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Abstract

Let (QP ) be a 0-1 quadratic program which consists in minimizing
a quadratic function subject to linear constraints. In this paper,
we present a general method to solve (QP ) by reformulation of the
problem into an equivalent 0-1 program with a convex quadratic
objective function, followed by the use of a standard mixed integer
quadratic programming solver. Our convexification method, which is
the best in a certain sense, uses the equality constraints of (QP ) and
requires the solution of a semidefinite program. We apply it to the
densest k-subgraph problem and report experimental results showing
that, for this graph problem, the approach outperforms existing
methods.

Keyword : Quadratic 0-1 programming, Convex quadratic
programming, semidefinite programming, densest k-subgraph,
Experiments.
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1 Introduction

Consider the following linearly-constrained zero-one quadratic program :

(QP ) : Min
{
g(x) = xtQx + ctx : Ax = b, A′x ≤ b′, x ∈ {0, 1}n

}

where c is an n real vector, b is an m real vector, b′ is a p real vector, Q is a
symmetric n×n real matrix, A is an m× n matrix and A′ is a p×n matrix.
Without loss of generality, we assume that all diagonal terms of Q are equal
to 0.

Quadratic zero-one programming with linear constraints is a general
model that allows to formulate numerous important problems in combina-
torial optimization including, for example : quadratic assignment, graph
partitioning, task allocation, capital budgeting and densest k-subgraph.

Various heuristics and exact methods have been proposed to solve (QP ).
Due to the non-convexity of the objective function, (QP ) is often reformu-
lated before searching for its optimal solution. So, several methods have
been developed to solve it exactly through 0-1 linear reformulations (see,
for example, [2], [3], [13], [15], [30]) or 0-1 convex quadratic reformulations
(see, for example, [6], [9], [17], [25], [28]). This paper is concerned with the
latter type of reformulation. Although 0-1 linear reformulations of (QP ) are
the most common approaches, other methods have been proposed. Let us
cite, for example, algebraic and dynamic programming methods ([11], [18]),
reformulation to a continuous concave minimization problem ([22]) and
enumerative methods based on different types of relaxations as lagrangian
relaxation, semidefinite relaxation or convex quadratic relaxation ([4], [7],
[8], [10], [12], [14], [16], [20], [26]).

In this paper we reformulate (QP ) by an equivalent zero-one quadratic
program with a convex objective function. Consequently, we can solve the
transformed problem using a general purpose optimization software which
implement branch and bound algorithms with a bounding procedure based
on the optimal value of the continuous relaxation. We will show how to find
the best convex reformulation of (QP ), in a certain sense, by semidefinite
programming.

The paper is organized as follows. In Section 2 we present a reformulation
of (QP ) by a zero-one quadratic program with a convex objective function.
We situate the approach within other related methods in Section 3. Section 4
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presents the solution of a small instance of problem (QP ) by these different
methods. Section 5 reports computational experiments on the solution of
the densest k-subgraph problem, a particular case of (QP ). Section 6 is a
conclusion.

2 Our Approach

Let X = {x : Ax = b, A′x ≤ b′, x ∈ {0, 1}n} be the set of feasible
solutions of problem (QP ) and X = {x : Ax = b, A′x ≤ b′, x ∈ [0, 1]n} be
the set of feasible solutions of the continuous relaxation of (QP ).
The general term of matrix A is denoted by aij and the general term of Q
by qij. Let e be the n-vector of 1 and O the m× n null-matrix .

The objective function of (QP ) is not convex. Consider the following zero-
one quadratic problem equivalent to (QP ) and depending on two parameters
α ∈ � m×n and u ∈ � n :

(QPα,u) : Min {gα,u(x) : Ax = b, A′x ≤ b′, x ∈ {0, 1}n}
where

gα,u(x) = g(x) +
n∑
i=1

m∑
k=1

αkixi

(
n∑
j=1

akjxj − bk
)

+
n∑
i=1

ui (x
2
i − xi)

= xtQαx + ctαx +
n∑
i=1

ui (x
2
i − xi)

= xtQα,ux + ctα,ux

and
Qα = Q + 1

2
(αtA+ Atα), Qα,u = Qα +Diag(u),

cα = c− αtb, cα,u = cα − u.
Diag(u) is a square n-matrix with the elements of u on the main diagonal.

It is easy to verify that for all x ∈ {0, 1}n such that Ax = b, the function
gα,u(x) is equal to g(x). We are interested by the reformulations of g(x)
into gα,u(x) if gα,u(x) is convex. This is always possible. Take α = O and
u = −λe where λ is the smallest eigenvalue of matrix Q. Obviously gα,u(x)
is convex. This particular value of (α, u) is denoted (α1, u1) in Section 3.
The transformation of g(x) into a convex function allows to solve (QPα,u)
by a Mixed Integer Quadratic Programming (MIQP) solver such as CPLEX
[1]. It is well known that the behavior of the associated Branch & Bound
algorithm is very dependent upon the bound at the root of the search tree.
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This bound is equal to the optimum value of the continuous relaxation of
(QPα,u). So we are going to determine α ∈ � n×m and u ∈ � n such that
gα,u(x) is convex and the value of the continuous relaxation of (QPα,u) is
maximal. More precisely we have to solve the following problem :

(C(QP )) : Max
α∈ � n×m,u∈ � n

Qα,u�0

Min
x∈X

gα,u(x)

In the following theorem, we show that problem (C(QP )) is equivalent
to the SDP-dual of a semidefinite relaxation (SDQP ) of problem (QP ).
Therefore, an optimal solution (α∗, u∗) of (C(QP )) can be obtained by solving
(SDQP ).

Theorem 1. The optimum value of (C(QP )) is equal to the optimum value
of the following semidefinite program

(SDQP )





Min ctx+
n∑
i=1

n∑
j=1

qijXij

s.t. Xii = xi i = 1, . . . , n (1)

−bkxi +
n∑
j=1

akjXij = 0 i = 1, . . . , n; k = 1, . . . , m (2)

Ax = b

A′x ≤ b′

(
1 xt

x X

)
� 0

x ∈ � n, X ∈ � n×n

The optimal values u∗i of ui (i = 1 . . . , n) are given by the optimal values
of the dual variables associated with constraints (1) and the optimal values
α∗ik of αik (i = 1, . . . , n; k = 1, . . . , m) are given by the optimal values of the
dual variables associated with constraints (2).

Proof. qα,u(x) being a convex function and {x : Ax = b, A′x ≤ b′} a convex
set, by Lagrangian duality (C(QP )) is equivalent to

(LD) : Max
α∈ � n×m,u∈ � n

Qα,u�0

Max
βt∈ � m

β′t∈ � p+

Min
x∈[0,1]n

(
ctα,ux + xtQα,ux + βt(Ax− b) + β ′t(A′x− b′)

)
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For given values of parameters α ∈ � n×m, β ∈ � n and β ′ ∈ � p+, consider
the following problem :

(Lα,β,β′) : Max
u∈ � n

Qα,u�0

Min
x∈[0,1]n

(
ctα,ux + xtQα,ux+ βt(Ax− b) + β ′t(A′x− b′)

)

It is known that problem (Lα,β,β′) has the same optimal value as the
semidefinite program (Pα,β,β′) (see, for example [23], [24], [29], [31]) and the
optimal values of ui for problem (Lα,β,β′) are given by the optimal values of
the dual variables associated with constraints (3).

(Pα,β,β′)





Min ctαx+
n∑
i=1

n∑
j=1

QαijXij + βt(Ax− b) + β ′t(A′x− b′)

s.t. Xii = xi i = 1, . . . , n (3)

(
1 xt

x X

)
� 0

x ∈ � n, X ∈ � n×n

where Qαij is the (i, j) term of matrix Qα.
Hence, Problem (LD) consists in solving Max

α∈ � n×m,β∈ � n,β′∈ � p+
v(Pα,β,β′)

where v(Pα,β,β′) is the optimal value of (Pα,β,β′). The objective function
of (Pα,β,β′) is linear in x and X, and its feasible solution set is convex.
Therefore, again by Lagrangian duality, (C(QP )) has the same optimal value
as (SDQP ). �

So, Algorithm 1 is a solution algorithm for (QP ):

Algorithm 1:
1. Solve the semidefinite program (SDQP ). Let α∗ and u∗ be respectively
the optimal values of the dual variables associated to constraints (2) and (1)
of (SDQP ).
2. Solve the quadratic problem (QPα∗,u∗) whose continuous relaxation is
convex.

3 Related methods

The reformulation of (QP ) into an equivalent quadratic 0-1 problem with
a convex objective function has already been considered in the literature.
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Hammer and Rubin [17] propose to reformulate (QP ) into:

Min
x∈X

(
xtQx + ctx− λmin(Q)

n∑

i=1

(x2
i − xi)

)

where λmin(Q) is the smallest eigenvalue of Q. This method can be viewed
as solving (QPα1,u1) with α1 = O and u1 is determined by solving (C(QP ))
subject to ui = u (i = 1, . . . , n) and α = O. In this case, it is easy to
compute u1 without using semidefinite programming since u1 = −λmin(Q)e.
Computational results with this method, that we call the eigenvalue method,
are reported in [6] for the unconstrained binary quadratic problem.

In [6], another exact solution approach is proposed for the unconstrained
binary quadratic problem. This approach can be viewed as the application
of our Algorithm 1 to a particular case of problem (QP ). Computational
results reported in this reference show that this last method drastically
improves the eigenvalue method. It was already suggested in [6] to extend
the approach to the constrained case, without using the constraints in
the reformulation process. This idea can be interpreted as the particular
reformulation (QPα2,u2) of (QP ) where α2 = O and u2 being determined by
solving (C(QP )) subject to α = O, i.e. the semidefinite program (SDQP )
without constraints (2). Note that u2 is equal to the optimal value of the
dual variable associated with constraints Xii = xi.

In [28], the general linearly-constrained 0-1 quadratic programming prob-
lem is considered. The eigenvalue method is studied and a new method is
proposed. The main idea is the same that previous ones: it is a transforma-
tion of the objective function in order to convexify it. For that, function g(x)

is reformulated into g′β,λ(x) = xtQx+ctx+β(Ax−b)t(Ax−b)+λ
n∑
i=1

(x2
i−xi). It

is proved that an optimal pair (β∗, λ∗) can be obtained with λ∗ = −λmin(Q+
β∗AtA)) and it is shown how to compute the pair (β∗, λmin(Q + β∗AtA)) by
semidefinite programming (see [28]). Problem (QP ) is therefore reformulated
as follows :

(QP ′β∗,λ∗) : Min
x∈X



x

tPx+ β∗
m∑

k=1

(
n∑

j=1

akjxj − bk
)2

+ λ∗
n∑

i=1

(
x2
i − xi

)




Computational results and comparisons regarding this last method with the
one of Hammer and Rubin are reported for the densest k-subgraph problem
in [28]. We show in the appendix of the paper that the bound found by this
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method is lower than the one obtained by resolving (QPα∗,u∗).

In this paper, in order to estimate the efficiency of Algorithm 1 (Section
2), we choose to compare it with the solution of (QP ) through the reformu-
lation (QPα2,u2). More precisely, we compare the CPU times and the quality
of the bound at the root of the search tree. Note that the reformulation of
(QP ) into (QPα2,u2) does not explicitely introduce the equality constraints
of (QP ) into the objective function contrary to Algorithm 1.

Before presenting computational results for the densest k-subgraph prob-
lem in Section 5, a small instance of (QP ) is studied. The four previous
reformulations (QPα1,u1), (QPα2,u2), (QP ′β∗,λ∗), (QPα∗,u∗) are applied to it.

4 Example

Given the following linearly constrained 0-1 quadratic programming prob-
lem whose optimal value is −2:

(Π)





Min xtPx

s.t. Ax = b

x ∈ {0, 1}5

where P =




0 −0.5 −0.5 −0.5 −0.5
−0.5 0 0 −0.5 0
−0.5 0 0 0 0
−0.5 −0.5 0 0 −0.5
−0.5 0 0 −0.5 0




,

A =

(
1 1 1 1 1
1 1 9 0 9

)
, b =

(
3
11

)
.

Let S be the feasible solution set of (Π).
In order to solve (Π) exactly, we use the three reformulations mentioned in
Section 3 and our new formulation presented in Section 2.

Reformulation into (Πα1,u1), the eigenvalue method :

(Πα1,u1) : Min
x∈S

(
xtPx+ u1

5∑

i=1

(x2
i − xi)

)
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Here, α1 = 0 and u1 = −λmin(P ) = 1.34.

(Πα1,u1) : Min
x∈S

(
xtPx+ 1.34

5∑

i=1

(x2
i − xi)

)

and the value of the continuous relaxation is −3.978

Reformulation into (Πα2,u2) :

(Πα2,u2) : Min
x∈S

(
xtPx+

5∑

i=1

u2
i (x

2
i − xi)

)

with α2 = O and we find u2 =




1.98
0.90
0.64
1.62
0.90




and the value of the continuous

relaxation is −3.79.

Reformulation into (Π′β∗,λ∗) :

(Π′β∗,λ∗) : Min
x∈S



x

tPx+ β∗
m∑

k=1

(
n∑

j=1

akjxj − bk
)2

+ λ∗
n∑

i=1

(
x2
i − xi

)




We find β∗ = 219.37, λ∗ = 0.12 (= −λmin(P + 219.37AtA)) and the value
of the continuous relaxation is −2.92.

Reformulation into (Πα∗,u∗), the method of this paper :

(Πα∗,u∗) : Min
x∈S

{
xtPx+

5∑

i=1

2∑

k=1

α∗kixi

(
5∑

j=1

akjxj − bk
)

+
5∑

i=1

u∗i
(
x2
i − xi

)
}

We find α∗ =

(
0.9 0.86 −0.62 1.64 0.36
−0.14 −0.08 0.62 −0.21 −0.39

)
, u∗ =




−0.1
0.23
−4
−0.84

4




and the value of the continuous relaxation = −2.41.
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The following table sums up the results obtained by the four reformula-
tions :

bound GAP
(Πα1,u1) −3.978 98%
(Πα2,u2) −3.79 46%
(Π′β∗,λ∗) −2.92 89%

(Πα∗,u∗) − 2.41 20%

where GAP =| opt−bound
opt

| and opt = −2.

5 Computational results for the densest k-

subgraph problem

Given an undirected graph G = (V, U) with n nodes {v1, ..., vn} and a
positive integer k belonging to {3, ..., n−2}, the densest k-subgraph problem
consists in selecting a node subset S ⊆ V of cardinality k and such that the
subgraph of G induced by S contains as many edges as possible.

The densest k-subgraph problem can be formulated as the following lin-
early constrained 0-1 quadratic optimization problem (DS):

(DS) : Max

{∑

i<j

δijxixj :
n∑

j=1

xj = k, x ∈ {0, 1}n
}

where the binary coefficient δij = 1 if and only if [vi, vj] is an edge of
G. The binary variable xi is equal to 1 if and only if vertex vi is in the
k-subgraph. (DS) is also known under the name of k-cluster problem. It
can be also considered as a special case of the k-dispersion-sum problem ([27]).

The densest k-subgraph problem can be rewritten as follows :

(DS ′) : Min

{
f(x) = xtMx :

n∑

j=1

xj = k, x ∈ {0, 1}n
}

where the general term of M is mij = −1
2
δij, ∀i, j. Problems (DS) and

(DS ′) are equivalent and their optimal values are opposite.

Now, we can apply Algorithm 1 to problem (DS ′). This amounts to first
solve the following semidefinite program:
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(SDDS ′)





Min
n∑
i=1

n∑
j=1

mijXij

s.t. Xii = xi i = 1, . . . , n (4)

−kxi +
n∑
j=1

Xij = 0 i = 1, . . . , n (5)

n∑
j=1

xj = k

(
1 xt

x X

)
� 0

x ∈ � n, X ∈ � n×n

and then take the values u∗ and α∗ of the optimal dual variables associated
to (4) and (5) in order to build problem (DS ′α∗,u∗) that is equivalent to (DS ′).

(DS ′α∗,u∗) : Min {fα∗,u∗(x) = xtMx +

n∑

i=1

u∗i (x
2
i − xi) +

n∑

i=1

α∗i xi

(
n∑

j=1

xj − k
)

:

n∑

j=1

xj = k, x ∈ {0, 1}n}.

The next step is to submit (DS ′α∗,u∗) to an MIQP solver. We know that,
at the root of the Branch & Bound algorithm, the bound obtained by con-
tinuous relaxation is equal to the optimal value of (SDDS ′). For comparison
purposes, we have also implemented Algorithm 2 as an alternative to Algo-
rithm 1. Algorithm 2 is based on the reformulation (Qα2,u2) described in
Section 3. Here, α2 is a null vector and u2 can be computed by dropping
constraints (5) in problem (SDDS ′).

We choose to solve semidefinite programs using SB ([19], [21]), a
software applying the spectral bundle method on eigenvalue optimization
problems. All the experiments have been carried out on a Pentium IV
2.2 GHz computer with 1 Go of RAM. For each instance, the execution is
stopped after 3600 seconds.

We consider randomly generated instances of the densest k-subgraph
problem. We take different graph sizes (n = 40, 80, 100), different densities
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(d = 25%, 50%, 75%) and different k values (k = n
4
, n

2
, 3n

4
). For each couple

(k, d), there are 5 instances (used in [5] for n = 40 and in [28] for n = 80).
They are generated as follows: for a given density d and any pair of indexes
(i, j) such that i < j, we generate a random number ρ from [0, 1]. If ρ > d
then δij is set to 0, otherwise, δij is set to 1.

The following tables (1 to 9) present complete results for all graphs.

Legend of the tables :

• d, density of the graph

• opt, value of the optimal or best known solution

• CPU , total CPU time required by CPLEX9 to solve (QPα∗,u∗) (Algo-
rithm 1) or (QPα2,u2) (Algorithm 2).

• bound, bound at the root of the Branch & Bound tree, i.e. optimal
value of the continuous relaxation of (QPα∗,u∗) or (QPα2,u2)

• GAP = bound−opt
opt

∗ 100

• nodes, number of nodes in the search tree
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Table 1: Comparison of Algorithm 1 and Algorithm 2 for n = 40 and k = 10

Algo 1 Algo 2
d num opt CPU bound GAP nodes CPU bound GAP nodes

0.25 1 29 0.04 30.63 5.6 43 15.33 49.9 72 88848
2 30 0.07 32.08 6.9 150 106.16 56.41 88 579430
3 27 0.36 30.42 12.6 1231 264.95 53.18 96 1361551
4 27 0.16 29.95 10.9 508 59.06 49.41 83 337578
5 26 0.18 29.12 12 656 76.22 47.92 84 431958

0.5 1 40 0.19 43.46 8.6 645 - 97.16 142.9 13733723
2 41 0.15 44.38 8.2 459 - 105.99 158.5 18043481
3 39 0.92 43.54 11.6 3765 - 103.67 165.8 18463871
4 40 0.28 43.64 9.1 999 - 100.25 150.6 19319151
5 40 0.23 43.65 9.1 820 - 97.96 144.9 16771867

0.75 1 45 2.58 50.69 12.6 12996 - 145.02 222.2 20629251
2 45 5.25 50.77 12.8 31820 - 147.05 226.7 20569711
3 45 4.15 50.36 11.9 21951 - 148.03 228.9 21253751
4 45 3.39 50.27 11.7 18557 - 146.92 226.5 20678313
5 45 4.41 50.58 12.4 27111 - 145.86 224.1 20828406

- : the corresponding instance could not be solved within 3600 seconds
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Table 2: Comparison of Algorithm 1 and Algorithm 2 for n = 40 and k = 20

Algo 1 Algo 2
d num opt CPU bound GAP nodes CPU bound GAP nodes

0.25 1 77 0.08 79.44 3.2 212 29.57 97.55 25.7 171754
2 84 0.06 86.08 2.5 110 127.66 111.61 32.8 631749
3 76 0.18 79.15 4.1 526 1173.93 105.36 38.6 4353901
4 75 0.04 76.84 2.4 54 53.07 97.46 29.9 304227
5 73 0.08 75.28 3.1 173 59.12 94.54 29.5 325885

0.5 1 130 0.03 131.48 1.1 32 - 193.17 48.66 18387481
2 130 0.62 134.53 3.5 2500 - 211.21 62.4 21678192
3 133 0.12 136.16 2.4 349 - 206.23 55 19876820
4 128 0.21 131.75 2.9 728 - 199.38 55.8 20606526
5 129 0.13 132.37 2.6 435 - 194.78 50.9 20366412

0.75 1 168 0.1 170.80 1.7 249 - 289.54 72.3 22372032
2 173 0.06 175.15 1.2 111 - 293.43 69.6 22551071
3 171 0.13 173.61 1.5 370 - 295.42 72.8 21920075
4 171 0.09 173.43 1.4 251 - 293.23 71.4 22343940
5 171 0.13 173.86 1.7 419 - 290.97 70 22470031

- : the corresponding instance could not be solved within 3600 seconds
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Table 3: Comparison of Algorithm 1 and Algorithm 2 for n = 40 and k = 30

Algo 1 Algo 2
d num opt CPU bound GAP nodes CPU bound GAP nodes

0.25 1 134 0.03 135.11 0.8 3 0.15 142.52 6.3 954
2 148 0.03 149.66 1.1 34 7.62 165.54 11.8 51514
3 138 0.06 140.57 1.9 207 15.53 156.51 13.4 108802
4 134 0.03 135.20 0.9 8 0.22 143.76 7.2 1438
5 130 0 130.97 0.7 0 0.31 139.65 7.4 1953

0.5 1 247 0.03 248.34 0.5 22 145.47 287.90 16.5 714591
2 263 0.03 264.86 0.7 43 1865.84 315.59 19.9 3444769
3 261 0.05 263.48 0.9 92 243.79 307.69 17.8 1177113
4 254 0.05 256.63 1 99 148.86 297.19 17 842617
5 250 0.04 251.96 0.8 41 93.9 290.27 16.1 568437

0.75 1 349 0.03 350.67 0.5 33 - 433.54 24.2 18757433
2 357 0.04 359.02 0.6 49 - 439.10 22.9 13360731
3 358 0.03 359.39 0.4 23 - 442.1 23.5 16029881
4 354 0.03 355.58 0.4 41 - 438.93 23.9 17658571
5 355 0.04 356.93 0.5 41 - 435.36 22.6 8502981

- : the corresponding instance could not be solved within 3600 seconds
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Table 4: Results of Algorithm 1 for n = 80 and k = 20

d num opt CPU bound GAP nodes
0.25 1 94 116.46 102.71 9.2 190016

2 93 125.15 102.26 9.9 203159
3 100 8.21 107.11 7.1 13739
4 96 80.55 105.12 9.5 129227
5 97 301.94 106.84 10.1 501668

0.5 1 149 82.25 160.34 7.6 129556
2 148 110.66 158.92 7.3 181519
3 144 984.63 157.99 9.7 1592333
4 144 362.6 155.28 7.8 592656
5 149 86.72 160.36 7.6 140435

0.75 1 182 1240.39 193.63 6.4 2112340
2 182 3236.95 194.99 7.1 5291081
3 184 1028.55 196.80 6.9 1662192
4 183 905.86 194.36 6.2 1481003
5 183 202.34 193.30 5.6 305878

Table 5: Results of Algorithm 1 for n = 80 and k = 40

d num opt CPU bound GAP nodes
0.25 1 280 12.21 287.09 3.9 20379

2 273 51.77 281.32 3 82008
3 285 9.48 292.17 2.5 15982
4 284 12.27 291.85 2.8 18736
5 292 12.17 299.52 2.6 20104

0.5 1 488 22.33 497.58 2 37078
2 489 27.21 497.53 1.7 45882
3 484 27.26 493.19 1.9 41950
4 479 26.57 487.25 1.7 40501
5 495 11.31 503.54 1.7 17308

0.75 1 671 10.09 677.87 1 15691
2 668 51.42 676.83 1.3 82276
3 665 596.7 676.63 1.7 924400
4 669 67.51 677.37 1.2 107320
5 657 158.21 666.33 1.4 251302
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Table 6: Results of Algorithm 1 for n = 80 and k = 60

d num opt CPU bound GAP nodes
0.25 1 518 1.09 523.07 0.9 2080

2 512 0.8 516.71 0.9 1462
3 523 0.43 526.81 0.7 587
4 528 1.88 533.57 1.1 3763
5 543 0.38 546.7 0.7 605

0.5 1 968 1.26 974.26 6.5 2583
2 983 0.31 987.11 0.4 357
3 972 6.19 979.72 0.8 13097
4 972 0.39 976.14 0.4 597
5 989 2.29 996.28 0.7 5156

0.75 1 1413 7.02 1420.53 0.5 15638
2 1410 1.36 1415.44 0.4 2728
3 1417 7.94 1424.40 0.5 16644
4 1416 0.61 1420.38 0.3 1040
5 1394 1.06 1398.94 0.4 1912

Table 7: Results of Algorithm 1 for n = 100 and k = 25

d num opt CPU bound GAP nodes
0.25 1 139 - 151.58 9 3879506

2 138 - 153.46 11.2 3977611
3 142 1645.62 153.99 8 1713934
4 140 945.8 152.02 8.6 979105
5 145 1823.4 157.66 8.7 1948478

0.5 1 218 - 236.97 8.7 3874652
2 221 - 241.23 9 3798921
3 216 - 232.92 7.8 4005381
4 221 1977.64 236.68 7 2026697
5 221 - 236.28 6.9 3846491

0.75 1 282 - 297.81 5.6 3987021
2 282 - 298.92 6 4200221
3 285 - 301.41 5.7 3908591
4 288 - 303.43 5.3 3983371
5 286 - 301.38 5.4 4105875

- : the corresponding instance could not be solved within 3600 seconds
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Table 8: Results of Algorithm 1 for n = 100 and k = 50

d num opt CPU bound GAP nodes
0.25 1 417 1276.47 428.54 2.8 1385156

2 417 443.77 429.01 2.9 464713
3 429 92.18 437.90 2.07 102571
4 413 182.61 423.03 2.4 191163
5 435 371.84 446.43 2.6 379615

0.5 1 729 - 745.07 2.2 3983441
2 740 - 757.57 2.4 3916567
3 729 391.51 740.64 1.6 396780
4 729 - 747.09 2.5 3950406
5 733 - 749.10 2.2 4002221

0.75 1 1029 225.7 1039.01 0.9 250625
2 1035 942.16 1046.58 1.1 1006513
3 1047 874.15 1058.77 1.1 888108
4 1055 470.57 1066.04 1 512979
5 1049 229.1 1058.75 0.9 244333

- : the corresponding instance could not be solved within 3600 seconds

Table 9: Results of Algorithm 1 for n = 100 and k = 75

d num opt CPU bound GAP nodes
0.25 1 796 2.03 801.97 0.7 2564

2 787 4.3 793.48 0.8 6029
3 809 3.49 815.01 0.7 5167
4 776 29.53 783.88 1 43107
5 828 5.64 834.69 0.8 8115

0.5 1 1483 162.79 1494.76 0.8 240649
2 1518 42.77 1529.28 0.7 60137
3 1476 6.48 1483.33 0.5 9226
4 1487 34.4 1497.96 0.7 50457
5 1495 7.4 1502.75 0.5 10512

0.75 1 2175 14.11 2182.72 0.35 22351
2 2192 25.11 2200.64 0.36 36487
3 2230 17.32 2237.96 0.36 25226
4 2235 4.7 2242.07 0.3 7066
5 2229 10.37 2235.86 0.3 14093
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The running times corresponding to the computation of (α∗, u∗) (Algo-
rithm 1) and of u2 (Algorithm 2) by the semidefinite programming solver
SB are not reported in the tables. They are very small, always less than one
second. The computation of the bound, i.e. the solution of the continuous
relaxation of (QPα∗,u∗) or (QPα2,u2) is very fast too.

First, consider results of graphs with n = 40 (Tables 1, 2 and 3) where
Algorithm 1 and Algorithm 2 are compared : the gap of Algorithm 1 is
about 20 times smaller than the gap of Algorithm 2. The CPU time is hence
drastically improved. In sight of these results, we do not compare Algorithm
1 and Algorithm 2 with more than 40 nodes.

For n = 40 the optimal solution is always found by Algorithm 1 in less
than one second of CPU time, except for d = 0.75. In this case, the required
CPU time is less than 5 seconds. Note that Algorithm 2 solves only 20 out
of 45 instances in one hour of CPU time.

For n = 80 as for n = 40, the best results are obtained for k = 3n
4

. In
this case, the optimal solution is obtained within 2 seconds on average.

For n = 100 and k = 3n
4

, all the instances are solved in less than one
hour of CPU time. It is also the case for k = n

2
when the density is 0.25

or 0.75. In these experimental conditions, the most difficult instances for
the approach seem to be those with k = n

4
. Note that, in this case and for

n = 100, even if the optimal solution is rarely found in less than one hour of
CPU time, the gap at the root of the search tree is relatively small, almost
always less than 10%.

Instances with 40 and 80 nodes have already been used in [28] : the
eigenvalue method and the reformulation (QP ′β∗,λ∗) have been applied to
solve (QP ). Note that for all instances, our new method improves the value
of the bound and the CPU time of [28]: it is about 2 times smaller. In
addition, the method exposed in Section 2 allows to solve all instances with
n = 80 whereas with the reformulation (QP ′β∗,λ∗), when k = 20, only 3 out
of 15 instances are solved in less than one hour.

Moreover, we can solve larger problems than recent publications which use
same instances but different approaches. In [27], the reported results concern
instances with no more than 60 nodes. The integer linear programming
approach presented in [5] and based on six different formulations doesn’t
allow to solve instances with 80 nodes, except in the case of the 75% density
instances.
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6 Conclusion

In the paper, we have considered the problem of minimizing a quadratic
0-1 function g(x) subject to linear constraints Ax = b and A′x ≤ b′. We
have proposed a reformulation of this problem into an equivalent 0-1 pro-
gram with a convex quadratic objective function gα,u(x) depending on two
parameters α and u. The new function gα,u(x) is obtained by adding to g(x)

the two following functions, null on the feasible set, g1(x) =
n∑
i=1

ui (x
2
i − xi)

and g2(x) =
n∑
i=1

m∑
k=1

αkixi

(
n∑
j=1

akjxj − bk
)

. The n-vector u and the m × n-

matrix α are determined in order to make gα,u(x) convex and to maximize
its value over the relaxed domain X = {Ax = b, A′x ≤ b′, x ∈ [0, 1]n}. These
optimal values of u and α are determined by semidefinite programming. We
applied this approach to a difficult combinatorial optimization problem, the
densest k-subgraph problem. The 0-1 optimization of gα,u(x), subject to the
cardinality constraint, was carried out by CPLEX9. The 45 instances con-
sidered with 80 vertices and different values of k (20, 40, 60) and density
(0.25, 0.50, 0.75) are solved in less than one hour of CPU time. Moreover, 30
instances over 45 with 100 vertices are also solved within one hour of CPU
time. To the best of our knowledge, such results have not been reported
in the literature to date. This approach drastically improves the simpler
method consisting in minimizing gα,u(x) with α = 0, u being determined,
as previously, in order to make gα,u(x) convex and to maximize its value
over X. As a conclusion of this work, introducing the α−parametrized part
g2(x) in the convexification of the objective function g(x) may be particu-
larly efficient. This α−parametrized part uses the equality constraints and
is a general way for building null functions over the associated feasible set.
Finally, the approach can be applied to many combinatorial optimization
problems.
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Appendix

Proposition 1. Consider problems (QPα∗,u∗) and (QP ′β∗,λ∗) respectively de-
fined in Section 2 and Section 3. The solution (α∗, u∗) is obtained by solving
the following problem :

(3) : Max
α∈ � n×m

u∈ � n

Qα,u�0




L1(α, u) = Min

x:Ax=b
A′x≤b′
0≤x≤1



Φ1

α,u(x) = g(x) +

n∑

i=1

m∑

k=1

αkixi




n∑

j=1

akjxj − bk


+

n∑

i=1

ui
(
x2
i − xi

)








and the solution (β∗, λ∗) is obtained by solving the following one :

(4) : Max
β,λ∈ � 2

Qβ,λ�0




L2(β, λ) = Min

x:Ax=b
A′x≤b′
0≤x≤1





Φ2
β,λ(x) = g(x) + β

m∑

k=1




n∑

j=1

akjxj − bk




2

+ λ
n∑

i=1

(
x2
i − xi

)








The optimal value of (3) is higher or equal to the one of (4). As a consequence,
(QPα∗,u∗) has a better relaxation than (QP ′β∗,λ∗).

Proof. First, note that Φ2
β,λ(x) can be rewritten as follows :

Φ2
β,λ(x) = g(x)+

m∑

k=1

n∑

i=1

β akixi

n∑

j=1

(akjxj − bk)−β
m∑

k=1

bk




n∑

j=1

akjxj − bk


+λ

n∑

i=1

(
x2
i − xi

)
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Let (β, λ) be a feasible solution to (4).
Let (α̃, ũ) such that α̃ki = βaki and ũi = λ.
(α̃, ũ) is a feasible solution to (3) since Φ1

α̃,ũ(x) and Φ2
β,λ(x) have precisely the

same hessian matrix.
Moreover, observe that, for all x such that Ax = b,

Φ2
β,λ(x) = Φ1

α̃,ũ(x) = g(x) + λ
n∑

i=1

(
x2
i − xi

)

This shows that L1(α̃, ũ) = L2(β, λ).
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