε ανδχονϖερσελψ τηε γενεραλιζεδ χυτ ανδ ηψπερμετριχ ινεθυαλιτιεσ ηαϖε νο χορρεσπονδενχε ιν τηε σετ οϕινεθυαλιτιεσ υσεδ βψ Λ.Βρυνεττα ετ αλ.ταβλε2.β: εθυιχυτ προβλεμνΔενσιτψ(%)ΘυαλιτψΓΑΠ(%)Νβ_ιτερΧΠΥ_ΛΠΧΠΥ_ΤΤΝχλθΝχυτΝγχτΝηψπ4020Ιντεγερ055158566737134061372510186494030Ιντεγερ045260006706154881624710398724070Νοτ Ιντ24416535721314206167399588924080Νοτ Ιντ2471645372111553517789107710564090Νοτ Ιντ34616315721615319174641056101340100Ιντεγερ0337764088041757014629108113445010Ιντεγερ033215576163312369727194237329405020Νοτ Ιντ8150152781603205624639587296451155030Νοτ Ιντ8150170383779455764740583262142135070Νοτ Ιντ2150183905914374634737175216330845090Νοτ Ιντ0.51209659167207841759346992031318250100Ιντεγερ0139282206915553812541867187857735210Ιντεγερ031737471390293422829461348577165410Ιντεγερ067264816683505357742611390088435610Ιντεγερ0590799988339455598455404444101835ξ8γ10Ιντεγερ0108371539398755937294211823ξ14γ10Ιντεγερ0126363738747123791473751311ξ4γ10Ιντεγερ0146289433041916986156092812826422ξ2γ10Ιντεγερ089353403615816720160052848846523ξ2γ10Ιντεγερ030111715212855426441226805076205584ξ12γ10Ιντεγερ088546745721525409200114819119786ξ8γ10Ιντεγερ077947989699824532196644977148698ξ5τ10Ιντεγερ011539314168900695391079111621ξ2τ10Ιντεγερ01294704498511026112531187131822ξ2τ10Ιντεγερ01454712504094411063810761140 ΙΙΕ.ΧΝΑΜ2523 ϑανϖιερ 200416:4411ξ4τ10Ιντεγερ069191982002711850108971813485123ξ2τ10Ιντεγερ015932321343981784615809283469924ξ12τ10Ιντεγερ07411076911258418833155322893130276ξ8τ10Ιντεγερ093615886386521521180563251156535ξ10τ10Ιντεγερ0988021382850218211779833201332610ξ4μ100Ιντεγερ084378739527154755884184621ξ2μ100Ιντεγερ0304372474033515026142342585755214ξ3μ100Ιντεγερ064213792193411211106261801461111ξ4μ100Ιντεγερ088262172702113298128052174507023ξ2μ100Ιντεγερ02007565279744192241557127201173012ξ4μ100Ιντεγερ081645266610218901162453477145918ξ6μ100Ιντεγερ097882469010421826179433928166325ξ10μ100Ιντεγερ076194587199006262712491655802070440ν20Ιντεγερ01843627388711228142551299122640ν30Ιντεγερ0606486558701384715429118980140ν50Νοτ Ιντ12669609672051399115440110458040ν70Ιντεγερ027738954320113521334478150440ν80Ιντεγερ026639424377103271240986240140ν90Ιντεγερ047258516625118231415392355550ν30Ιντεγερ0906362284205939605404342328678850ν50Ιντεγερ01497590696918738343395821965524050ν90Νοτ Ιντ41001707427724741950438701881510950ν100Νοτ Ιντ128799718010808846064422834329582060ν20Ιντεγερ08246942171975579247168965387142Χπλεξ ενχουντερσ δεγενερεσχενχε προβλεμσ ον γριδ γραπησ (πλαναρ, τοροιδαλ, μιξεδ) ϕορ ν>40. Ιν ορδερτο αϖοιδ τηεσε διϕϕιχυλτιεσ, ωε αρε οβλιγεδ το υσε λαργε ϕαχετσ (τηατ ισ ωιτη α λαργε νυμβερ οϕ ϖαριαβλεσ).Τηε δραωβαχκ ισ τηατ τηε ΧΠΥ τιμε νεεδεδ βψ Χπλεξ το σολϖε τηε προβλεμ, δραστιχλψ ινχρεασεσ ωιτη τηεσιζε οϕ τηε ινεθυαλιτιεσ. Φορ πυρε ρανδομ γραπησ, σιζεσ οϕ 12 ορ 16 ϖαριαβλεσ αρε συϕϕιχιεντ βυτ ϕορ γριδγραπησ σιζεσ υπ το 50 αρε σομετιμεσ νεχεσσαρψ. Τηισ ινδυχεσ α νοτιχεαβλε διϕϕερενχε οϕ ΧΠΥ τιμεβετωεεν πυρε ρανδομ (ωιτη νεγατιϖε ωειγητσ ορ νοτ) ανδ γριδ γραπησ προβλεμσ.Τηε ϖαλυεσ οϕ τηε λοωερ βουνδ αρε νοτ γιϖεν ιν [8] ανδ α χομπαρισον ον τηισ ποιντ χαννοτ βε δονε. Ωεοβσερϖε τηατ ωε αρε αβλε το σολϖε προβλεμσ (ι.ε. Θυαλιτψ=Ιντεγερ) ϕορ ωηιχη Λ.Βρυνεττα ετ αλ. ηαϖερεσορτεδ το βρανχηινγ. Ηοωεϖερ τηε νυμβερ οϕ ΛΠ χαλλσ (Νβ_ιτερ) ισ αλωαψσ γρεατερ ιν ουρ αλγοριτημ.Ωε ποιντ ουτ τηατ ουρ σεπαρατιον αλγοριτημ ισ νοτ σπεχιϕιχαλλψ δεϖοτεδ το τηε εθυιχυτ προβλεμ ανδ ισπροβαβλψ λεσσ εϕϕιχιεντ τηαν τηε Λ.Βρυνεττα ετ αλ.∏σ αλγοριτημσ τηατ αρε συιτεδ το εαχη ϕαμιλψ οϕ ϕαχετσ.Οπτιμιζινγ α θπΒϕ ωιτη νον−νεγατιϖε χοεϕϕιχιεντσ.Γιϖεν ν ανδ κ ιντεγερσ, τηε προβλεμ χονσιστσ ιν μινιμιζινγ α θπΒϕ, ωιτη ν βοολεαν ϖαριαβλεσ ξι,συβμιττεδ το τηε χονστραιντ

xi 1≤i≤n∑ = k.The qpBf

f = q0 + qixi

1≤i≤n∑ + qijxixj 1≤i<j≤n∑ σατισϕιεσ τηε χονδιτιονσ:∞Τηε λινεαρ χοεϕϕιχιεντσ θι αρε αλλ στριχτλψ ποσιτιϖε.∞Αλλ τηε θυαδρατιχ χοεϕϕιχιεντσ θιφ αρε ποσιτιϖε ορ ζερο ανδ τηε μ νον ζερο θυαδρατιχ χοεϕϕιχιεντσ αρερανδομλψ χηοσεν αμονγ τηε m = density × n n − 1( ) 2 ( ) .Τηε δενσιτψ ισ α ϖαλυε τακεν ιν

n = 30 all the problems are solved. The CPU times are competitive with the ones given in [3]where the problems are solved using the integer version of the Cplex software with a lower boundinvolving exclusively the "Trivial inequalities" defined above. Here the more general facets used aredecisive to solve the problems at least for this size. For n‡50 the magnitude of GAP increases for thelow and medium values of k. However when the value of k is not too low compared with n(

n − k ≤ 20), large problems (n=70, 80) are solved or at least small GAPs are achieved.A general remark on the above results is that, when n increases, bad GAPs seem to coincide with lowdensity of the quadratic terms (see table3 n=60). In our polytope QPn,k, all the quadratic pairs arepresent and zero coefficients must be introduced in the objective function if it is necessary. For lowdensity problems too many such zero coefficients are needed and this approach leads to inefficientmodels. In this case it would perhaps be better to use polytopes involving exclusively the initialvariables.7. Conclusion.In this paper we have introduced the facial study of the polytope QPn,k which is included in QPn thePadberg’s Boolean quadric polytope. Having proved our polytope QPn,k is a face of QPn, we haveexhibited some subsets of known facets families of QPn that also induce facets of QPn,k. For

k = 2 and k = n − 2, we have given the full description of QPn,k. For particular values of k, we haveshown how facets of our polytope QPn,k can be used to give facets for two related polytopes of theliterature.The experiments have shown that the studied families of facets are in practice sufficient to solve someoptimization problems in QPn,k for medium values of n and for higher values of n when k belongs tosome restricted intervals.

IIE.CNAM2723 Janvier 200416:44In order to enlarge these limits it could be useful to implement some more efficient heuristics in thechoices of the facets,

or and to use some others facets families.

IIE.CNAM2823 Janvier 200416:44References.[1] E.Balas, M.Oosten: On the dimension of projected polyhedra. Discrete Applied Mathematicsvol.87, (1998) 1-9.[2] A.Billionnet, F.Calmels: Linear programming for the 0-1 quadratic knapsack problem.European Journal of Operational Research 92 (1996).[3] A.Billionnet, A.Faye: A lower bound for a constrained quadratic 0-1 minimization problem.Discrete Applied Mathematics vol.74, n�2, (1997) 135-146.[4] N.Boissin: Optimisation des fonctions quadratiques en variables bivalentes. Th�se de DoctoratCNAM (1994) 91-194.[5] E.Boros, Y.Crama, P.L.Hammer: Chvatal cuts and odd cycle inequalities in quadratic 0-1optimization. Siam J.Discrete Mathematics Vol. 5, n�2 (1992) 163-176.[6] E.Boros, P.L.Hammer: Cut polytopes, Boolean quadric polytopes and nonnegative quadraticpseudo-Boolean functions . Mathematics of Operations Research Vol. 18, n�1 (1993) 245-253.[7] A.Brondsted: An introduction to convex polytopes. Springer-Verlag (1983).[8] L.Brunetta, M.Conforti, G.Rinaldi: A branch and cut algorithm for the equicut problem.Mathematical Programming 78 (1997) 243-269[9] M.Conforti, M.R.Rao, A.Sassano: Equipartition polytope I. Mathematical Programming 49(1990) 49-70.[10] M.Conforti, M.R.Rao, A.Sassano: Equipartition polytope II. Mathematical Programming 49(1990) 71-90.[11] M.Deza, M.Laurent: Facets of the cut cone I. Mathematical programming 56 (1992) 121-160.[12] G.Dijkhuizen: The edge-weighted maximal clique problem. European Journal of OperationalResearch 69 (1993) 121-130.[13] E.Johnson, A.Mehrotra, G.L.Nemhauser. Min-cut clustering. Mathematical Programming62 (1993) 133-151.[14] A.Mehrotra. Cardinality constrained Boolean quadric polytope. Discrete AppliedMathematics vol.79, (1997) 137-154.[15] G.L.Nemhauser, L.A.Wolsey: Integer and combinatorial optimization. Wiley Interscience(1988)[16] M.Padberg: The Boolean quadric polytope. Mathematical Programming 45 (1989) 139-170.[17] K.Park, K.Lee, S.Park: An extended formulation approach to the edge-weighted maximalclique problem. European Journal of Operational Research 95 (1996) 671-682.[18] H.Sp�th: Heuristically determining cliques of given cardinality and with minimal cost withinweighted complete graphs. Zeitschrift f�r Operations Research 29 (1985) 125-131