1The quadratic assignment polytopeAlain Billionnet (1), Sourour Elloumi (2), Alain Faye (1)(1) CEDRIC-IIE 18 all�e Jean Rostand 91025 Evry cedex FRANCE(2) CEDRIC-CNAM 292 rue Saint-Martin 75141 Paris cedex FRANCEAbstract.We study the quadratic assignment problem (with

n2 variables) from a polyhedral point of view byconsidering the quadratic assignment polytope that is defined as the convex hull of the solutions of thelinearized problem (with

n2 + 12 n2 n − 1( )2 variables). We give the dimension of the polytope and aminimal description of its affine hull. We also propose a family of facets with a separation algorithm.Key words: quadratic assignment problem, polytope, facets, separation problem.1.Introduction, notationsThe quadratic assignment problem (QAP) can be stated as:

minp∈Π qi p(i)

i=1n∑ + qi p(i) h p(h) h=1h≠in∑ i=1n∑ωηερε ∏ ισ τηε σετ οϕ αλλ περμυτατιονσ οϕ

1,2,K ,n { } ανδ ωηερε

qij ,qij hk are given real numbers. Insome cases the coefficients have the special form

qij hk = aihbjk where

aih is a flow and

bjk a distance.For example, consider the following facility location problem: n plants are to be assigned to n locations.

a^{ih}b^{jk is the cost induced by the flow between facilities i and h when they are assigned tolocations j and k.}

qij can be interpreted as the cost to pay to assign facility i to location j. The classicallinear assignment problem involves only these last costs. The traveling salesman problem is a specialQAP in which a is the adjency matrix of an hamiltonian cycle.QAP can be reformulated by the following mathematical program (QP):

min qijxij j=1n∑ + i=1n∑ qij hkxijxhk k=1k≠ jn∑ h=1h≠in∑ j=1n∑ i=1n∑συβφεχτ το xij i=1n∑ =1 j =1,K ,n, xijj=1n∑ =1 i =1,K ,n ,

xij ∈ 0,1{ } i =1,K ,n, j =1,K ,nThe objective function of this 0-1 programming formulation of QAP is quadratic; hence the term"quadratic assignment problem". The equality constraints are called assignment constraints. In thecontext of the previous example,

xij =1 if and only if facility i is assigned to location j and theassignment constraints stipulate that a facility is assigned to one and only one location and conversely.Many linearizations are proposed for QAP and can be shared out into two families. The first one relieson the structure of the feasible solutions and the second one, on the structure of the objective function.The first approach consists in modelizing each product

xij xhk by a new variable

yijhk.

Ο n4( ) ϖαριαβλεσαρε σο αδδεδ: x^{ij}x^{hk} = x^{hk}x^{ij. The type of constraints used to ensure the equality}

yijhk = xijxhk leads to differentmodels. The equality constraints used in these models come from the agregation of equality constraintsgenerated by multiplying the assignment constraints by the variables

xij following a method proposed byAdams and Sherali (1986). Lawler (1963) proposes a linearization with

n4 additional variables and 2

n4 +1 additional constraints (compared with QP). The linearization proposed by Christofides, Mingozziand Toth (1980) uses

n4 additional variables and

1 2 n_2 n − 1

( )_{2 additional variables and}

2n_{2 additional constraints. The solution of this program is carriedout by a Benders’ decomposition. Frieze and Yadegar (1983) propose a linearization with}

n2 n − 1

( )2additional variables and

4n3 additional constraints. The continuous relaxation of the program iscomputed by a dual method. Assad and Xu (1985) propose a linearization with

n4 additional variablesand

3n2 additional constraints. The lagrangian dual optimum is obtained (with a given precision) bygenerating a non decreasing suite of lower bounds. Adams and Johnson (1994) propose a linearizationwith

n2 n − 1

( )2 additional variables and

n_2 +1 linear assignment problems.Recently, Resende, Ramakrishnan and Drezner (1995) consider an equivalent linearization using

12 n2 n − 1

( )2 additional variables (the equality

xijxhk = xhkxij is taken into account in the definiton of thevariables) and

2n2 n − 1 ( ) αδδιτιοναλ χονστραιντσ. Τηεψ ρεπορτ εξτενδεδ χομπυτατιοναλ ρεσυλτσ ϕορ σολϖινγτηε χοντινυουσ ρελαξατιον βψ αν ιντεριορ ποιντ μετηοδ.Ιν τηε σεχονδ ϕαμιλψ οϕ λινεαριζατιονσ, τωο αππροαχηεσ χαν βε διστινγυισηεδ. Τηε ϕιρστ ονε ωορκσ ον τηεστρυχτυρε οϕ τηε οβφεχτιϖε ϕυνχτιον ανδ τηε σεχονδ εξπλοιτσ τηε σπεχιαλ ϕορμ οϕ τηε χοστσ ωηεν

qij hk = aihbjk. Kaufman and Broeckx (1978) modelize each term

xij qij hkxhk k=1k≠ jn∑ h=1h≠in∑ βψ α σινγλε ϖαριαβλε

wij and so create

n2 additional variables.

D ≤_1^2 n n − 1( ) ( ) ανδ ισ εξαχτλψ εθυαλ το

n2D.The solution of this relaxation (which is an integer one because of the total-unimodularity of theconstraints matrix) and the reduced costs are exploited in order to build an assignment of the plants tothe sites. Always in the case of costs

qij hk = aihbjk, Ball, Kaku and Vakhutinsky (1998) propose twomodelizations based on integer flows in a graph. In the first one, the graph involves

Ο n3( ) ϖερτιχεσ ανδ

Ο n4( ) αρχσ, ανδ τηεσε νυμβερσ δεπενδ ον τηε δενσιτψ οϕ τηε ματριξ

a. In the second one, the graphinvolves

4n vertices and

2

a is a tree, Christofides and Benavent (1989) design a formulationwith

Ο n3( ) αδδιτιοναλ ϖαριαβλεσ ανδ

Ο n2( ) αδδιτιοναλ χονστραιντσ. Τηεν τηεψ υσε α λαγρανγιαν ρελαξατιονοϕ τηισ ϕορμυλατιον ασ α βουνδ ιν α βρανχη−ανδ−βουνδ αλγοριτημ.Αλλ τηεσε λινεαριζατιονσ αρε εθυιϖαλεντ το (ΘΠ) ονλψ ιϕ σομε οϕ τηε ϖαριαβλεσ αρε ϕορχεδ το βε ιντεγερ. Οντηε οτηερ ηανδ, τηειρ χοντινυουσ ρελαξατιονσ γιϖε διϕϕϕερεντ λοωερ βουνδσ. Αδαμσ ανδ ϑοηνσον (1994)σηοω τηατ τηε χοντινυουσ ρελαξατιον οϕ τηειρ λινεαρ ϕορμυλατιον δομινατεσ τηε χοντινυουσ ρελαξατιον οϕμανψ λινεαριζατιονσ βελονγινγ το τηε ϕιρστ ϕαμιλψ. Ινδεεδ, ιν τηισ ϕαμιλψ τηε εθυαλιτψ χονστραιντσ αρε ονλψαγρεγατιον οϕ τηε εθυαλιτψ χονστραιντσ χονσιδερεδ βψ Αδαμσ ανδ ϑοηνσον. Φολλοωινγ τηε ρεσυλτσ οϕ Αδαμσανδ Σηεραλι (1986), τηεψ προϖε τηατ τηε χοντινυουσ ρελαξατιον οϕ τηειρ ϕορμυλατιον αλσο δομινατεσ τηε 3χοντινυουσ ρελαξατιον οϕ τηε λινεαρ ϕορμυλατιον οϕ Καυϕμαν ανδ Βροεχκξ (1978), α λινεαριζατιον οϕ τηεσεχονδ ϕαμιλψ.Γιλμορε (1962) ανδ Λαωλερ (1963) προποσε α λοωερ βουνδ βασεδ ον τηε σολυτιονσ οϕ

n2 +1 linearassignment problems. This bound, easy to compute, is used in many branch-and-bound algorithms: seeKaku and Thompson (1986), Mautor and Roucairol (1994) for example. Frieze and Yadegar (1983) usethe assignment constraints to reformulate the objective function and apply the bound of Gilmore andLawler. They show that the search of the best reformulation can be stated as finding the solution of alagrangian dual problem associated with their linearization. Assad and Xu (1985) use a similar approachwhich is less general but they can obtain in this way a non decreasing suite of lower bounds. They showtoo that their method can be viewed as a method to solve a lagrangian dual problem associated with theirlinearization. Carraresi and Malucelli (1992) propose a method which produces a non decreasing suite oflower bounds whose first one is that of Gilmore-Lawler. Adams and Johnson (1994) show how this newmethod can be interpreted as the adjustment of the multipliers in a lagrangian relaxation of theirlinearization.In this paper, we consider the polyhedral properties of the most compact (for the number of variables)linearization belonging to the first family in which the products

xijxhk are replaced by the variables

x^{ij}x^{hk (i.e.}

i ≠ h, j ≠ k) by the variables

yij hk. Next wedefine

Qn:= x,y( ): xiji=1n∑ =1 j =1,K ,n, xijj=1n∑ =1 i =1,K ,n, yij hk = xijxhk i ≠ h, j ≠ k, xij ∈ 0,1{ } Ηερε α ποιντ μυστ βε σπεχιϕιεδ. Τηε ϖαριαβλεσ

yij hk and yhk ij take place for the same product and thencan be identified i.e.

yij hk ≡ yhk ij, so

Q^n ⊆ 0,1{ }_{n2 +n2(n− 1)2}2

. This is equivalent to index the variables y bythe sets of two ordered pairs (couples) of the following form

(i, j),(h,k) { }. Ιν ορδερ το σιμπλιϕψ τηενοτατιον, ωε ωιλλ ωριτε

yij hk or equally

yhk ij in place of

y (i,j),(h,k) { }. Ατ λαστ ωε δεϕινε τηε πολψτοπε

P_n:= Conv Q_n( ) (τηε χονϖεξ ηυλλ οϕ P^{n with a set, if possible minimal, of linear equalities and inequalities.Resende, Ramakrishnan and Drezner (1995) report numerical tests on the following relaxation of (LP):}

min qij xij j=1n∑ + i=1n∑ qij hkyij hk k=1k≠ jn∑ h=1h≠in∑ j=1n∑ i=1n∑ συβφεχτ το

x,y ( )∈ ′Pnwhere 4

′Pn:= x,y( ): xij i=1 n∑ =1 j =1,K ,n, xij^{j=1}_n∑ =1 i =1,K ,n,

yij hk h=1h≠i n∑ = xij i, j,k =1,K ,n, k ≠ j

yij hk

k=1k≠ j

n∑ = xij i, j,h =1,K ,n, h ≠ i

yij hk ≥ 0,xij ≥ 0 i ≠ h j ≠ k Τηε σετ οϕ εθυαλιτψ χονστραιντσ οϕ τηισ πολψηεδρον χονταινσ ον ονε σιδε τηε ασσιγνμεντ χονστραιντσ ανδ οντηε οτηερ σιδε τηε χονστραιντσ οβταινεδ ιν μυλτιπλψινγ εαχη οϕ τηεσε ασσιγνμεντ χονστραιντσ βψ εαχη οϕ τηεϖαριαβλεσ

xij and in substituting the generated products

xijxhk h ≠ i,k ≠ j by the adequate variables y. Sothe constraints of this polyhedron are valid for

Qn that is to say

Qn ⊆ ′Pn and finally

Pn ⊆ ′Pn.In this paper, we propose to study the polytope i, j( ).Τηε ϕιρστ (ρεσπ. σεχονδ) ελεμεντ οϕ τηε χουπλεσ ωηιχη αρε ινδιχεσ οϕ τηε ϖαριαβλεσ ξ ορ ψ ισ χαλλεδ ροωινδεξ ορ μορε χονχισελψ ροω (ρεσπ. χολυμν). Φορ εξαμπλε ιν

xij , yijhk i, h, are row indices (or rows)and j, k are column indices (or columns).The transposition of row indices and column indices in the variables x or y consists in the permutation ofthe row indices and the column indices in the couples which are indices of the variables. For example for

xij , yijhk the transposition gives

xji, yjikh.Given a polytope P ,

dim P( ) δεσιγνατεσ τηε διμενσιον οϕ Π.

Aff(.), Conv(.) designate respectively the affine and convex hulls.Given a matrix or a vectors family M,

rank(M) designates the rank of M.The rank of an equations system

Ax= b is the rank of A.Let I be a finite set and

f(x) = a^ix^i i=1 m∑ χαν βε χονσιδερεδ ασ α λινεαρ αππλιχατιον

f:Rm → R or as a vector

ai( )i=1,K ,m. The definitions of rank, projection, support of a linear form or of a set of linear formsfollow.Let m be a positive integer,

Im designates the identity matrix of order m.Given a set E, the cardinality (number of elements) of E is denoted

card E( ) ορ

E.2.Results on linear assignment problemsIn this section, we recall some results on linear assignment and related problems.RESULT 1.Let H, K be 2 sets of integers with respective cardinality

m≥ 1 and n ≥ 1, the following set of linearforms

ck(x):= xhk

h∈H∑ k ∈ K

lh (x):= xhk

k∈K∑ h ∈ H ηασ α ρανκ εθυαλ το m+ n − 1. Observe that

THK x( ) ισ α σετ οϕ λινεαρλψ ινδεπενδεντ ϕορμσ (σεε τηεορεμ π.120 ινΛυενβεργερ 1989).ΡΕΣΥΛΤ 2.Φορ

n ≥ 1, let

Xn := xhk( )(h,k)∈ 1,K ,n{ }2 : x_{hk}h=1_n∑ =1 k ∈ 1,K ,n{ } xhk k=1n∑ =1 h ∈ 1,K ,n { } xhk ∈ 0,1{ } ∀ (h,k) Ρεμαρκ τηατ

xhk( )(h,k)∈ 1,K ,n{ }2 can be represented as a matrix or as a column vector by ordering thecouples

(h,k) following the lexicographic order.Consider

Xn( )xij =1 , the points of

Xn verifying

xij =1 then the projection of

Xn( )xij =1 on the coordinates

1,K ,n { } − i{ } ( ) × 1,K ,n{ } − j{ } ( ) ισ εθυαλ το

n−1.A linear description of

(n − 1)_{2 (see 1.7 p.97 and 1.11 p.99-100 in Marcus and Minc 1964). As linear and affine independencesare equivalent notions in affine spaces which do not contain 0, the (linear) rank of}

Xn is equal to

(n − 1)2 +1.3.Dimension and affine hull of the quadratic assignment polytopeLEMMA 0.Suppose n‡3. Consider

(i, j),

(h,k) two row-column couples s.t.

i ≠ h and

j ≠ k. The projection of thepoints of

Qn (vertices of

xij = xhk =1 on the coordinates of the variables

′h ∈ 1,K ,n { }− i,h{ },

′k ∈ 1,K ,n { }− j,k{ } ισ α σετ οϕ ϖεχτορσ οϕ ρανκ x^{′h ′k} ′h , ′k( )∈ H × K. It follows from the definition of

Qn that

pryij HK Π xij =1 ( ) = prxHK Π xij =1( ).Νοω χονσιδερ

Π, τηε ποιντσ οϕ

Qn verifying xhk =1 and

H = 1,K ,n { }− i,h{ },

K = 1,K ,n { }− j,k{ }.Ρεχαλλ τηατ

Xn (the vertices of the linear assignment polytope) is the projection of

Qn on the coordinatesof the variables x . Then:

pryij HK Π xij =1

( ) = prxHK Π xij =1( ) = prxHK Qn( )xij =xhk=1 = prxHK Xn( )xij =xhk=1 = Xn− 2The rank of

Xn− 2 is

(n − 3)2 +1 (Result 2). 1 2 n(n − 1)(n − 2)(n − 3)+(n − 1)_2 +2linearly independent vertices.PROOF.We proceed by recurrence on n.For n=3, the quadratic assignment polytope has 6 vertices which are linearly independent (the matrixmade up of their variables y contains as sub-matrix the identity matrix of order 6).For n‡4, let us consider the matrices built according to the following method:let V be a set of variables of

Pn and P be a set of vertices of

Pn, we build the matrix M such that eachcolumn is the projection of a point of P on the coordinates of the variables of V . We will denote

M = prV Π( ).1) λετ

M1 = prV1 Π 1( ) βυιλτ ωιτη:−

V1 the variables

x,y whose indices are in

2,K ,n { }−

P^{n−1. Then, by recurrence hypothesis,}

rank M^1( ) ≥ 12 (n − 1)(n − 2)(n − 3)(n − 4) + (n − 2)_2 + 2 .2) a) let

M2a = prV2a Π 2a( ) βυιλτ ωιτη

V2a = V2ajj=2nU,

Π 2a = Π 2ajj=2nU where :

- V2aj the variables y1j hk h ∈ 2,K ,n − 1

{ },k ∈ 2,K ,n { } \ j{ } - Π 2aj the vertices of Pn s.t. x1j = xn1 =1 j = 2,K ,nLet

M2aj = prV2aj Π 2aj( ) j = 2,K ,n. Taking

Π 2aj (resp.

V2aj) in the order

j = 2,K ,n, the blocks

M2aj(

j = 2,K ,n) appear on the diagonal of

M2a. As the vertices of

Pn satisfy

x1j =1⇒ x1 ′j = 0 ′j ≠ j ( )⇒ y1 ′j ′h ′k = 0 ′h ≠ 1, ′k ≠ ′j ( ),

M2a has zero elements elsewhere and is blockdiagonal that is to say

M2a = M2a2 0 0

0 O 0

0 0 M2an . Τηε ρανκ οϕ

M2aj is

(n − 3)2 +1 (apply Lemma 0 with

(i, j) = (1, j) and

(h,k) = (n,1)) and the rank of

(n − 1) (n − 3)2 +1 ( ).2)β) λετ

M2b = prV2b Π 2b( ) βυιλτ ωιτη

M^{2b}_{i is}

(n − 3) 2 +1 (apply Lemma 0 with

(i, j) = (i,1) and

(h,k) = (n,2)) and the rank ofM2b is

(n − 2) (n − 3)

2

+1

( ).2)χ) λετ

M

2c

= pr

V

2c

Π

2c

( ) βυιλτ ωιτη

V

2c

= V

2c

1

∪ V

2c

2,

Π

2c

= Π

2c

1

∪ Π

2c

2 where: 7

- V

2c

1

the variables y

i1 h2

h ∈ 2,K ,n − 1 { } \ i { }

y

i112

i ∈ 2,K ,n − 1 { }

- Π

2c

1

the vertices of P

n

s. t.

x

i1

= x

n3

= x

1n

= x

h2

=1 h ∈ 2,K ,n − 1 { } \ i { }

x

i1

= x

n3

= x

12

=1 i ∈ 2,K ,n − 1 { }

- V

2c

2

the variables y

i1 nk

i ∈ 2,K ,n − 1

{ }

, k ∈ 4,K ,n

{ }

- Π

2c

2

the vertices of P

n

s. t. x

i1

= x

12

= x

nk

=1 i ∈ 2,K ,n − 1

{ }

, k ∈ 4,K ,n

{ }

Ιν

Π

2c

1, for each condition (corresponding to each value of i, h), we keep one and only one vertexsatisfying it. So

Π

2c

1

= (n − 2)(n − 2). We proceed analogously for

Π^{2c}_{2 and}

Π_{2c}^2 = (n − 2)(n − 3).The diagonal of M2c can be partitionned into 2 blocks: the first one

M2c1 built with rows correspondingto variables

V2c1 and columns corresponding to points

Π 2c1 that is to say

M2c1 = prV2c1 Π 2c1( ), τηε σεχονδονε

M2c2 with rows corresponding to variables

V2c2 and columns corresponding to points

Π 2c2 that is tosay

M2c2 = prV2c2 Π 2c2( ).Τηε ϖερτιχεσ οϕ

n satisfy

xi1 = xh2 =1⇒ y ′i 1 ′h 2 = x ′i 1x ′h 2 = 0 for ′i ≠ i or ′h ≠ h. Hence arranging rowsand columns in the order they appear in the definition, we have

2c1 (n− 2)(n− 2) .The vertices of

Π^{2c}_{1 implies the (upper) triangular structure of the wholethat is to say we have}

M2c = I(n− 2)(n− 2)0 I(n− 2)(n− 3) . Τηε ρανκ οϕ Μ2χ ισ

(n − 2) 2(n − 3) +1 ( ).2)δ) λετ

M2d = prV2d Π 2d( ) βυιλτ ωιτη:

- V2d the variables y1j nk j ∈ 3,K ,n{ },k ∈ 4,K ,n{ } \ j{ } y1j n3 j ∈ 4,K ,n − 1 { } - Π 2d the vertices of Pn s.t. x1j = xnk =1 j ∈ 3,K ,n{ },k ∈ 4,K ,n{ } \ j{ } x1j = xn3 =1 j ∈ 4,K ,n − 1 { } Ιν

Π 2d, for each condition (corresponding to each value of j, k), we keep one and only one vertexsatisfying it. So

Π 2d = (n − 3)2 +(n − 4).The vertices of

Pn satisfy

x1j = xnk =1⇒ y1 ′j n ′k = x1 ′j xn ′k = 0 for ′j ≠ j or ′k ≠ k. Hence arranging rows(variables

V2d) and columns (vertices

Π 2d) in the order they appear in the definition, we have

M2d = I(n− 3)2 +(n− 4). The rank of M2d is

(n − 3)2 + (n − 4).Now let us consider the matrix M built from the union of the variables described above and from theunion of the vertices described above, in ordering the rows and the columns in such a way that M1, M2a,..., M2d are on the diagonal of M and in this order. Let us prove that M is block (upper) triangular thatis to say of the following form:

M = M10 M2a

0 0 M2b

0 0 0 M2c

0 0 0 0 M2d (Σεε τηε εξαμπλε ϕιγυρε1).Τηε ϖερτιχεσ οϕ

V^{2b} ∪ V^{2c} ∪ V^{2d.¥} x n2 =1⇒ x nk = 0 k ≠ 2 x h2 = 0 h ≠ n { . Χονσεθυεντλψ τηε συππορτ οϕ

Π 2b does not intersect the indices of thevariables of

V^{2c} ∪ V^{2d.The points of}

Π^{2c are divided into two groups: those s.t.}

x 12 =1 and those s.t.

x_{n3} = x_{1n} =1.¥

x_{12} =1⇒ x_{1j} = 0 j ≠ 2. Consequently the support of the first group does not intersect the indices of thevariables of

V2d.¥ xn3 =1⇒ xnk = 0 k ≠ 3 and x_{1n} =1⇒ x_{1j} = 0 j ≠ n. Consequently the support of the second groupdoes not intersect the indices of the variables of

V2d.Therefore one has:

rank(M) ≥ rank(M_1)+ rank(M_{2a} )+K +rank(M_{2d} )

≥ 1 2 (n − 1)(n − 2)(n − 3)(n − 4) + (n − 2)^2 + 2

+(n − 1) (n − 3)^2 +1

( ) + (n − 2) (n − 3)^2 +1

( ) + (n − 2) 2(n − 3) +1

( ) + (n − 3)^2 + (n − 4) = 1 2 n(n − 1)(n − 2)(n − 3) + (n − 1)^2 + 2The figure1 illustrates the structure of the matrix M in the case n=4. Note that two vertices are candidateto enter

dim P^n( ) ≥ 1 2 n(n − 1)(n − 2)(n − 3) + (n − 1)_2 +1.DEFINITION 1.For all

i,h =1,K ,m (h ≠ i) j,k =1,K ,n (k ≠ j), we define

cijk(y):= yijhk h=1h≠i m∑ ανδ

lijh (y):= yijhk k=1k≠ jn∑.

cijk(y) (respectively

lijh (y)) can be viewed as the linearization of the product of

ck(x):= xhk_{h=1}^m∑(ρεσπεχτιϖελψ

lh (x):= xhkk=1n∑) βψ τηε ϖαριαβλε

xij in which the products

xijxik ,

xijxhj vanish (for examplein the case m=n, the products

xijxik ,

x ij x hj are zero on

Q n). 10LEMMA 2.For m‡2 et n‡3 (m rows, n columns), the rank of the following linear forms

F:

c_{1j k} (y):= y_{1j hk} h=2 m ∑ k =1,K ,n, k ≠ j , j =1,K ,n − 2

c_{1(n−1) k} (y):= y_{1(n−1) hk} h=2 m ∑ k =1,K ,n − 2

l_{1j h} (y):= y_{1j hk} k=1 k≠ j n ∑ h = 2,K ,m− 1, j =1,K ,n − 1

l_{ij 1} (y):= y_{ij 1k} k=1 k≠ j n ∑ i = 2,K ,m, j =1,K ,n ισ ατ λεαστ

m− 1 ( ) n − 1 ( ) + n − 1 ( ) m+ n − 3 ( ) + m− 2 ( ).ΠΡΟΟΦ.Τηε ϖαριαβλεσ οϕ τηε λινεαρ ϕορμσ

F are such that a row index i or h is equal to 1. Consider the partitionof the variables of the linear forms

j =1,K ,n. Consider the partition of the set

F inthe following subsets

Gj := c1j k k =1,K ,n, k ≠ j, l1j h h = 2,K ,m− 1 { } ϕορ

j =1,K ,n − 2,

G^{n−1}:= c^{1(n−1) k} k =1,K ,n − 2, l^{1(n−1) h} h = 2,K ,m− 1 { },

H j := l

ij 1

, i = 2,K ,m { } ϕορ

j =1,K ,n .Remark that for all j the support of

G j coincides with the indices of the variables of

Y^{j and that thesupport of}

j =1,K ,n − 2,

G j = T HK y 1j( ) ωηερε

H = 2,K ,m { } , K = 1,K ,n { } \ j { }, τηερεϕορε

rank G

j

( )

= m+ n − 3 (see Result 1).b) Consider the following subset of

Y^{n−1 defined as}

Y

n−1

n

:= Y

n−1

∩ y

i ′j hk

: n ∈ ′j ,k { } , i ≠ h, ′j ≠ k

{ }.Χονσιδερ

′H n the projections of the linear forms of

H n on the coordinates of the variables of

Y^{n−1, wehave:}

′H

n

= y

in 1(n−1)

, i = 2,K ,m

{ } ανδ τηερεϕορε

rank ′ H

n

( )

= m− 1. Remark that the variables of theforms of

′H^{n are in}

Y

n−1

n.Consider

′G^{n−1 the projections of the linear forms of}

G n−1 on the coordinates of the variables of

Y

n−1

\ Y

n−1

n, we have:

′

G

n−1

=

′

c

1(n−1) k

(y) = c

1(n−1) k

(y) k =1,K ,n − 2,

′

l

1(n−1) h

(y) = y

1(n−1) hk k=1

n− 2

∑

h = 2,K ,m− 1 = T

HK

y

1(n−1)

( ) ωηερε

H = 2,K ,m

{ }, K = 1,K ,n − 2 { }, Κ νον εμπτψ ϕορ ν >2 , τηερεϕορε

rank ′G^{n−1}( ) = m+ n − 4 (seeResult 1).c) For j„n , consider

′H j, the projections of the linear forms of

H j on the coordinates of the variables of

Yn, we have:

′Hj = yij 1n,i = 2,K ,m { }. Τηερεϕορε rank ′H^{jj=1} n−1 U( )_{= (m− 1)(n − 1).Finally, consider the matrix M whose columns are indiced by the variables}

Y^1,K , Y^{n− 2}, Y^{n−1}_n , Y^{n−1} \ Y^{n−1}_n , Y^{n (and in this order) and whose rows are the forms}

G^1 ,K , G^{n− 2} , H^n , G^{n−1} , H^{jj=1}_{n−1}U (and in this order). M is block (lower) triangular that is to say 11

M = G^1 0 0 0 0 0

O G^{n− 2} 0 0 0

′Hn 0 0

′Gn−1 0

′H j j=1 n−1U (σεε τηε εξαμπλε ϕιγυρε2) ανδ ιτσ ρανκ ισ γρεατερ ορ εθυαλ το τηεσυμ οϕ τηε ρανκσ οϕ τηε διαγοναλ βλοχκσ.

rank F( ) = rank M( ) ≥ n − 2( ) m+ n − 3 ( )+ m+ n − 4 + m− 1 ( )+ m− 1( ) n − 1( )Τηε ϕιγυρε2 ιλλυστρατεσ τηε χονστρυχτιον οϕ τηε ματριξ Μ ιν τηε χασε

m= 2,n = 3. For convenience ofnotation, the linear forms are represented as linear functions of the variables y instead of row vectors oftheir coefficients.

1 23 2 23 3 1 3 2 1 2 1122 1123

2311

2312

12 21

2211

2112

2113

2213 rank F( ) ≤ card F( ) = m− 1( ) n − 1( )+ n − 1( ) m+ n − 3( )+ m− 2( ), Λεμμα 2 χουλδ βεστατεδ ωιτη α στριχτ εθυαλιτψ.ΛΕΜΜΑ 3.Φορ μ≥3 ανδ ν≥2 (μ ροωσ, ν χολυμνσ), τηε ρανκ οϕ τηε ϕολλοωινγ λινεαρ ϕορμσ

F: li1 h (y):= yi1 hkk=2n∑ h =1,K ,m, h ≠ i ,i =1,K ,m− 2l(m−1)1 h (y):= y(m−1)1 hkk=2n∑ h =1,K ,m− 2ci1 k (y):= yi1 hkh=1h≠im∑ k = 2,K ,n − 1, i =1,K ,m− 1cij 1 (y):= yij h1h=1h≠im∑ j = 2,K ,n, i =1,K ,mισ ατ λεαστ

m− 1 ( ) n − 1 ( ) + m− 1 ( ) m+ n − 3 ( ) + n − 2 ( ).ΠΡΟΟΦ. Τηε τρανσποσιτιον οϕ ροω ινδιχεσ ανδ χολυμν ινδιχεσ ιν τηε ϖαριαβλεσ οϕ τηε ϕορμσ Φ οϕ Λεμμα 2δοεσ νοτ χηανγε τηε ρανκ ανδ γιϖεσ

F. 12LEMMA 4.For n‡3, let

Fr=1,K ,n− 2 := c_{rj k} (y):= y_{rj hkh=1h≠rn}∑ k = r,K ,n, k ≠ j , j = r,K ,n − 2 cr(n−1) k (y):= yr(n−1) hk

h=1h≠rn∑ k = r,K ,n − 2

lrj h (y):= yrj hk

k=1k≠ jn∑ h = r +1,K ,n − 1, j = r,K ,n − 1

lij r (y):= yij rk

k=1k≠ jn∑ i = r +1,K ,n, j = r,K ,n ανδ λετ

Fr=1,K ,n− 3:= l_{ir h} (y):= y_{ir hkk=1k≠rn}∑ h = r +1,K ,n, h ≠ i ,i = r +1,K ,n − 2 l(n−1)r h (y):= y(n−1)r hk

k=1k≠rn∑ h = r +1,K ,n − 2

cir k(y):= yir hk

h=1h≠in∑ k = r +1,K ,n − 1, i = r +1,K ,n − 1

cij r (y):= yij hr

h=1h≠in∑ j = r +1,K ,n, i = r +1,K ,n

Fn− 2 := cijk (y):= yijhk^{h=1h≠i}_n∑ i = n − 1,n j,k( )∈ n − 2, n − 1( ), n − 1, n( ), n, n − 2( ) { } Λετ

Gr=1,K ,n− 2 := Fr ∪ Fr , let

Sn := Grr=1n− 2U then

rank Sn( ) ≥ n n − 1( ) 2n − 3( )− 1.PROOF.We proceed by recurrence on n .For n=3, one has

S3 = G1. Consider the partition of the variables of

G1 in

Y1, the set of variables with arow index equal to 1, and

Y1 the complementary set that is to say the set of variables whose row indicesare not equal to 1. Remark that the support of

F1 does not encounter the indices of the variables of

′F^{1 the projections of thelinear forms of}

F1 on the coordinates of the variables of

Y1. These projections are

′F1:= ′ci1 2 (y) = yi1 h2 , ′ci2 3(y) = yi2 h3 , ′ci3 1(y)= yi3 h1 i = 2,3 h = 2,3 i ≠ h { } ανδ τηερεϕορε

rank ′F1( ) = 6.Finally consider

M1 the matrix whose columns are indiced by the variables

Y1 and

Y1, and whose rowsare the forms

F1 and

F1. The rank of the linear forms of

S^{n and}

yijhk be any one element of Y. Consider the partitionof Y in

Y1, the set of variables with at least one index i, j, h or k equal to 1, and

Y1 the complementary setthat is to say the set of variables whose indices i, j, h and k are not equal to 1. Remark that the support of

G1 does not encounter the indices of the variables of

Y1. Consider

′Gr=2,K ,n− 2 , the projections of thelinear forms of

Gr=2,K ,n− 2 on the coordinates with all indices i, j, h and k different from 1 (coordinates

13of variables of

′G^r r=2 n− 2

U that is to say applying the renumbering

y^{ijhk} → y^{(i−1)(j−1)(h−1)(k−1) to allthe variables of the forms of}

′Gr r=2n− 2U we obtain

Sn−1 and conclude that rank ′Grr=2n− 2U = rank Sn−1( ).Χονσιδερ Μ1 τηε ματριξ ωηοσε χολυμνσ αρε ινδιχεδ βψ τηε ϖαριαβλεσ

Y1 and

Y1, and whose rows are theforms

G1 and

Gr r=2n− 2U. M1 is block triangular

M1 = G1 0 ′Grr=2n− 2U ανδ ιτσ ρανκ ισ γρεατερ ορ εθυαλ το τηε συμοϕ τηε ρανκσ οϕ τηε διαγοναλ βλοχκσ. Τηε ρανκ οϕ

Y^{1 in}

Y

11, the set of variables with a row indexi or h equal to 1, and

Y

11 the complementary set (of

Y

1) that is to say the set of variables whose rowindices i and h are not equal to 1 (therefore a column j or k is equal to 1). Remark that the support of

F 1does not encounter the indices of variables of

Y 11. Consider

′F 1 the projections of the linear forms of

G^{1 is equal to the rank of the matrix}

M^{11} =

F^1 0

′F^1 .Τηερεϕορε

rank G

1

( ) ≥ rank F

1

( ) + rank ′F

1

( ).α) Αππλψινγ Λεμμα 2 ωιτη μ:=ν ωε οβταιν τηατ

rank F^1( ) ≥ n − 1( ) 2n − 3( )+ n − 2( )+ n − 1( )_{2.b) Decrementing the row indices of each variable of}

′F1 that is to say applying the renumbering

yijhk → y(i−1)j(h−1)k to all the variables of the forms of

′F1 we obtain

F of Lemma 3 with m:=n-1.Applying Lemma 3 with m:=n-1 we obtain that

rank ′F1( ) ≥ n − 2( ) 2n − 4( )+ n − 2( )+ n − 2( ) n − 1( ).Τηερεϕορε

rank G1( ) ≥ n − 1( ) 2n − 3( )+ n − 2( )+ n − 1( )2 + n − 2( ) 2n − 4( )+ n − 2( )+ n − 2( ) n − 1( ) = 2 n − 1

( ) 3n − 5 ( )Φιναλλψ ωε ηαϖε

rank Sn( ) ≥ n − 1( ) n − 2( ) 2n − 5( )− 1+2 n − 1( ) 3n − 5( )

= n n − 1

( ) 2n − 3 ( )− 1

REMARK 2. The cardinality of the set

n n − 1 ( ) 2n − 3

( ) − 1. This can be verified by the followingrecurrence.The cardinality of

S3 is 17.For n‡4,

card Sn( ) = card G1( ) + card Gr( )

r=2n− 2∑ = card G1( ) + card Sn−1( )

= card G1( ) + n − 1( ) n − 2( ) 2n − 5( ) − 1 (applying the hypothesis of recurrence) = card F1( ) + card F1( ) + n − 1( ) n − 2( ) 2n − 5( ) − 1 = 2 n − 1

( ) 3n − 5

( ) + n − 1( ) n − 2( ) 2n − 5( ) − 1= n n − 1( ) 2n − 3( ) − 1As

rank Sn( ) ≤ card Sn( ), Λεμμα 4 χουλδ βε στατεδ ωιτη α στριχτ εθυαλιτψ. 14ΛΕΜΜΑ 5.Φορ ν≥3, τηε ρανκ οϕ τηε σψστεμ

cj (x):= xiji=1n

=1 j =1,K ,n li (x):= xijj=1n

=1 i =1,K ,n − 1 cijk (y) = xij ∀ cijk (y)∈ Sn lijh (y) = xij ∀ lijh (y)∈ Sn ισ εθυαλ το

2 n − 1 ( ) + n n − 1( ) 2n − 3( ) ανδ τηε σψστεμ δοεσ νοτ χονταιν α ρεδυνδαντ εθυαλιτψ.ΠΡΟΟΦ.Τηε σψστεμ χαν βε ωριττεν:

j i ij k ij ijk n ij h ijh n S^{n is at least}

n n − 1

( ) 2n − 3

( ) − 1 (Lemma 4).Therefore the rank of the system is at least

2 n − 1 ( ) + n n − 1( ) 2n − 3( ).Τηε νυμβερ οϕ εθυαλιτιεσ οϕ τηε σψστεμ ισ εθυαλ το

2 n − 1 ( ) + n n − 1 ( ) 2n − 3 ( ) (υσε Ρεμαρκ 2) ανδ ϕιναλλψτηε σψστεμ ισ οϕ ϕυλλ ρανκ.

ΤΗΕΟΡΕΜ 1.Φορ ν≥3,

dim P_n( ) = 1 2 n(n − 1)(n − 2)(n − 3)+(n − 1)^2 +1 and

Aff P n ( ) = M_n := x,y( ):

c j (x):= x ij

i=1 n

∑^{=1 j =1,K ,n}

l i (x):= x ij

j=1 n

∑^{=1 i =1,K ,n − 1}

c ijk (y) = x ij ∀ c ijk (y)∈ S n

l ijh (y) = x ij ∀ l ijh (y)∈ S n ΠΡΟΟΦ.Λετ υσ δενοτε βψ

A x,y( ) = b the equalities that appear in the expression of

M_{n and by m the total numberof variables minus the rank of A. From Lemma 5 we have:}

m= n

2

+

n

2

(n−1)

2

2

− 2 n − 1 ( ) + n n − 1( ) 2n − 3( ) ( ) =

1

2 n(n − 1)(n − 2)(n − 3) + (n − 1)

2

+1

Q n ⊆ M n ⇒ Aff Q n ( ) = Aff P n ( )⊆ M nTherefore dim P

n

( )

≤ dim M

n

( )

= n

2

+

n

2

(n−1)

2

2 ( )

− rank A ( ) = mFrom Corollary of Lemma 1 we observe that

m≤ dim P_n( ).Τηερεϕορε

dim P

n

( )

= dim M

n

( )

= m.

15By inclusion, we deduce that

Aff P^n( ) = M^{n.}

REMARK 3. Consider

′Mn the affine set defined as the solutions of the system of equalities used in thedescription of

′Pn, the polyhedron used by Resende, Ramakrishnan and Drezner (1995) (see Section 1),that is to say:

′Mn := x,y( ): xiji=1n∑ =1 j =1,K ,n xij j=1n∑ =1 i =1,K ,n

yij hk

h=1h≠in∑ = xij i, j,k =1,K ,n, k ≠ j k=1k≠ jn∑ = xij i, j,h =1,K ,n, h ≠ i Τηε εθυαλιτιεσ υσεδ το δεσχριβε

Mn is a subset of those used to describe

′Mn , therefore

Pn ⊆ ′Mn ⊆ Mn.Then from Theorem 1

Aff Pn( ) = Mn = ′Mn. Resende and al. have therefore described

c^{ij}x^{ij} j=1 n ∑_+ i=1 n ∑_cij hk_yij hk k=1 k≠ j

n ∑^{h=1} h≠i

n ∑^{j=1}_n∑^{i=1}_n∑_{≥ 0 be a valid inequality (resp. a facet) for}

Pn then:PRINCIPLE 1: renumbering rows and columns.

cijxL(i)C(j) j=1n∑ + i=1n∑ cij hkyL(i)C(j) L(h)C(k) k=1k≠ jn∑ h=1h≠in∑ j=1n∑ i=1n∑ ≥ 0 is a valid inequality (resp. a facet) for

Pn, where Land C are two permutations of

1,K ,n { }.ΠΡΙΝΧΙΠΛΕ 2: τρανσποσιτιον οϕ ροωσ ανδ χολυμνσ.

cijxji j=1n∑ + i=1n∑ cij hkyji kh k=1k≠ jn∑ h=1h≠in∑ j=1n∑ i=1n∑ ≥ 0 is a valid inequality (resp. a facet) for

Pn.DEFINITION 2.Consider n‡4.Let i, j, h, k i„h and j„k (i, h row indices and j, k column indices)Let l l„i and l„h (l row index)Let

B= 1,...,n { }− j,k{ }Λετ

C ⊆ B and define the inequality

IC ≡ yijlc c∈C∑ ≤ yijhk + ylchbb∈Bb≠c∑c∈C∑Ιν τηε ϕολλοωινγ (υπ το Δεϕινιτιον 3), ιϕ νο οτηερ πρεχισιον ισ γιϖεν, ι, φ, η, κ, λ ωιλλ ρεϕερ το Δεϕινιτιον 2. 16ΠΡΟΠΟΣΙΤΙΟΝ 1.

P^{n, it is sufficient to verify the proposition on}

Qn (the vertices of

Pn). Let

x,y ( )∈ Q^{n, let us show that}

x,y ( ) ϖεριϕιεσ

IC. First remark that the right member of the inequality isnon negative. Moreover one, at most, variable of the left member can take the value 1 (because of theconstraint

xlc c=1n∑ =1). It suffices to verify that in this case (left member not zero) the right member isequal to 1. Suppose now that the left member is not zero. Then there exist one (and only one) column

c ∈ C such that

xij = xlc =1, this implies

xhj = xhc = 0 and

xh ′k

′k =1n∑ = xhb

b∈Bb≠cn∑ + xhk =1 since

B∪ k{ }− c{ } = 1,...,n{ }− j,c{ } ανδ ϕιναλλψ

I^{C (i.e. satisfy}

IC with equality) satisfy one of the 5 followingconditions:

− xij =1 ( )∧ ∃c ∈ C xlc =1 ( ) − xij = 0

( ) ∧ ∀ c ∈ C xlc = 0 ( ) ( ) ∧ xhk =1 ( ) − xhk = 0

− xhj =1 ΠΡΟΟΦ.Τηε ϖερτιχεσ οϕ

Pn saturate

IC in two manners: either the left member is equal to 1 and then the rightmember is just equal to 1 (see the proof of Proposition 1), or the right member is zero. This leads to 2conditions:- the vertices s.t.

x(n−1)1 =1 ∧ ∃c ∈ C xnc =1 give the value 1 at the left member of

IC- the vertices s.t.

xij = 0 ∨ xhk = 0

( ) ∧ ∀ c ∈ C xlc = 0 ∨ ∀ b ∈ B xhb = 0 ( ) γιϖε τηε ϖαλυε 0 ατ τηε ριγητμεμβερ οϕ

IC . Since the vertices satisfy the constraint

xh ′k =1 ′k =1n∑ τηε χονδιτιον

∀ b ∈ B xhb = 0 can bewritten

xhj + xhk =1 that is to say

x^{hj} =1⇒ x^{ij} = 0 ∧ x^{hk} = 0 (i ≠ h,k ≠ j), we obtain the announced result.

THEOREM 2.Let n‡4. If

0 ≤ C ≤ n − 3 then

IC induces a facet of

Pn.PROOF.Without loss of generality (Principle 1) let us choose i, j( ) = n − 1,1

( ) , h,k( ) = 1,2( ) , l = n ,

B= 3,4,K ,n { } ,

C ⊆ 4,5,K ,n { } ανδ προϖε τηατ

IC ≡ y(n−1)1nc c∈C∑ ≤ y(n−1)112 + ync1bb∈Bb≠c∑c∈C∑ ινδυχεσ α ϕαχετοϕ

Pn. Let

C = 4,K ,n { } − C. 17We have to exhibit

dim Pn( ) λινεαρλψ ινδεπενδαντ ϖερτιχεσ οϕ

Pn that saturate

IC (i.e.

IC induces a face ofdimension

Π^{2c}_{2 is now divided into two sets:}

- Π 2cα2 the vertices of Pn s.t. xi1 = x12 = xnk =1 i ∈ 2,K ,n − 1{ }, k ∈ C

- Π 2cβ2 the vertices of Pn s.t. xi1 = x13 = xnk =1 i ∈ 2,K ,n − 1{ }, k ∈ CNote that this does not alter the rank of

M2c .In V2d , the variables

y1j nk j ∈ 3,K ,n

{ },k ∈ 4,K ,n { } \ j{ } αρε νοω διϖιδεδ ιντο τωο γρουπσ

y1j nk j ∈ 3,4,K ,n

{ },k ∈ C \ j{ } y1j nk j ∈ 2,4,K ,n Ωε τηεν βυιλδ

V2d = V2dα ∪ V^{2dβ ωιτη}

- V^{2dα} the variables

y^{1j nk} j ∈ 3,K ,n

{ },k ∈ C \ j{ } y^{1j n3} j ∈ 4,K ,n − 1 { }

- V^{2dβ} the variables y^{1j nk} j ∈ 2,4,K ,n { },k ∈ C \ j{ }Τηε ρεσυλτινγ ματριξ Μ ισ βυιλτ ωιτη ∀ολδ∀ ποιντσ ανδ ϖαριαβλεσ (ι.ε. τηε ονεσ υσεδ ιν τηε προοϕ οϕ Λεμμα1) ανδ ∀νεω∀ ποιντσ ανδ ϖαριαβλεσ (ι.ε. τηε ονεσ ιντροδυχεδ ηερε). Λετ υσ σηοω τηατ Μ ισ αγαιν βλοχκτριανγυλαρ.− Ασ ιν τηε προοϕ οϕ Λεμμα 1 ονε χαν ϖεριϕψ τηατ τηε συππορτ οϕ

Π 1 ∪ Π 2a ∪ Π 2b does notencounter the indices of the "new" variables of

V2d i.e.

V 2dβ.− Λετ υσ ϖεριϕψ τηατ τηε συππορτσ οϕ τηε ∀ολδ∀ ποιντσ οϕ

Π^{2c i.e.}

Π

2c

1

∪ Π

2cα

2 do not encounter theindices of the "new" variables of

V

2d i.e.

V

2dβ:τηε ϖερτιχεσ οϕ

P

n satisfy

x

nk

=1 k ∈ C∪ 3

{ }

=1⇒ x

nk

= 0 k ∈ C. Therefore the support of

Π

2c

1

∪ Π

2cα

2does not encounter the indices of the variables of

V^{2dβ .− Λετ υσ ϖεριϕψ τηατ τηε συππορτσ οϕ τηε ∀νεω∀ ποιντσ οϕ}

Π^{2c i.e.}

Π 2cβ

2 do not encounter the indicesof the variables of

V 2d:the vertices of

P

n satisfy

x

13

=1⇒ x

1j

= 0 j ∈ 2,4,K ,n

{ }. Τηερεϕορε τηε συππορτ οϕ

Π

2cβ

2 does notencounter the indices of the variables of

V

2dβ;τηε ϖερτιχεσ οϕ

P

n satisfy

x

nk

=1 k ∈ C ⇒ x

nk

= 0 k ∈ C ∪ 3

{ }. Τηερεϕορε τηε συππορτ οϕ

Π

2cβ

2 does notencounter the indices of the variables of

V

2dα .Νοω λετ υσ μοδιϕψ

Π

2d in such a way that the rank of M2d remains identical.The vertices of

Π^{2d s.t.}

x

1j

= x

nk

=1 j ∈ 3,K ,n { } ,k ∈ 4,K ,n { } \ j

{ } αρε διϖιδεδ ιντο τωο γρουπσ

x

1j

= x

nk

= x

(n−1)1

=1 j ∈ 3,4,K ,n { } ,k ∈ C \ j

{ } x

1j

= x

nk

= x

(n− 2)1

=1 j ∈ 2,4,K ,n { } ,k ∈ C \ j

{ }

Ωε τηεν βυιλδ

- Π

2d

the vertices of P

n

s. t.

x

1j

= x

nk

= x

(n−1)1

=1 j ∈ 3,4,K ,n

{ }

,k ∈ C \ j

{ } x

1j

= x

n3

=1 j ∈ 4,K ,n − 1

{ } x

1j

= x

nk

= x

(n− 2)1

=1 j ∈ 2,4,K ,n

{ }

,k ∈ C \ j

{ }

Μ2δ ισ αγαιν εθυαλ το τηε ιδεντιτψ ματριξ οϕ ορδερ

(n − 3)

2

+ (n − 4) (use the same construction as inLemma 1).

18In

Π

2d we will distinguish

Π

2dα

, Π

2dβ

, Π

2dγ χορρεσπονδινγ ρεσπεχτιϖελψ το τηε ϕιρστ, τηε σεχονδ ανδ τηετηιρδ λινε ιν τηε αβοϖε δεϕινιτιον.Ιν

Π

2c

1 let us distinghuish:

- Π

2cα

1

the vertices of P

n

s. t. x

i1

= x

n3

= x

12

=1 i ∈ 2,K ,n − 1

{ }

- Π

2cβ

1

the vertices of P

n

s. t. x

i1

= x

n3

= x

1n

= x

h2

=1 i ∈ 2,K ,n − 1

{ }

h ∈ 2,K ,n − 1

{ }

\ i

{ }Τηε ϖερτιχεσ οϕ

P

n which saturate

I

C must satisfy one of the 5 conditions of Proposition 2. This the casefor all the vertices used to build M except for the point of

Π_{2cα}^{1 with} i = n − 1 i.e. s.t.

x (n−1)1 = x n3 = x 12 =1 (see table 1). The ranks of the blocks M1, M2a ,..., M2d being unchanged(compared to Lemma 1),

I C induces a facet.

∃c ∈ C x

(n−1)1

= x

nc

=1

∀ c ∈ C x^{(n−1)1} = x^{nc} = 0

x (n−1)1

= 0 ∧ x 12 =1

∀ c ∈ C x

nc

= x

12

= 0

x

11

=1

Π

2cα

2

s.t. i = n − 1

Π

2a

Π

2cα

1

s. t. i ≠ n − 1

Π

2b ,

Π

2cβ

1

Π

1

Π

2dα

Π

2dγ

Π

2cα

2

s.t. i ≠ n − 1

Π

2cβ

2 ,

Π

2dβταβλε 1: χορρεσπονδενχεσ βετωεεν χονδιτιονσ οϕ Προποσιτιον 2 ανδ ποιντσ σατισϕψινγ τηεμ.Φορ

n = 4, the figure 3 illustrates the modified matrix M in the case

C = ∅ , C = 4

{ } ι.ε.

I

C

≡ 0 ≤ y

3112.In the case

C = 4

{ }

, C = ∅ ι.ε.

I

C

≡ y

3144

≤ y

3112

+ y

4413 the matrix M is unchanged and is given infigure1. 19

Π

1

Π

2a

Π

2b

Π

2c

Π

2d

y

22 33

y

22 34

y

2332

y

2334

y

24 32

y

24 33

M

y

12 23

y

12 24

y

12 33

y

12 34

M

y

2113

y

2114

y

2133

y

2134

M

y

2132

y

2112

y

3122

y

3112

y

2144

y

3144

y

12 44

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

L

0 0

MM

1

0

0 1

0 0

MM

0 0

0 0 0 0

MMMM

0 0 0 0

0 0

MM

0 0

0

M

0

0

1 0

0 1

0 1

1 0

0

0 O

0 0

MM

0 0

0 0 0 0

MMM1

0

0 1 0 0

0 0

MM

0 0

0

0

1

0

0 0

1 0

0 1

0 1

1 0

0

0 O

0 0 0 0

1 MMM

0

0 1 0 0

1 0

0 M

0

0 0

0

0

1

0

0 0 0

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

1 0

0 0

0 1

0 0

0

1 0

0 1

0

1

0

0

1

0

0 0 0 0 1

↑ϕιγυρε3Ματριξ Μ ϕορ ν=4 ανδ

C = ∅ , C = 4

{ } (προοϕ οϕ Τηεορεμ 2)Τηε αρροω ινδιχατεσ τηε ονλψ ϖερτεξ ωηιχη δοεσ νοτ σατυρατε

I^C ≡ 0 ≤ y^{3112}

REMARK 4. The number of subsets of

B= 1,...,n { }− j,k{ } οϕ σιζε στριχτλψ σμαλλερ τηαν

n − 2 is

2n− 2 − 1. So the total number of inequalities

IC inducing facets is

Ω 2n− 2 ( ).ΡΕΜΑΡΚ 5.Λετ ν≥4. Ιϕ

C = n − 2 then

IC is the sum of all inequalities

y ′i j ′h k ≥ 0

′i ∉ i,h,l { }, ′h ∉ h,l, ′i{ }.ΠΡΟΟΦ.Ρενυμβερινγ ροωσ ανδ χολυμνσ, ωε χαν αλωαψσ χηοοσε

i, j( ) = n − 1,1

( ) , h,k( ) = 1,2( ) , l = n. Then

C = B= 3,4,K ,n { }. Υσινγ εθυαλιτιεσ σατισϕιεδ βψ τηε ποιντσ οϕ

Pn (see Remark 3 and Definition 1 withm=n), we state:

yi1h2 h=2h≠in−1 i=2n− 2

= xi1 − yi112 − yi1n2 ( ) i=2n− 2

= 1− x11 − x(n−1)1 − xn1

( )+ y(n−1)112 + yn112 − x12

( )+ y(n−1)1n2 + y11n2 − xn2 ( ) υσινγ τηε εθυαλιτιεσ

c1 (x) =1, c121 (y) = x12 , cn21 (y) = xn2 20

= y(n−1)112 + 1− xn1 − xn2

( )+ yn112 − x12

( )+ y(n−1)1n2 − x(n−1)1

( )+ y11n2 − x11 ( ) ρεορδερινγ τηε τερμσ

= y(n−1)112 + xncc=3n

− ync12

c=3n

− y(n−1)1nc

c=3n

− y11nc

c=3n

n 12n 12 (n−1)1n

(n−1)1 11n 11 B= 1,...,n { }− i,h{ }Λετ

L⊆ B then

I

L

≡ y

ijcl c∈L

∑ ≤ y

ijhk

+ y

clbk b∈B b≠c

∑

c∈L

∑ ισ α ϖαλιδ ινεθυαλιτψ ϕορ

P n and induces a facet if

0 ≤ L ≤ n − 3.PROOF. Apply Principle 2 to

I

C.

REMARK 6.For n =3 the inequalities

y

ij hk

≥ 0 are sufficient to describe the quadratic assignment polytope, moreprecisely one has:

P

3

= ′P

3

:= M

3

∩ x,y( ): y

ij hk

≥ 0 i, j,h,k =1,2,3 i ≠ h j ≠ k { }ΠΡΟΟΦ.Ονε ηασ:

′P_3 ⊆ M_3 = Aff P_3( ) , τηε εθυαλιτψ ρεσυλτινγ ϕρομ Τηεορεμ 1. Λετ

x,y ( )∈ ′P3 then

x,y ( )∈ Aff P_3( ) = Aff V_{p=1,K ,6} { } ( ) ωηερε

Vp=1,K ,6 { } αρε τηε 6 ϖερτιχεσ οϕ

P3. Therefore

∃λ p=1,K ,6 s.t.

λ p p=16∑ =1 and x,y ( ) = λ pVp p=16∑. Τηε ματριξ ωηοσε χολυμνσ αρε

Vp=1,K ,6 { } χονταινσ ασ συβ−ματριξ τηειδεντιτψ οϕ ορδερ 6: ϕορ εξαμπλε εξτραχτ τηε ροωσ χορρεσπονδινγ το τηε ϖαριαβλεσ

y1122,y1123,y1221,y1223,y1321,y1322 { }. Τηερεϕορε εαχη λ^{p is not negative. It follows that}

′P^3 ⊆ Conv V^{p=1,K ,6} { } ( ) = P3.The converse inclusion is verified because

V^{p=1,K ,6} { }⊆ ′P3.

Since the number of inequaltities

IC and

I_{L inducing facets is exponential (see Remark 4), from apractical point of view they cannot be put all together into a linear program. That suggests a cutgeneration algorithm with the associated separation problem: given}

x,y ( )∈ Mn (the affine hull of

Pn)find the most violated facet by

x,y ( ).Φιρστ χονσιδερ τηε σεπαρατιον προβλεμ ϕορ τηε

IC facets. Given the distinct row indices i, h, l, and thedistinct column indices j, k, the separation problem consists to find the set of columns

q^cz^c_* c∈B ∑_{+ y}ijhk_{≥ 0 then there is no}

I^{C facets violatedby}

x,y ( ), οτηερωισε τηε ϕαχετ

IC with

C = c ∈ B: zc* =1 { } ισ ϖιολατεδ βψ

x,y ( ).Τηε 0−1 λινεαρ προγραμ ισ εασψ το σολϖε. Ιϕ

qc ≥ 0 then

zc* = 0. Let

N = c ∈ B: q^c < 0 { }; ιϕ

N > n − 3then

z

c

max

*

= 0 where

c^{max satisfies} q^{cmax} = max q^{c∈N}{ } ανδ

∀ c ∈ N. Therefore the solution is obtained in

Ο n( )τιμε.Ασ

x,y ( ) βελονγσ το τηε αϕϕινε ηυλλ οϕ

Pn, it satisfies the equalities llch (y) = xlc (c ∈ C) (see Remark 3and Definition 1 with m=n) and then

qc = xlc − ylchj − ylchk − yijlc (c ∈ C). Therefore the

qc (c ∈ B)can be computed in

Ο n( ) τιμε.Σινχε τηε ινπυτσ ανδ τηε σολυτιον οϕ τηε 0−1 λινεαρ προγραμ αρε χομπυτεδ ιν

Ο n( ) τιμε, ωε ϕιναλλψ οβταινβψ ενυμερατινγ αλλ τηε ϖαλυεσ οϕ τηε ινδιχεσ ι, φ, η, κ, λ, α σεπαρατιον αλγοριτημ ιν Ω n_2( ) χονστραιντσ;− τηε δεϕινιτιον οϕ α ϕαμιλψ οϕ

Ω 2n− 2 ( ) ινεθυαλιτιεσ ινδυχινγ ϕαχετσ. Τηισ ϕαμιλψ ινχλυδεσ τηε χλασσιχαλ νοννεγατιϖιτψ χονστραιντσ οϕ τηε ϖαριαβλεσ ψ ανδ νεω ινεθυαλιτιεσ ωηιχη σεεμ το βε νεϖερ υσεδ ιν ανψλινεαριζατιον.Ιτ ωουλδ βε ιντερεστινγ το εϖαλυατε, ϕρομ αν εϕϕιχιενχψ ποιντ οϕ ϖιεω, τηε χονσεθυενχε οϕ τηεσε ρεσυλτσ ϕορσολϖινγ ΘΑΠ ορ ατ τηε ϖερψ λεαστ ϕορ οβταινινγ λοωερ βουνδσ. Ωε ηαϖε προποσεδ α πολψνομιαλ−τιμεαλγοριτημ ιν

Ο n6( ) ϕορ δετερμινινγ τηε μοστ ϖιολατεδ ϕαχετ. Ιν ορδερ το βυιλδ α χυτ γενερατιον αλγοριτημιτ ωουλδ βε περηαπσ βεττερ το ϕινδ α ∀γοοδ∀ ϖιολατεδ ϕαχετ βψ αν ηευριστιχ μετηοδ λεσσ τιμε χονσυμινγ. 22ΡεϕερενχεσΩ.Π. Αδαμσ, Τ.Α. ϑοηνσον. Ιμπροϖεδ λινεαρ προγραμμινγ−βασεδ λοωερ βουνδσ ϕορ τηε θυαδρατιχασσιγνμεντ προβλεμ. ΔΙΜΑΧΣ Σεριεσ ιν Δισχρετε Ματηεματιχσ ανδ Τηεοριχαλ Χομπυτερ Σχιενχε 16 (1994)43−75.Ω.Π. Αδαμσ, Η.Δ. Σηεραλι. Α τιγητ λινεαριζατιον ανδ αν αλγοριτημ ϕορ ζερο−ονε θυαδρατιχ προγραμμινγπροβλεμσ. Μαναγεμεντ Σχιενχε 32 ν°10 (1986) 1274−1290.Α.Α. Ασσαδ, Ω. Ξυ. Ον λοωερ βουνδσ ϕορ α χλασσ οϕ θυαδρατιχ 0−1 προγραμσ. Οπερατιονσ Ρεσεαρχη Λεττερσ4 ν°4 (1985) 175−180.Μ.Ο. Βαλλ, Β.Κ. Κακυ, Α. ςακηυτινσκψ. Νετωορκ−βασεδ ϕορμυλατιονσ οϕ τηε θυαδρατιχ ασσιγνμεντπροβλεμ. Ευροπεαν ϑουρναλ οϕ Οπερατιοναλ Ρεσεαρχη 104 (1998) 241−249.Μ.Σ. Βαζαραα, Η.Δ. Σηεραλι. Βενδερσ∋ παρτιτιονινγ σχηεμε αππλιεδ το α νεω ϕορμυλατιον οϕ τηε θυαδρατιχασσιγνμεντ προβλεμ. Ναϖαλ Ρεσεαρχη Λογιστιχσ Θυατερλψ 27 (1980) 29−41.Ε. Βυρκαρδ, Τ. Β�ννιγερ. Α ηευριστιχ ϕορ θυαδρατιχ Βοολεαν προγραμσ ωιτη αππλιχατιονσ το θυαδρατιχασσιγνμεντ προβλεμσ. Ευροπεαν ϑουρναλ οϕ Οπερατιοναλ Ρεσεαρχη 13 (1983) 374−386.Π. Χαρραρεσι, Φ. Μαλυχελλι. Α νεω λοωερ βουνδ ϕορ τηε θυαδρατιχ ασσιγνμεντ προβλεμ. ΟπερατιονσΡεσεαρχη 40 (Συππλεμεντ 1) (1992) Σ22−Σ27.Ν. Χηριστοϕιδεσ, Ε. Βεναϖεντ. Αν εξαχτ αλγοριτημ ϕορ τηε θυαδρατιχ ασσιγνμεντ προβλεμ ον α τρεε.Οπερατιονσ Ρεσεαρχη 37 ν°5 (1989) 760−768.Ν. Χηριστοϕιδεσ, Α. Μινγοζζι, Π. Τοτη. Χοντριβυτιονσ το τηε θυαδρατιχ ασσιγνμεντ προβλεμ. Ευροπεανϑουρναλ οϕ Οπερατιοναλ Ρεσεαρχη 4 (1980) 243−247.Α.Μ. Φριεζε, ϑ. Ψαδεγαρ. Ον τηε θυαδρατιχ ασσιγνμεντ προβλεμ. Δισχρετε Αππλιεδ Ματηεματιχσ 5 (1983)89−98.Π.Χ. Γιλμορε. Οπτιμαλ ανδ συβοπτιμαλ αλγοριτημσ ϕορ τηε θυαδρατιχ ασσιγνμεντ προβλεμ. ΣΙΑΜ ϑ. Αππλ.Ματη. 10 (1962) 305−313.Β.Κ. Κακυ, Γ.Λ. Τηομπσον. Αν εξαχτ αλγοριτημ ϕορ τηε γενεραλ θυαδρατιχ ασσιγνμεντ προβλεμ.Ευροπεαν ϑουρναλ οϕ Οπερατιοναλ Ρεσεαρχη 23 (1986) 382−390.Λ. Καυϕμαν, Φ. Βροεχκξ. Αν αλγοριτημ ϕορ τηε θυαδρατιχ ασσιγνμεντ προβλεμ υσινγ Βενδερσ∋δεχομποσιτιον. Ευροπεαν ϑουρναλ οϕ Οπερατιοναλ Ρεσεαρχη 2 (1978) 207−211.Ε.Λ. Λαωλερ. Τηε θυαδρατιχ ασσιγνμεντ προβλεμ. Μαναγεμεντ Σχιενχε 9 (1963) 586−599.Δ.Γ. Λυενβεργερ. Λινεαρ ανδ νονλινεαρ προγραμμινγ. Σεχονδ εδιτιον. Αδδισον−Ωελσεψ πυβλισηινγχομπαγνψ (1989).Μ. Μαρχυσ, Η. Μινχ. Α συρϖεψ οϕ ματριξ τηεορψ ανδ ματριξ ινεθυαλιτιεσ. Αλλψν ανδ Βαχον, Ινχ., Βοστον(1964).Τ. Μαυτορ, Χ. Ρουχαιρολ. Α νεω εξαχτ αλγοριτημ ϕορ τηε σολυτιον οϕ θυαδρατιχ ασσιγνμεντ προβλεμσ.Δισχρετε Αππλιεδ Ματηεματιχσ 55 (1994) 281−293.Μ.Γ.Χ. Ρεσενδε, Κ.Γ. Ραμακρισηναν, Ζ. Δρεζνερ. Χομπυτινγ Λοωερ Βουνδσ ϕορ τηε Θυαδρατιχασσιγνμεντ προβλεμ ωιτη αν ιντεριορ ποιντ αλγοριτημ ϕορ λινεαρ προγραμμινγ. Οπερατιονσ Ρεσεαρχηςολ.43, ν°5, Σεπτεμβερ−Οχτοβερ (1995) 781−791.Μ.ϑ. Ροσενβλαττ, Β. Γολανψ. Α διστανχε ασσιγνμεντ αππροαχη το τηε ϕαχιλιτψ λαψουτ προβλεμ. Ευροπεανϑουρναλ οϕ Οπερατιοναλ Ρεσεαρχη 57 (1992) 253−270.