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Abstract

We consider the Module Allocation Problem with Non-Uniform communica-
tion costs (MAPNU), where a set of program modules must be assigned to a set
of processors. The optimal assignment minimizes the sum of execution costs and
communication costs between modules. This problem is naturally formulated as a
quadratic 0-1 problem with linear constraints. In this paper, we compare two exact
solution methods for this problem. The first method is based on linear program-
ming and Mixed Integer Linear Programming. The second one uses semidefinite
programming and Mixed Integer Quadratic Programming. Both of these methods
are easy to implement by use of available optimization software. We describe each
of these methods and carry out a comparative computational work for instances of
MAPNU.
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1 Introduction

Due to the advances in VLSI technology, there has been a proliferation of distributed
computing systems in the past few years. The module llocation problem in these sys-
tems consists of finding a suitable assignment of program modules (or tasks) to pro-
cessors so that the sum of execution and communication costs is minimized. Several
variants of this problem have already been considered, with different assumptions on the
architecture of the distributed system or on the structure of costs and feasible solutions.
See [1], [2], [3], [7], [13], [8]. In this paper, we consider MAPNU, the Module Allocation
Problem with Non-Uniform communication costs. In this problem, no particular assump-
tion is made on the execution and communication costs, ans no capacity constraints are
considered.

MAPNU is naturally formulated as a quadratic 0-1 problem with linear constraints.
This problem is also known in the literature as the quadartic semiassignement problem.
In this paper, we compare two exact solution methods for this problem. In the first
method, we start by solving a linear program in order to get a reduction [4] of the initial
problem. Then, the reduced problem is stated as an equivalent compact mixed integer
linear program and solved by a Mixed Integer Linear Programming (MILP) solver.

The second method applies the general algorithm described in [5] for a general
quadratic 0-1 problem with linear constraints. We start by solving a semidefinite program
in order to reformulate the objective function of the initial problem as a convex quadratic
function. The reformulated equivalent problem can then be handled by a Mixed Integer
Quadratic Programming (MIQP) solver.

The following of this paper is organized as follows. In Section 2, we state the problem
and recall its formulation as a quadratic 0-1 problem (QO01). In Section 3 (resp. 4), we
describe the linear (resp. quadratic) programming-based exact solution method. Details
of our computational experience are given in Section 5.

2 Problem Statement and Formulation by a Quadratic
0-1 Program

Let P = {p1,p2,...,pp} be a set of P processors, and let 7 = {t1,ts,...,t7} be a
set of T' program modules to be assigned to the processors. We denote by ¢, (t =
L,...,T, p=1,..., P) the execution cost of module ¢ on processor p, and by ¢y (t, t' =
L...,T, t #t,p,p) = 1,..., P) the communication cost occuring when modules ¢ and
t' are respectively assigned assigned to processors p and p’. Costs gy, and ¢y, can be
either positive or negative.

A natural mathematical formulation of CMAP can be considered by taking the vari-
ables vector © = (xy,) (t=1,...,T;p=1,..., P) where xy, is equal to 1 if module ¢ is
allocated to processor p and is equal to 0 otherwise.



MAPNU can be formulated by the following quadratic 0-1 problem:

(Q01): min F(x Z Z QipTp + Z Z Z Z Cipt'p TipTiry (1)

t=1 p=1 t=1 t/=t+1 p=1 p’'=1
s.t.:

P
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Constraints (2) mean that every module ¢ is allocated to exactly one processor. The
first part of the objective function (1) is the total execution cost and the second part is
the total communication cost.

3 The Linear Programming based method

This method is composed of two phases. The first phase operates a “reduction” of (Q01)
in the sense that the objective function is written as a constant plus a set of linear or
quadratic terms, all of them having nonnegative coefficients. The reduction algorithm we
apply here was presented in [4] and was proved to be optimal in the sense that there exist
no other reduction with a higher constant.

The Reduction Phase
Let (D) be the following linear problem:

s.t.:
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and let v(D) be its optimal value. The following proposition proves that any optimal
solution to (D) provides a reduction of (QO01).

Proposition 1 [4] For any optimal solution (X, 3,v,0) to (D), and for any solution x
to (Q01) :

~
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Replacing the objective function F'(z) by its new expression (3), we obtain a reduced
problem (QO01), equivalent to (Q01). The next phase will be applied to (Q01),.

The MILP phase
Here, we use a linearization technique, initially proposed by Glover [11]. This method
has then been used for example in [6] for the quadratic knapsack problem. The main
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unique variable hy,, fort =1,.... T —1;p=1,... P
Let ¢ denote the T' x P vector where ¢y, = Z maz, (6tptf , ) and let (Lg) be the
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following mixed integer linear problem:
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for any optimal solution Z to (QO01),, it is possible to build an optimal solution (Z, iL)
T

o (Lg) with iztp = > > OurpTepTyy. Indeed, if 7y, = 1, take ?ztp equal to its low-
t=t+1p'=1

est value satisfying Constraints (4), i.e. Y Oy Zey. If Ty = 0, by definition of ¢y,
p'=1

Constraints (4) are dominated by the nonnegativity constraints (6), take hy, = 0. Hence,
problems (L), (Q01),, and (Q01) have the same optimal values.
Let us summarize the Linear Programming based method to solve (Q01):

1. compute an optimal solution to (D) by a Linear Programming solver

2. compute ¢ as ¢y, = Z maz, (6tpt, )
=t+1P'=

3. solve (Ly) by a MILP solver.



4 The Quadratic Programming based method

This method also is composed of two phases. The first phase aims at reformulating
the objective function of (Q01) by a convex quadratic function. The advantage of this
reformulation is that the new equivalent problem has a tractable continuous relaxation,
that can be embedded within a branch-and-bound algorithm. Further, available MIQP
solvers can handle such problems. We use the reformulation algorithm described in [5]
which is valid for any linearly constrained quadratic 0-1 program.

The Reformulation Phase
Let (SD) be the following semidefinite program:

T P T-1 T P P
min E E qtpxtp—O— E g g 5 Ctpt’p’tit’p’

=1 p—1 t=1 t'—=t+1 p=1 p/=1
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—
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where X is a symmetric (7' X P)-matrix. (SD) can be viewed as a particular semidefinite
programming relaxation of (QO01). As shown in [5], any optimal solution of its dual
problem provides a convex reformulation of the objective function. Let (a*, u*) be an
optimal solution to the dual problem of (SD). We can build the following quadratic 0-1
problem:

T

T P
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Problem (CQO1) is obviously equivalent to (Q01). In addition, function F*" " is convex,
and the optimal value of the continuous relaxation of (CQO1) is precisely the optimal
value of (SD) Many other reformulations of F(z) by a function of the form F®"(x) =

F(z)+ Z Z Z Qs T Z Tyy — 1) + Z Z Uy (7, — T4p) can be obtained. The above
t=11=1p= t=1p=
reformulation F* " is optlmal in the sense that it provides the higher possible bound by

continuous relaxation [5].

The MIQP phase This phase consists in solving (CQO01) by a branch-and-bound algo-
rithm which evaluation procedure is based on continuous relaxation. It can be completely
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handled by available solvers.

Let us summarize the convex Quadratic Programming based method to solve (Q01):

1. compute an optimal solution (a*,u*) to (SD) by a semidefinite programming solver

2. solve (CQO1) by a MIQP solver.

5 Computational results

The Instances

We use the instances provided in [9], where coefficients ¢, and ¢,y are randomly gener-
ated in the interval [-50,50].

Machine and software

Our experiments are carried out on a portable PC with a Pentium IV of 1600 MHz and
1024 MB of RAM.

In order to solve (SD), we use SDP_S, the modeling language for semidefinite pro-
gramming designed by Delaporte et al. (2002). SDP_S works with SBmethod, an SDP
solver that implements the spectral bundle method [12].

We use Cplex 8.1 together with AMPL [10] for solving LPs, MILPs ans MIQPs.

The results

LP-based method convex QP-based method
instance T P opt |bound v(D) gap% CPU(s) nodes |bound v(SD) gap% CPU(s) nodes
tassnui5_5_1 15 5 -1985 -2946 48% 13 30892 -2361,7 19% 8 2865
tassnui15_5_2 15 5 -1568| -2754,1 76% 19 55301 -2154,6 37% 23 27953
tassnui15_5_3 15 5 -1892| -2946,2 56% 24 55914 -2430,6 28% 16 12454
tassnui5_5_4 15 5 -1806| -2729,2 51% 14 34661 -2349 30% 12 9509
tassnu15_5_5 15 5 -1881| -2778,3 48% 12 28803 -2360 25% 26 6853
averages 56% 17 41114 28% 17 11927
tassnui18_4_1 18 4 -2136 -3650 71% 50 106172 -2656,6 24% 25 11268
tassnui18_4_2 18 4 -1936| -3458,5 79% 38 76806 -2358,3 22% 33 3082
tassnui18_4_3 18 4 -2304| -3759,25 63% 13 28796 -2741,3 19% 16 1906
tassnui18_4_4 18 4 -1926 -3535 84% 40 88725 -2519,3 31% 13 13578
tassnui8_4_5 18 4 -2044| -3506,25 72% 24 64407 -2413,2 18% 14 2893
averages 74% 33 72981 23% 20 6545
tassnu20_5_1 20 5 -2587| -5039,6 95% 1672 3151497 -3561 38% 320 317602
tassnu20_5_2 20 5 -2810| -5154,6 99% - 3303233 -3781,2 46% 392 420129
tassnu20_5_3 20 5 -2512 -4981 77% - 2582615 -3528,8 26% 756 859562
tassnu20_5_4 20 5 -2777| -5198,2 107% 1487 2727249 -3656,3 46% 413 463540
tassnu20_5_5 20 5 -2744| -5067,2 82% 1765 2651618 -3687,8 33% 223 238692
averages 92% 1641 2883242 38% 421 459905

Table 1: Exact solution of instances from [9)]
- : the branch-and-bound algorithm did not stop after 30" of CPU time

Table 5 gives the results of our two exact methods on a selection of instances from [9].
In the first columns columns are the name of the instance, the number of tasks 7', the



number of processors P and the optimal values of the instance. The four following columns
contain the results of the LP-based method and the last four columns contain the results
of the QP-based method. Columns gap give the gaps associated to bound v(D) in the
LP-based method and the bound v(SD) in the QP-based method. We can observe that
this gap is much better in the QP-based method. This explains in part the better general
behavior of this last method.
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